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Preface 


In preparing this book of problems the author attempts] 
firstly, to give a sufficient number of exercises for doyolay 
ing skills in the solution of typical problems (for example 
the computing of determinants with numerical element 
the solution of systems of linear equations with numerical 

ents, and the like), secondly, to provide problems 
at will help to clarify basic concepts and their interrela 


(for example, the connection between the properties 
matrices and those of quadratic forms, on the one hand, 
hose of linear transformations, on the other), thirdly, 
set of problems that might supplement thw 

tures and help to expand the mathematical 

dent (instances are the properties of th» 

c determinant, the properties 


‘oof of theorems 
hese prob- 











sentation, and the result has been a certain amount of 
tion. For example, the same facts are given first in 
the section devoted to quadratic forms and then again in the 
on linear transformations; some of the problems are 
stated so that they can be worked out in the case of a real 
clidean space and also in that of a complex unitary 
space. 1 believe that this makes for a certain flexibility of 
у I the problem book. 
me sections contain an introduction with a few defini- 
tions and a brief discussion of terminology and notation 
whe) vailable textbooks do not exhibit complete unity 
та is the introduction to Sec. 5, 
thods presented for computing determinants 
‘examples of each method are given. This 
such information is usually not given in 
s, and students encounter considerable 


"s indicate problems that have been worked 
| with hints. Solutions are given for a small 
‘These are either problems involving a 
is then — to a series of other 
„ problem 1151 which offers a method 
nction of a matrix, problem 1529 which 
ction of a basis in which the matrix of 
оп has Jordan form) or problems that 
(say, problems 1433, 1614, 1617). As 
contain only a suggestion of the idea or 
and leave to the student the actual 


























ion provided (see problems 546, 1492, 
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сөз. Гын quadratic: 


Vector spaces an 


id their linear transfo 


10. [зіла соза 
sinp cosp |’ 

12. ыл ed cos B- cosa | 
cosB—cosa sina —sinp| 

13. |2sinqcosq. 2sin*q —1 
2cos?q—1 2sinqcosq| 


14. р-а m | 
m 15, at 


T" 

—% 1-1}: p 
LES TIR гүн a Dd 
16. es es jot B 


is ES z^ 


ао the —— determinanta (t= V =T): 
e 
Ж © zb b 

















* 
[cosa J- isin Чч + ары сй 
M 1 cosa —isin |" —c4-di a—bi 


leterminants to solve the following systems of equa- 








23. 22—3у=4, 
4x—5y = 10, 

35. ár-Ty--13—0, 

_ ев +14 =0. 

27. xtane +y=sin (a+), 
®— уап а=соз(®-+Ер), 


given system of equations 
unique solution), indeterminate 
or is inconsistent (no solution): 
Cramer's formulas yield a correct 
answer?) | 
30. (a—5) z—b—c. 


xsina=1-+-cosa. 
35. ax+by=ad, 


bx ey — bd. 
ar—9y «6, 


— —— 


*39. Prove that when a, b,c are real, the roots of the 
a— b 
| b c—z 

*40. Prove that the quadratic trinomial azè + 2bx 4- c 
with complex coefficients is a perfect square if and only if 


ab 
п 


=0 are real, 





equation 


be 
41, Prove that for real a, b, c, d, the roots of the equation 
a—z cdi 
c—di b—z 
*42. Show that the value of the fraction “= 
at least one of the numbers c, d is nonzero, is not dependent 





=0 are real. 











» where 


on the value of z if and only if | i =0. 
Compute the following third-order determinants: 





































43. |213| 44. |324| 45. [4-3 5 
532|. 258]. fedis. 
143 342 4—7—5 

46. [32 —4|! 47. |3 4—5] 48. |42 —1 
41—2|, cour 53—21, 
52—3 12-1 8 2—1 

49. |1 1 1| 50 
П * 

186) © 
$2. |203| 53. 
116]. 
605 





123 
456 
789 





| у" 
0a0 
bed 
0е0 


g 















 sinacosp sinasin pĝ 
ог созо соз cosasinp 
cos p 





er what condition the following equa- 

0 cosa cos 

mese 0 cosy}, 
cosB cosy 0 





cosa | 
osa 1 
ninants obtained from this one by a cir- 
: of the elements a, b, c and о, В, ү аге 
аа, 0, с ате the lengths of the sides of a tri- 
y are the angles opposite the sides a, Б, с, 


following third-order determinants (i= 





ii| 67. 
i 


4 


* abi c4-di 
|n—h у e+ fi 
c—di e—fi z 














12-1 { 
я в 38| where t €08 ^ 7t і віп Р 


4 e* & 


70. 





71. Prove that if all tho elements of a third-order y, ай 
minant are equal to +1, then the determinant itaat 
be an even number, — 

+72. Find the maximum value that can be assumed 
third-order determinant provided that all its element ы 


al to 1. 
еа Find the largest value of a third-order determinan 


provided that the elements are equal to +1 or 0 
Use determinants to solve the following systems of equ 
tions: 
74. Qu-+3y+52—=10, 75. Sa—by+-42= 9, 
Sa -- Ty 4-42 — 3, 8x — By 4- 22 — 1, 
z-L-9y-l-2:— 3. 4t—5y --22 1 
76. 4z—3yr-2z-4-4— 0, 77. Su+2y+3242 „0 
6z —2y - 324-1 — 0, $2—92y--5s = 
$z—39y--2z--3- 0. За + y 4- 22-10 — 0, 0 


r у 24 
*78, 2-442 =0, 


p+ et =0, T 
=+==0. u 
79. 2az—3by-- cz=0, n 
Зах — by -|- 5cz — 2abe, d 
Saz — 4by -|-2cz —- Sabe, Р 

. Where abcsé 0. 
*80. 4bex+- acy — Jabz — 0, t 
Sbex +- 3acy —4abz +- abc — 0, а 
Sbcz-F2acy— abz—4abe=0 (abe 0). 9 


“81. Solve the following system of equations: 
t+ y+ s—a, 


2+ ter, (¢ is a value of YT different from 1): 


n 

et 

ө; 

a ety 82-0, ir 
5 

‚ 
















Investigate each system of equations to determine wheth- 
er it is evendetermined, indeterminate, or inconsistent: 











82. 22—3y+ ==2, 83. 4r4-3yJ-2z— 1, 
3r—8y-4-52— 3, z4-3y4-52—1, 
5x —8y 4-62 — 5. 3z 4- 6y 4- 9: — 2. 
80. 5r—6y4- z—4, 85. 2z— y--3:—4, 
8z—5y— 22 —3, Sz — 2y+ 22 = 3, 
Qe— yt3z=5, 5а —4у =2. 


86. 2ax—23y+29:—4, 87. ax—3y+5z2 =4, 











Ts + ayt 42=7, t—ay+3z =2, 

Se + Qy+ az=5, 9z— 7y 4-8az — 0. 
88. az4-4y4- 2— 0, 89. az4-2:—2, 

2y 4-32 —1—0, 52429у=1, 

S3z—bz --2— 0. z—2y--bz —3. 


Prove, either by direct computation via the triangle rule 
о the rule of unu the following properties of third- 
nts: 
nt of the third order remains unchanged 
columns are interchanged (that is to say, 
of the determinant is transposed). 
E s of some row (or column) are equal 
the determinant itself is equal to zero. 
ments of some row (or column) of a determi- 
liplied by one and the same number, the whole 
‘is then multiplied by that number. 
inant changes sign if two rows (or two col- 


(or two columns) of a determinant are 
inant is zero, М 
of one row are proportional to the 
e nis of another row, the determinant is 
) (the same holds true for the columns), 
ment of some row of a determinant is 
sum of two terms, then the determinant is 
two determinants in which all rows, 
remain the same, while the given row 
1 Vy ti n p and Un 
i con ant contains secon! 
holds true for the columns). 











— — 


97. A determinant remains unchanged if elements of one 9 
row of the determinant are added to the corresponding ele- } 
ments of another row multiplied by the same number (the | 
same applies to columns). 

98. We say that one row of a determinant is a linear | 
combination of the other rows if each element of the given M 
row is equal to the sum of the products of the corresponding | 
elements of the other rows into certain numbers that are 
constant for each row, that is to say, that are independent 
of the position number of the element in the row. A similar 
definition applies to a linear combination of columns. Por 
example, the third row of the determinant 


244 043 4s 
94 25023 
Q31 43; Q33 


is a linear combination of the first two if there exist numbers 
c, and c, such that ag, j — c,0,, 7 + заз, у (ў — 1, 2, 3). 

Prove that if one row (or column) of a third-order deter- 
minant is a linear combination of the other rows (or columns), 
the determinant is equal to zero. 

Hint. The converse is also true, but it follows from a 
further development of the theory of determinants. А 

*99. Use the preceding problem to demonstrate with an 
illustration. that, unlike second-order determinants (see 
problem 38), the proportionality of two rows (or columns) 
is no longer necessary for a third-order determinant to be 


equal to zero. р : 
Using the properties of third-order determinants given 
tou Мв, determin: ants; 


















in problems compute the following 

100. |sin?a 1 costa| 101. |sinta cos2 costo 
sin*B 1 cos?p|. |sin?B cos 2 
sin?» 1 cos*y (віла 


102. |x z' ax-+ba’| 103, 
уу мы. = 


221 ag — 


E 


104. 





























Rie. st 
e e 1 
Ev 
sina созо: зіп (0 б) 
sinp сор зіп (6-5) 
siny cosy sin (5-0) 
108. Jathi ai— bi c 
agt bi api —bz Ca 
аз Osi ayi— by es 
3 un 1 
22 We 1 


рори 


m 
а 


106. E. к 
, where & isa valueof j/ 1 different from 1. 














where i= V — 1. 





(give à geometrical interpre- 
tation of tho result obtained). 





By where a, В, y are roots of the equation 
B * + prt+q=0, 
mem following identities without expanding the 
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Jay by ayer byes) fay by cy 
а; в азыу с аз by ce). 
аз в азх-- Фау са |as bs csf 
М2, [а +В а с а ца 
ат аа ых са] = — 22| аз 6 са]. 
азбас ау— уг cy dy by cy 
[940,1 аі, си ay by cy 
|ъ®+Ь4 азі, са) =2 а о. 
аз bi asi + bs Cy las by cg 
iUm ab, e a, b, 
|nsc ber apr by &|- (—2)|a, by р | 
‚ат с, ay by cs 
























































116. [1 а а? 
р Ф| (0а) (са) (с 0) 
T a сз 
(T Lo 4 M 
abe (a-} b+ c) (b —a) (e п) (с — 1 å 
a’ b с? 
В 
Ја? 12 с? (ab -|- ae -- be) (b а) (2а) (е 
a? bY c? 
4 
119. i : d = (024-88 02 -Lab + ac} he) (h— a)( 
io ic x (c — b). 
*120. |1 a bc 1 аа? 
1 b caj=|1 b |, 
1 c ab 1cc 
121. Шаа? За а? 
1b (ар-сар а). 
tee 1cc 
(22. |1 а аз 1аа? 
1 b b | — (ab--be--ca)| 1 b 9 
—— tee 














Sec. 2. Permutations and Substitutions 


Determine the number of inversions in tho following yer 
А ра; otherwise stated, the initial алафон 
„2,3, .., іп increasing order): 
—* 2, 3, 5, 4, 1. 124, 6, 3, 1, 2,54 
be у ^ 5,3,2,5,4,7, &, — 126. 7, 5, 6,4 1,8,2 
в: ЗИТ. оп 6, 0,9 6:8, — 
„ЖК ЫЫ 43.5... 8—6 


— Permutations, determine the number # 


inversions and indicate the 
general cri those num 
n for which the permutation is A —* vier for whi 
d $ 0 





2068р 1.2 $ 
TRUNA: DANGI SU PHEN 
— — 
































it is odd: 


129. 4, 4, 7,..-, dn —2, 2, 5, 8 ..., dn – 1, 3, 6 
9g, nns OM 

130. 3,6,9, ..., 3n, 2, 5, 8,..., 9n— 14,1, 4, 7... .. 
‚ Зп — 2. 

чи. 2,5,8,..., 9n—1,3,6,9, ..., 9, 1,4 7, ... 
— 2, 


СИВ 3n cento 4, Ty 99 — 2,3. 6, 
9, ..., 3m 

133. MPG) jen ey SI —3, 2, 6.55 
в, 4, 8. :., 4м. 

CHS, . 65, 40— 3, 8, 7,..., 
4n. 


4n —2, 3, 7, ... 


4n — 1, 2, 6, ... 


он бп 2, 4, 8, ..., 


ШЕ "ur 4n —4, ... 8, 4, án — 1, án—5,.... 7, 

8, 4n — 2, án — 6,..., 6,2, 4n — 3, án — 7, — 
136. In "what — во of the numbers 1, 2, 

is the number of inversions greatest and what is i 

137. How many inversions does the number 1 in the 
of a permutation generate? 

о versions are generated by the number n 
osition in a permutation of the numbers 1, 2, 


139. Wh: — of the number of — 
= the number of order arrangements in any permutation o! 

‘the numbers 4, 2, <. -, n? Ж 
140. For what numbers n is the parity of the number of 
КЕ» and the. EK of arrangements in all permuta- 
tions of the numb = , 2,..., the same and for what 


ers 1 

is it differen! 
>» Prove that the number of inversions in the permuta- 
Gys dg s, ds ds equal to the number of inversions 
* permutation of indices 1, 2, ..., m obtained if 
г utation is replaced by the original arrange- 
2. Show that it = possible to pass from one permuta- 
Y * ther permutation b,, by, - ., 5s 
at most n — 1 transpositions. 
tion of a permutation of the num- 
brought to a normal 
than m — 1 transpositions, and prove 





*444, Prove that it is possible to pass from one permuta- 
tion dy, lg, - « «4 ds lo any other — by ba lu b, 
n К T 


of tho same elements via at most йы trang 


positions (transpositions of adjacent, заа; that із), 

*{45. Given: the number of inversions in the permuta- 
lion dj, dg, . - «, n4, 05 18 equal to k. How many LM 
sions are there in the permutation Г ЧЕР mr] 

*146. How many inversions are there in all ТОУ Ha. 
of n elements taken together? 

*147. Prove that it is possible to pass from any permuta- 
tion of the numbers 1, 2, +, п, containing k inversions, 
to the original ам rangement by means of k adjacent transposi- 
tions, but it is impossible to do so via a smaller number of 
such transpositions. 

*148. Prove that for any integer k (0 < № < C1) there 
exists a permutation of the numbers 1, 2, 3, +. 4; п, е 
number of inversions of which is equal tok. 

*149. Denote by (nm, k) the number of permutations of 
the numbers 4, 2, ..., m, each of which contains exactly k 
inversions. For the number (n, Kk) derive the recurrence 
relation 
(п + 1, к= Бн сы 

(n k—2) bkn, 
where (n, j) must be 0 for j> Cà хози бе ў < 0. Use this 
relation to set up an array of the numbers (n, №) (ог n = 1, 

> tbo” Prove that. tho” mimber aÈ 
ve tha permutations of 
umbers 1, 2, «s — ор are 
n PIS imber of permuta tations of the same кр 
к. = 


— as as cr a 


ment (that is, the 















dn. е 
813657 




























E: 


B uu uns 
1 789 156, [1234 | 
p | 456123 


2 9n а-у" 
3, 4, 5, 8, ...) 9n—2, 8n—1, дп ). 
‚6,5,4, ...‚ Зп, 3п—1,3п—2 
4, ..«4 2n—8, 2n—2, 2n—1, 2] 
ь пла ОКО НИТ 
6, ..., 380—2, Зп—1, Зп ) 
84... 85—1, 3m 3п—2]° 
6) oe. dno 2, Sn—1, а 
М 2S 
se nk—k4- 1, nk—k-4 2, .... 9 
quent РЯ зоти 
wing permutations, change from cyclic nota- 
yw notation: 
3 4). 164. (1 3) (2 5) (4). 
4) (246) (8) (9). 
«(2n — 1, 2n). 
«2n — 1, 9n). 
(6 54)... (8n, 3n — 1, 3n — 2). 


he following substitutions: 
84 4234 

(2а Я, 
MALSA S 
s: 41 2): 


E pes 
Es DET. 





34512 


lr, 





| 
| 





power of a cycle i 


rove that if the | 
Xie nat of the power is divisible by ШЕ 
in length of a cycle is the number of its ol, 
a i Prove that from among all powers of a 
ec Иа unity the smallest exponent is equal to thy 
20 non multiple of the lengths of cycles that ent 
the decomposition of the substitution 








3,4,5,6, 7,89 In 


1552, € 
*176. lind A'*, where A — |А J 





2 
177. Find A‘, where A їй ЕО те ло 


178. Find the substitution X from the equation AXI 


= C, where 
E. T зот 
оаа). = 3127456] 


5136472 


179. Prove that premultiplication of a substitution by 
a transposition (that is, a two-member cyclo) (æ, p) i 
equivalent to a transposition (an interchange) of the number 
a and B in the upper row of the Substitution, and post 
multiplication by the same transposition is equivalent to 
: transposition of c and B in the lower row of the substitu- 
lon. 

180. Prove that if the numbers c and P enter into one 
cycle of a'substitution, then in the case of pro- or poit 
multiplication of the substitution by the transposition 
(a, В), the given cycle decomposes into two cycles, but if 
the numbers c and B appear in different cycles, then these 
cycles merge into one under the given multiplication. 

181. Use the two preceding problems to prove that tle 
number of inversions and the decrement of any substitution 
“= ae same parity. 

: . trove that the smallest number of transpositions 
into the product of which the given substitution Р dacam- 
posed is equal to its decrement, 


- Prove that the smal tion? 
tat carey the permutation ay aye a ota he or 


1234567 
c= |, 


А 


tion b bs ss b, of the same elements is equal to the 
decrement of the substitution 


Og; Ga, > > -s ûn 
==. 
Dy, bay ees bn 
*184, Find all substitutions of the numbers 1, 2, 3, 4 
that are permutable with the substitution 


1234 
5= [2443] 
{85. Find all substitutions of the numbers 1, 2, 3, 4, 5 
that are permutable with the substitution 
12345 
—— 
*186. Рог апу two integers z and m, where m + 0, denote 
m) the remainder (assumed to be nonnegative) 
ed from the division of z by m. Prove that if m >2 


an integer prime to m, then the correspondence 
,z—1,2,..., m — 1, is a substitution of 


; wey m— 4. te 
the s 










2 
1 ution of the numbers 1, 2, 3, 4, 
r which the number x passes into the remainder 
the division of 5z by 9. 
Elementary Properties 


.9. D tion and 
m d of any Order 


problems of this section are aimed at elucidating the 

a determinant of any order and its most ele- 

pperties, including that of a determinant being 

zero when the rows are linearly dependent, and the 

п ої а determinant in terms of a row. 

led to develop skill in computing determi- 

elements, problems involving methods 

img determinants of a special type or dealing 

plac n and problems dealing with the 

tion. of lerminants are all dealt with in the 
at follow Sec. 3. 

i of the products given below enter into 

priate orders and with what signs; 









188. a4545:05:0:5054. 189. 2,1033045035015044. 

190. 45515515107 412543062- 191. азза 5733233055804 

192. а; 3433134 · · · аһ, пал 1 < К < n. 

193. 1,3233 -< - n-i, nini 

194. о13а3а34043 - - * Язп-1, 2n an, 2n-1- 

195. 21143, пӣз, п-1 · • • Оп, 2. 

196. а, заз5431046055084 · • + @зп-з, зпйзп-1, зп-1®зп‚, зп-з* 
197. Choose the values of i and Kk so that the product 


530450331. 446031 
appears in a sixth-order determinant with the minus sign. 
198. Choose the values of i and Kk so that the product 
Gs 53015 i557 0o a1 


enters into a seventh-order determinant with the plus sign. 
499. Find terms of a fourth-order determinant containing 
the element as, and appearing in the determinant with the 


plus sign. 
200. Find terms of the determinant 
5х 4 2'3 
212 
1223 
24222 


that contain z* and z?. 
201. What is the sign of a determinant of order n in à 
produet of elements of the principal prd $ 
202. What sign does a determinant of order m have in 
a product of elements of the secondary diagon 


203. Using only the definition of a determinant 








Any n2 Ong +++ 


where all elements above ог. elow 
are zero, | ч і 





















Using only the definifion of a determinant, compute 


бе 0 0 ain 
0... 0 Gi, n-i 2n 


Ü ... 05 n-2 03, n-1 Gan |? 


i Any ++ An, n-2 Ôn, n- Onn 
all elements above or below the secondary diagonal 


g only the definition of a determinant, compute 
Qis Aja O43 O44 O45 
Azt Qog Azs Az; a5 
ay a 0 0 0 
aa 00 0 
| as; a 0 0 0 


t if a determinant of order nm has zero 
ction of certain & rows and 1 columns, 


... ПХ 


of a determinant of order n that 


about the secondary diagonal 
НЯ of ru: 5 that is 


ent a; about the “centre” of the 


211. We say the position of an element a 
unti» even or odd according as the sum 
mune number of elements of a det 


h of 
k Ofa oy 


ermina. 


Ч Find the 
x: E residing in even and odd position 
ШУР ‘How will an nth-order determinant change в ü 
first ‘column is put in the last place and the other Colin а m 
5 moved leftwards with all positions retained? n : 
213. What change does a determinant of order n ung ` ү 
if the rows are given in reversed order? Ы 
214. How does à determinant. change if each — 
replaced by an element symmetric to the given ono ay, 
the “centre” of the determinant? | 
*215. How does a determinant change if each elaman | 


replaced by an element symmetric to the given one aho 
the secondary diagonal? i 
*216. A determinant is said to be skew-symmetric il th | 
elements symmetric about the principal diagonal differ į 
sign, that is, aj, — —a,; for any indices i, k | 
Prove that a skew-symmetric determinant of odd order nj 
equal to zero. 
*217. Prove that a determinant whose elements are sym. 
metric about the principal diagonal and are complex conju 
gate numbers (real numbers, as a special case) is a real 
number. 
2418. For what values of n will all determinants of order 
n whose elements satisfy the conditions 


(æ) ajn is real for j >k, 
— (B)any=tay, for j>k (i=V—1) 


219. For what values of n will all determinants of order 
n whose elements satisfy the conditions («) and (f) of thè 
preceding problem be pure imaginaries? 

220. Show that for odd n all determinants of order ^ 
now elements satisfy the conditions (а) and (fi) of prob 
ы 18 have the form a (1 + i) where a is a real number 

1. How will a determinant of order n change il Ù» 
signs of all its elements are reversed? 
i *222. How will a determinant change if each element 4 
* og ied by c'7^, where c 0? 
—— NT term of a — и 
even number of eleme; per ATA MA if the deter 


4 


minant is of even order; the number is odd if the determi- 
nant is of odd order. 

*224. Prove that a determinant remains unchanged if the 
signs of all elements in odd positions are changed; but if 
the signs of all elements in even positions are changed, then 
the determinant remains unchanged if it is of even order, 
but changes sign if it is of odd order. 

225. Prove that a determinant remains unchanged if to 
each row, with the exception of the last row, the following 
row is added. 

226. Prove that a determinant remains unchanged if to 
each column (from the second onward) one adds the preced- 
column. 

7. Prove that a determinant remains unchanged if from 
each row (except the last one) we subtract all succeeding 








° ae QEF 





E 
















TOWS. 
228. Prove that a determinant remains unchanged if to 
column (beginning with the second one) we add all 
columns. 
v does a determinant change if from each row 
last one) we subtract the following row and from 
we subtract the earlier first row? 
change does a determinant undergo if to 
n (beginning with the second) we add the preced- 
m and at the same time add the last to the first? 
hat change does an nth-order determinant undergo 
is turned through 90° about the “centre”? 
hat is the determinant whose sum of rows with 
rs is equal to the sum of rows with odd numbers? 
Find the sum of all determinants of order n > 2, 
|! which one element in each row and each column is 
o unity, the others being zero. How many such 
. determinants are there in all? 
_ 234. Find the sum of the determinants of order n > 2: 


1 Rias Alag -++ Ma 















u wee @ 
мӯ тад 


taken over all values yy We, 0 that 


m do n independently, 








235. Let all elements of the determinant 


аду Оа т Dan 
аз йж» dan 
Angi Ong «+> алп 


be single-valued integers. Denote by N; the number written 
by the digits of the ith row of the determinant, with the 
arrangement retained (aim is the number of units, a, 
the number of tens, and so on). Prove that the value of the 
determinant is divisible by the greatest common divisor of 
the numbers N,, Ng, ---, Ма. / ыб 

236. Compute the following determinant by expanding in 
terms of the third row: 


2 —341 
4 —232 
&. bcd| 
3 —143 


237. Expanding in terms of the second column, compute 


the determinant 
522—1 


4b4 —3 
2c3 —2]* 
445—4 
Compute the following determinants: 
238. |а305| 239. |102а] 240. |zab 0 c 








0502 2050 0у004 
12c3* 3¢ 45] fOe z0 fj 
000d 40001 г 


241. Let M;; be a minor of element. 
Shaw MI, is a sym і 
metric determinant of odd o 
De a ана determ 

Уә. — d л 


determinants obtained 





























y its cofactor A,, for D' and by its minor Mj, for D". 
e that D' — D", The determinant D’ is said to be the 
e determinant of D. For expressing D' in terms of D 


DO AS 
Рр 
a bip 


и yc 
"art ar 
ber ih 
У ы 

а, 








where the sum is taken over all combinations of n num] 
D. Ahoy 














4. 2, 8, +++. % with respect to n i 
' Using the properties of determinants, including wy 
sions in terms of a row or column, prove the following un 

tities: 
= i 46 
*247. | cos = B sin zi B. cos c В. 
cos i sin Byr сов? TY 
TTE B s 
cos Y g- sin I eos 


=4 lsin (B.— o) -- sin (y — [) -- sin («— yj 
248. |sin?a sinacosa cos*a 
sin*B этрсозр cos*p 
sin?y sinycosy cosy 
= sin (œ — B) cos a cos p -- sin (B — y) cos B cos y 
зіп (у — a) cos y cosa 
249. |(a--b* с с? 
à (bc)  a*  |-—2abc(a--b--cy. 
pr P (eap 


Ez ety К 


í = : e кн 
251. 1 1 М у enm 


ә 














di — ab(l—cosq) ^ ac(1— cos q) 
а (1—0 0) 1024 (1— 02) соз ф — bc (1— cos q) 
са(1— 08) 0(1—созр) c+ (1c) cos @ 


ud = соз? ф, 





созсозусоз8—созувїп8]=1 


—cospsinpcosð sinp ^ 
sq sing cos 0 








See. 4. Evaluating Determinants 
with Numerical Elements 


Compute the following determinants: 


а ae NS INDICI 258. |0 4 1 1 
1—1 1 1 үйл 
U fet ij У ЯР 
SLE ad ДАА 
259. 2—5 12 260. |—3 9 з 6 
—-3 7-14 —5 8 2 7 
$—9 2 7[ 4—5 —3 —2 
4-6 12 7 —8 —4 —5 
261. 3—3—5 8 262. 2—5 43 
—3 2 4-6 3—4 75 





265. 3 
—3 
—5 
d 
267. 63 
57 
43 
65 


хл зз о € єл ou 
wera 
со м ою о 






















272. | 35 59 71 52 
42 10 77 54 
43 08 72 52 |" 
20 49 65 50 


or. qa 6 564 
"js 9 786 
p 12139 7|. 
4 6 654 

5 453 


55 274. |24 11 13 17 19 

md 51 13 32 40 46 
-90—1394|* 61 11 14 50 56 
/ 45 —55 BÀ 6220 71352 


80 24 45 57 70 





1 V6 V21 V 10 ? | 
t ў | 
y10 2y 15 j yu i 
2 2y6 yi yg m 
Sec. 5. Methods of Computing Determinants 
of the mth Order; 
Introduction. The approach to computing determina 
with numerical elements, which consists in. making All ol 
ments of a certain row (or column) except one vanish wi 
à subsequent reduction in the order, becomes exiremwl 
| unwieldy in the case of determinants of the given order wi 


literal elements, In the general case, this leads to an e хрл 
sion like that obtained when computing a determinant 
direct application of the definition of a determinant, Th. 


method is all the more inconvenient when dealing wit 
determinants of arbitrary order with Literal oe numeric 
elements, 


There is no general method for computing such determ 
nants (with the exception of the expression given in thi 
definition of a determinant). In handling special types o 
determinants, one makes use of a variety of methods o 
computation that lead to simpler expressions of the deti 
minant (that is, such that contain a smaller number ol 
operations) than that obtained from the definition. We wil 
now investigate several of the most widely used method 
and will then offer problems in each method and also prob 
lems in which tho student himself chooses the most suit 
able method of solution. To simplify orientation, problem: 
involving the Laplace theorem and multiplication of de 
lerminants are collected in separate sections. 

1. Method of reducing to triangular form. This method 
consists in transforming the determinant to a form in which 
all elements to one side of a diagonal are equal to sm L 
The case of the secondary diagonal can be reduced to tit 
of the principal diagonal by reversing the order of the row 
(ог columns). The resulting determinant is equal to м 
Product of the elements of the principal diagonal, 


з-0ев1 , 











Вхатріе 1. Compute the following determinant of Put L 1+; t and add all columns to tho hte otis 
i 1 
prdor n: 





Oat 4 D » (a, — 2) (a — 2)... (а, — 2) 
101 1 Е ^— еа е 
v һе 002 805 — 
Detto... 1 4 Пен и 
464... 0 ^ 0 а”. 
ее им И ‘ E — 
N 0 =a (aa) (a — =)... (а, —) 
-— „++ 1 i { i 
EE oc... o -t70"* Xt rt ERU x. 












| 2, Method of iolating linear factors. "Tho determinant is 

Б 010... regarded as à polynomial in one or several component lat- 
"Compute tbe. determinant rminit it, one finds that it ia divisible by a series 

s s Е | ctor» and, hence (if these factors aro coprime), 


р 
B the le of the determinant with 
tera th ode torms of the n 





the 


у of linear factors, one finds the 
teres quotient obtained division of the determinant by 





Example 


- 


T. 





сіті. —1, 


ie Verm 2* with the eo 
e term z* with 


r "determinant itself contains the same 
kent +t Thus 
pu) ty eam nea no v =) 
Ее рифа злу — 32° — 2/2. 
the method of isolating linwar factors, 
indermonde determinant of the 


do. atl 





"Thus 
Dy = (fa 2) à — T7003 


3. The method of recurrence relations. T! 
siste in. transforming: thi ven determinant 
it in terms of à row ог à column ] thu 
ns of determinante of tho same type but 
mowult fa called a recurrence. relation 
Then, using the general form of the determinant 
computes directly a* many determinants of 
there were In the right-hand member of the. recurrnec 
lation. The higher-order determinants ar computed 
succomion fram the recurrence relation. Tf one has fo obli 
an expromion for à detorminant of any order thon 
computing from the recurrence relation myoral lower ont 
determinants, one attempts to notice the genero! form op 
‘the desired expression and then proves the validity of thi, 


—— for arbitrary æ with the aid of the roenrmne 
and by Induction on n. 
The 


р бап be сали in another жоу 
pecurrence relation that oxprom»s u 
determinant tho exprossion of tho detorminant o 
from the Mame recurrence relation wit 
м expression of the dotormi " 
and so on until tho fora / 
for the 







ro p,q are constants, that is, quantities independent 


JD, is computed as a term of a goometric pro- 
= р" 'D,. Here Dy is a first-ordor determinant 
that is to say, ment of the determí- 


ying in tho Jof corner, 

and Jet a, f. Я the roots of the quadratic equation 

—g~ 0. psa pg —ap and equa- 
bo rewritten thus: 
















“ iL D, — №, e a (Da — BD.) (2) 
0, Dra =D (Daa — ар, 6) 


form rh oh term of the geometric 
me E \ (3), 


and 
Dyed = ар 


» 

CB, where C= BEEF, а= р. 
(4) 

| for D, be remembered. 

3, but con he verd —— 

The values of C, and C, can bo found from the 

трее, = С + Cad, Dy = Cia? -h Cp? in- 

ow let a hen (2) and (3) transform to 

D. — «D. m o Di. — aD) 
Dy aD, a = Аа", (5) 
4 = 0, а, 


fod We the author by L.Ya. Okunev. 
Mw oM 


ЗЕЯ DS 
























Replacing m by m 1, we get D,., — &D,., = Agna 
whence Она = аб, 4 Аа”. Putting this expression 
into (5), we get D, « a*D,., 4- 2Aa"^*. Repeating this 
same device several times, we obtain D, - a 'D, 4 
{+ (п 4) Aan or D, = a" Iia 1) 0, -- C,], where 
С, = á (C. m и (here a 0, since q уќ 0) 

Example 5. Use the mothod of recurrence relations to 
compute the determinant in example 2 

Expressing the element in the lowor right-hand corner qs 
а, = х - (а, = x), we ean decompose the determinant D, 
into à sum of two determinants: 


Bp d iore Af CE з. & 0 
ха. zs Tod r 0 
D, e s iria oe UM US reas e o ono 
ЕЕ... бля ror a, 0 


тг... Е Е т... Я в: 


In the first determinant, subtract tho last column from all 
the others, and then expand the second detorminant in terms 
of the last column: 


D, = z (a, — 2) (as — ) se gea — 2) e (s) Dn 
f * 
Se ODER 
Dy = (a — 2) (ty — 2) ee = BP 
2-3)... 64-0 -Я = 
- + Daca (tg = ват). 
з в Ls * ы | gree Е 
— eee foes Sa 
Dp = z (a, 2) (2)... (а, a) и 4 
(5). (va Un 
„talama у -( cedes 
СЕТЕ 
which coincides with the result of ex 


= 



























Б the nth-order detorminant 
- 158300...00 
530...00 


0253...00]|. 
ПО) 


00...25 
r, Wo find the recurrence relation 


a7 Pa 


{ ( get c t, 

— Eee ei meom ы 

lerminant are readily ovaluated by 
determinan! 


tx of the same 


end b, 

to tha first row, this determinant can be 
ел each of which tan be 

determinants With respect to the second 

‘hen we reach the last row, we have 2° 





5. The method of changing the elements of à м 
nant. This method is apy 
a determinant by tho same number vielid 
the cofactors of all eloment ат мау 
Tho method is based on the following proport 
number t ís added to all elements of the dot 
tho determinant is Increased by the product of thi 
into thè sum öf the cofactors of all elemen 
enough, let 


е when cha 





ay fia | ‚ a» 


D |. D' «| 


"^ ang 2 Onn 

Decompose D' into two determinants 
first row, then each of them into two 
Tespect to the second row, and so on 

he terms containing more than one row of e 
to x are equal to zem 

terms containing one row of elementa equal to a v 
then expanded in terms of that row to gt D b 
^ 


any a 


with respect. 1o 
determinants 


lemoentes equ 


+ Ули which i» what we sought 
4 ' 


Thus, саара the determinant D reduces to compu 
ing D and the sum of its cofactors, 
sample 8. Compute the determinant Dy at example 


Subtracting 2 from all fts elements, we obtain the dow 
minant 


ja- 0 0 
D Ù e~s 0 


0 0 в, = 9 


Tho cofactors of the elements of D off the principal dis 
gonal ar» equal to zero, and the eofaetor of each DU 
9n the principal diagonal is equal to the product of th 
Temaining elements of the principal diagonal. Theorefon 
D, == (а. —#) (a, — zx) 


кг У) (ау =) (Siy ~z) (aiim ж) la, — 2) 
LI] 


73 (a,— 2) (44 — 2) S9 (IL. +) 


т 












Evaluate the following determinants by reduction. to 
triangular form (wherever the order of the determinant 
cannot be judged exactly, it is assumed to be of order n): 


279. ШАШ Ө... п 
—1 0 3...п 
=—1—2 0...п]. 


. 0 


n 
















286. Compute a determinant of order n whose elements 
are given by the conditions a, — min (i, j). 

287. Compute a determinant of order m whose elements 
are given by aj, = max (i, f). 

*288. Compute a determinant of order n whose elements 
are given by ajj — |i — Jl. 

Evaluate the following determinants using the method of 
isolation of linear factors: 


292. |-г а b c 
а—т c b 

b е— а|. 
П Ива а 


i e В а- 
y "si 
oeg 








| 
| 





relations: 


















Qo dp cs On 
om 0 
-yme 0|. 


398. |1 0.0.0 ...0 1 
PED 12,00 ...00 
11 20...00 


302. |56000...00 
45200...00 
01320...00 
00132... 00. 


00000... 13 


101 а... 00 


‘the following determinants ру the method of 


303, }12000...00 
34300...00 
02590.00 
0102 5. 8..... 0. 0]. 





00000,,. 53 
00000... 25 

304. |x--p ор Gel Cw 
1 «B ep 0... 0 
O d pap. 0 


Compute the following determinants by representing them 
as a sum of determinants: 


#305, |x--a, az Ca Aaa Ga 
а G+, а, ... а 


a а, f+ dy в 
а а а я-а, 
*306. | 24 аз... 0, *307,)0 1 4 1 wi 1 
а Zg... On z, 40 0 .0 0 
RA. E |" 2, х3 1 0 .0 0 
My Ay vee En Zj Ze ts 44 ...0 0 
tn Ey Ty Eq ty On 


308. | zı aba abs e aba 
аб 23 аз... аф, 
аб ау ту... ауд), 


аң ащ абу... т 








—— the following determinants (the order of any 
determinant that is not clear is assumed to be n): 


809. |1 2 3... n—1 n 
‚п—1 п 


i da А 104... 1 





"| EC n 16. |0 4 4... 4 


ть і 4 4 441...0 
Уи 817. |n 14... 4 318. abut. B 
ODE I eg апа. Ба... ЪЪ 
1d na. а ТОО 
S mU bb...ab 
111.4.n bb... ba 
319. 1200... 0 
1320...0 
BN. о 
Дру. 0000 3 





n2n... 






н GI ЕИО 
0 4-ыь... 0 0 | 










Nn: QUO. Lc OL TO 





оо 0 0... —4 1—d,]} 
321, Gy My... Any A 







их а)... а, 1 
мах... а 1 















9 03 03... z 
9,03 05 ... dy 1 
а —1 







1 n4 1 (n41»*... (n4 1)" 
а (a—1) ... (a—n)" 
e*t (a—1)"! ;.. (a— n)" 


ü-—n 


1 
Zati 
Tb Sy 





where py (2)—=2*+ ayia? + agoah? +... + anne 
335. 1 ORA oni 
(соз фи) Й. (соз Ф) - fi (cos qu) i 
fa (cos) 2 (соз Фа) » f2(O8 Pn) |? t 


Ўл-1 (соз Фи) Fn- (COS Pa) -+ fn- (COS Pn) 
| where f, (z)— E ааа... de Re 
336. |1 Ch Cà ... CE? 
ibi t. ce | 


IER CNN. CES 
—1)(z—2) ..- (z— k4-1) 
where СИ, : 
—1" (;n—2)" ... »" (m 
ay nem Ls. ntt (anyrt 








341. |sin"-!zm, sin"-?g, cos, ... cosn-k ay 
sin"! a sin" ¢) cosa, ... cos! = 
зіп"! ад sin"? ap Cosa, . 2 cos, 
342. 
Ín (2o yi) Mina Gs yi) E how) w 
Ín (22, Y2) Vaf] n- (Tos уз) Ya fi (Ta ni й | 


Tn Gas Vot) Уп+/пл-4(®тн» Ула) ++ Ул» Mec A 
where f, (z, y) is a homogeneous polynomial in z, y of de- 
gree i. 4 


#3430 on “ы ш! 










В, а 1+1... 127 
Mp ty en 1+4 |. | 

Ser aes 

со boe ses соз (п 1) v 

ом ш 


GF ay... Oy 





fy (ay) fe (aa) (an) 


356. Те hl i {@y) | 
ЖИ Yo (ta) д], вфе 


qb T4 


anth anth 1 
*358.| лу, d bns — 
1+ ray, туз 1+, 
ани bx. rq, 
*359. Ja, — bye а, 0, (o 95—b. 
üp—b, о = т fl — b, 
0, —h, 8, — п 0, ba 
360, [зов abs x db, 
а nage .. ay), 
а а, Tat aly 
"361. Ja0... 0b) 
ба... в 
— М e order of the detorminant is equal 
Ob... a 0| t0 2n). 
20... Оа 
362, |a, b, 





363. 


Bai. 0 0 «+. 070 
== 
2 1 
Мес -.. 00 
2 i 
EE a00 


*364. 11100... 00 


1110...00 
0141... 00 
0000...11 


*365. A Fibonacci sequence (Fibonacci was an Italian 
mathematician of the 13th century) is a number sequence 

h with the numbers 1, 2 and in which each 
Ї number is equal to the sum of the two preceding 
ones: we have the sequence 122181518, 48,191, .... 

that the nth term of the Fibonacci sequence is 
to the nth-order determinant: 





№ 21010... 25" 10'0 
кай лї... оо 
05-141... 20:01: 


Evaluate the following determinants: 


96. 9500... 00| 367. 0100...00 
1010...00 
0101...00]. 






95... 00). 
Al. 


000...49 


— 


the expression cos ma in terms of cosa, а < 


368. 0 LOO. OD 
—1 010.. 00 
0—101.. 00 


*3869.[a 100 ... 00 


1a10...00 
0151.00 
0000.. 1а 

370. G X005. ЧҮ 
—t а10. 00 
0—1a1. 00 


*371. Prove the following equation: 
cosa 1 0, 0.409 


1 .2e089 „4% "ОИ 

0 1 2cosa1...0 0 ]|ecosna. 

бо 0... 12084 аа 
Using this result and the result of problem 969, obtain 








372. Prove the equality 


2cosa 1 
4 
sin na 
ama =| 0 








eave the following equality without computing 









mie 0 0 ..00 
I Dy... 00 
0 1 а, 66...00 |. 


s (n—9)z a--(n—1)z 
за (1—3) а (п) 
mere ия Д 





without computing the 


378. Determine 
related 


how the two circulants are 


| ay" dg а, апа аһ | а Ay a 
Gy Aq 45 :.. аһ-5 Ant 
ân- an ap -+ an-s Gane 


dg dg Qj «s yp Br 


The circulants are built up of the 


directions, 
Compute the following determinants: 


1 — 1 


(i) 


*379. |1 


Ш 


= 
— 
N co 
— 


8а) (а) 


1 


(2) in C 


(СНЕ. 


e. 


ежу». 


— | 


ое 


а, 03 0, 


and |a, a, âs 


Qs Qj ds 


a, by means of circular permutations 


ДЕЧ 


‘ 


Üeterminant 


а, 


алла 


same numbers a, a, 
in two opposite 





* 









894. | 0 1 1. | 


Ü aa x 


ty me, 


Vy 































E- P 408, |0 Og Ay +> Oe 
Ги FERT an by O mos 
а... || beda O rr ® | 


ух 


aem ig s gris мум. 0 
— «400. 11224... ^ "410, 11223 " 
а ж-з а... 1123.1 $12... 5-1 
Rte 5 15212 ant aat п~ 2 
IG apap (cam tg TTT ' wee. ! 
J ' 
" A * гис, * «^ LY. edit. tee tat ee ву) 
ars Sere ^ | apr b, 0 оо 


| LE j п D „00,0|. ése "n" h оо 


settee tee 


= 
* GOR. | aer! agit artt 4 0 
d her -a | a sut! aut? 4.1. 9 
Net =... 0-06 412. jeti > (uj 
vd =at) |: 2+ * * 
8 Z3 c* * 


Spas... 
* e 1+3 , 
" . Е avn 


413. pei „> и , 





р 541 @ 

з 2а +44 T 
aroo aier ч 

4. ја е ә... з ч 


з set a yi 


[494 9,7. 








n 











415. 





1+1 = Cine £ 
а ata © we = 
= X za... 2 


= х f афа" 
( 


“416, | (а, 4-6) (ay Hb.) -o (ai HDn) 


(ant b) (an FO i (an Ony 


* 1 1 1 











Ш 21—80, `` 2—4 










21—02, 
4j 1 
3 e 
Ji. 1 
Exe t 
Eu 
5 "n2 
1 
"2n—1 


оаа 


rming expanded expressions 
erm "continuant" stems from 
ued fractions; see problem 539): 


$020... 00 
41 0... 00 
ИЕ. 500. |, 
ака. 
ОРОЙО? —4 а 
s i 





is, an expression in the form of a polynomial in 
that 25, a,. Write out in expanded form continuan А 
Be iat Erte А 3 
Sider 4) 5 and 6. 


Sec. 6. Minors, Cofactors 
and the Laplace Theorem 


421. How many minors of order k does an nth-order д, 
inant have? 
10129. Ртоув that when determining the sign of a cofactor 
one can use the sum of the numbers of the rows and column 
of the complementary minor instead of the given minor, 
In other words, if M is the given minor, MW’ is the comple. 
mentary minor, A is the cofactor of M, and A’ is the colat 
tor of M’, then from A = eM’, where e = +1, it follows 
that A’ = eM. 

423. Show that the Laplace expansion of an nth-order 
determinant in terms of any k rows (or columns) coincides 
ү n — in terms of the remaining m — f 
or columns). 

24. Show that the rule of signs connecting a cofactor A 
with the complementary minor M’ of minor M can be stated 
s let ay, &4, ..., & be row numbers, f,, Bar ++ + By 
a — of the minor M in a determinant D of orde 

1 out in increasing order, and let 


Cet Orton Фа amd Bars Bees LL f 
к d the numbers of the rows and columns of 


i minor M’, also written out in tho order 
ЕЕ, magnitude; then 4 — JM if the substitution 


rows 


TS o X + Р Ў 
[NN ., КЕ к ШИЙ мн» кы 
tion odd, y ды. , | 







0520 
8354 
7241 


ESE 4 


у 































433, |1 


429. |214 3 5 
34050 
84521]. 
15243 
46070 


4M. [12345 
06041 
2412 4. 
13524 
05032 


23453 


657842 
986700 
424500)" 
$40000 
560000 


30 01-—1 
40 03 7 
$1—12 4 
83 76 9 
—10 00 0 
70 00 0 


437. 4.4 0 0 
Zi Xa cos a sina 
Wy ys cos p sin p|^ 
Z, № cos y sin y 


439. бабе 440. 
1200 
10у 0р 
1008 

442. |11100 
12300 
04 $1 1 
Onnan 


л. ол 
Os} shat at 


443. 

| ay шз ay 
0 în om 
0 0 ayy 

| 0 Ü 541 


934 4, $ Оз, 
fine зз б.з 


44. [ay 1 вы 1 


1 0 1 0 





Ou 2, 9 


ч 


A38. 400 abe 
00 a bo 
aa’ з, узу |. 
bb уузу 
f£ уула 


O abe АМ. |1 хха 
a100 1a 00 
botoj 1060 
е 001 100e 
Ghent биз, м 
91344 — "del 9 
LINES 0 0 
азы шыва 0 0 


444-4, 15-3 214-4, 24-1 0 

= Omisa fini “am, on 
d ! 
1 6 





Using the Laplace theorem, compute the following dotor- 


mínants after first ‘transforming them: 


"5j 2-1 3 4—5 
№1 т 6-4 


Din 


Nu. 5. 











454. Isolate, in a determinant D of even order n = 2k, 
four minors Mı, Mg, Ms, M, of order k, as shown below: 





kits 15 hai, jns kn ein 


Апа». апр 
3 4 
Express D in terms of M;, M., Ms, M, in the following 
two cases: 
` (а) if all elements of M, or M, are zero; р 

if all elements of M, or M, are zero. 

. In a determinant D of order п = kl, let there be 
isolated | kth-order minors on the secondary diagonal; 
that is, M; lies in the first Æ rows and the last k columns, 
the next I: rows and the preceding & columns, and so 
and, finally, M, lies in the last J rows and the first Б 


D in terms of M,, Mz, ..., M, if all elements of 
side of the indicated chain of minors are equal 


a determinant D of order n, let there be isolated k 
1 columns, 1< k, and let all elements of the 
columns not lying in the isolated & rows be zero. 

Laplat ion of D in terms of the 
take those kth-order minors 
ted | columns; this assertion holds 


— 




















bni bna += Ban 

*459. Compute the following, determinant of order k + & 
8200...0000 
1320...0000 
0132...0000/| k rows. 














Gni ny sis nn 


0000...0253 
0000...0025 


460. Write out the expansion of the following nth-order 
continuant (compare with problem 420): 


АЕ n NORD e 
| О ж Ад... 0.0 
о 


(Gns aay oon an) = 





in terms of the first Æ rows. What is the property of the 
Fibonacci numbers (see problem 365) here when n = 2k? 
461. Prove, without removing parentheses, that the 


equation 
(ab' — a'b) (ed! — a'c) (bd — b'a) 
adi — аду фе. — b'c) = 0 





——————————— 


containing n rows and 2n columns, take any minor M of order 
n containing at least half the columns of the left hall of 
the matrix. 

Let o be the sum 
and let M’ be a minor of order n ma 
columns of the matrix. Prove that 2j (—1) MA — 0, 
where the sum is taken aver all minors J of the indicated 


t; 


1 of the numbers of the columns of minor M 
de up of the remaining 


ype. 
*463, Show that the determinants 
адау Вуху аула bita 75 бүл 
азту олц азта бота аза Бъту 
ац biyi Aiya biya Ys Бууз 
3/4 bays zya baya Gays baya 
аа бщ а Бүз; аз; бү 
аң Бозу Qaza bata аз Бод 
Ly Ly Ly 
Vi Ja Ya 
Z1. 2a Z3 
are related by the equality D — 69A? (thi. 
alized in problem 540). 2 (this property is gene- 
4. Suppose 
£(@) = ay + ax + аз? 4- аз? 4- аі, 
E (z) = by + bye + by” + baa + brt, 
(hi) ghee ea + oa + ot 


a, by 


— and A= 


6— 




















465. We say the determinant 













ац... р TH + Tih 
Ani + Gan Tm Tar 
{ D= 
| Ju ‚п 0 0 
Ум --: Ут 0... 0 


with k rows and k columns. 
Show that when k> n, D = 0, and when k < p 1 
a form (that is, a homogeneous polynomial) of Портер n 1 
in the elements а of the determinant A and a form ott 
gree 2k in the bordering elements z,;, Шу Whose coelfici ^ 
are the cofactors of kth-order minors in the determinant 4 
Namely, prove that D = (—1) Y 4,, 
EX UL ore i uA 
isty rdp? Jilg tt Jp where Ait, МЛ, ty ЇЗ the co 
шт of the minor of the determinant A in the rows labelled 
fig fa — iy and in the columns labelled у, ў...) 
анак ои i, and Уу +++ y, are minors of D made up i 
aide s aoe na ying in the rows (and column 
ен i — Here the sum is taken over o!! 
* пр from 1 to n with i, — i, — 





















ttm he 


рив neralization of the Lap! 
=< ре 
* ыш D: D is equal в 













of the type indicated belo 
without commo 





we take a minor M; of order s lying in the remaining 
| ик labels eee b e 


<... < Bni and if 
form the product eM, M; . 


‘py Where e = +1 





if that substitution is odd. That this 


is even, and e = —1 
assertion is a generalization of the Laplace theorem follows 


Sec, 7. Multiplication of Determinants 
Multiply the determinants 































Evaluate the following determinants by representing them 
as products of determinants: 


*470. |4+-ayyy 1+-2yy2 i dry, 
1+ roy; 1+ eyo --. 1+ tayn ү 


— Amaya ss d rays 
A471. |cos(o.— i) cos (c —Bo). ... cos (z,— 9.) 
соз (02 — л) соз (0 — В) ... соз (оо —В,) ! 


соз (о — B1) соз (®—[ь) ~- cos (n — Pn) 
472, 1 боз (ж — аз) соз(а—а) ... соз(щ—ол 
os (4 — a) 1 сов (02 — оа) ... COS (G4 — Gp) 
соз (а — 4.) соз (а. — 03) 1 соз (ж — am |, 





Sin (a+) ... sin (2%, +n) 
‚эт (а2-- 04)  sin2a, ... sin(a,+a,) | 





И 


477. |S) Si So eee Sna 


S № м 
и. * , Where 5 = 21 + 
а. 55.5 — Ча... Боп. 
S54 $5 S53 S2n-2 


М8, пб RO ee 8n 1 


where sp = z} + 
vai. B ; d 
— "n TI а... ай. 


$8 Spki Snta +++ Son-t 2" 
*479. Prove that the value of the circulant is given by 
the equality 
ау 02 05... а, 
ак А ба тг. kg 


анала, ... аи з| = 1 (1) / (62) 1 (в), 





- I EET 


(2) =a, + aye + at? +... + a,2"* and в, 
e, are all values of the nth root of unity. 
Prove, using the notation of problem 479, that 








leterminant | 
. Compute the following d minant, nsin 
a of problem 479: SM | 


resul 
Bi. n 
Dd 1.2 В 
АА. 6 


483. Use the result of problem 479 to compute the tetor 
minant 
abcd 
dabe 
eda b|* 
beda 


Evaluate the following determinants: 


т алоби л 
(Е Ист ort er 
СНО. 






а, а... дл 
1)"7t(n—1) а, 04 — 
Gy Gy «1 











*493.-Compute the following. skew circulant (or skew- 


Compute the following determinants: celto determinant): 








(p columns) (n - p columns) 9 s м 2 

Mane —1—1.. —1 11...1 1 * н — 
ed ^ feo: as 
ОЕ. Е а 

ea eee, ар а 


ip columns) (п – р columns) 
*488. jaaa... abb... bb 
baa... aab... bb 


а а аз «.. Gy 
55 ay Geet: Play 















ex bb|. акла ах 04 d,-.|» Where z is any number. 
JO | Це та 
£ \ az. j ay 
cos 2. cos 29. соз 29. е *495) Prove: that a circulant of order 2n with the first 






row made up of the elements aj, ay, . . ., don, Gyn is equal 

to the product of a circulant of Order n with thé ‘first row 

made up of elements a, + antis Ga + antar -> -3 An F aym 

- aie a skew — order n ‘with the frst Tow made up ot 
e elements a — Gy — Antar -+ -y йл — йу. 

PRO gah ats stele uh * Multi] ly the two determinants 










л 


—1 соз — = 


coS— ... 
















Yo уз ш 
у T| |Y ~ № Vs 
ee 0330... —с0зп0 — 


cos 20 
























, , коб 

= + be! b', B=ac' + bb' + ca, 

“pe berg oe What property of the integers follows 

К Using the notation of problem 497, prove the follow- 

ing identity: 

(aè + b? + ct — ab — ac — be) К 
x (a'* .- i 4- e'* — a'b — a'e' — b'c') 

= A? 4 Bi С — АВ — АС — ВС. 

*499. Prove the following generalization of the theorem 


on multiplication of determinants: given two matrices 
ba бз < bin 


ац 2 +++ Bin 
ba ba s+ 








авн а: 
т i — with the rows of the 
other, putting c;j =) ау sel up an mth-order de- 
terminant: 

Gy “Cig a.e Cim 
p-|e ба ++. от |. 


ЕЕ бт 


id Bisi im respectively 
trices A and B made up of the 
abelled i,, i, ..., im in the 



















*501. Prove the following Cauchy identity without car 
rying out the multiplication: 


(aye + Gala t + + Aen) (Pidy + 5503... + On dy) 
— (adı + ada + - - . + andn) (bici + bye + .. һе») 
= D (ab, — ayb,) (eid, — end;) (n — 1). 
1<i=h<n 
502. Prove the Lagrange identity without multiplying: 
n п п 
Ха!) (> )—(S abi)'= У 
=! ii ici 


Ап (ib оя. 
*503. Prove that for any real numbers 
Gy Ag, +++, Gy and by, by, ..., Dp 
the following inequality holds true: 
(а раз... Нал) (ыы... +8) 
> (410 + dob 4- . . . E a,b, y, 
Note that the equality holds if and only if one of the given 
sets of numbers differs from the other solely by a numerical 
factor (which may be zero). (The Cauchy-Bunyakovsky 
inequality.) 
*504. Prove that for any complex numbers a,, a, . . 
and 5, b, ..., b, the following equality holds: 


(3) ents) (3) ayy) — (Qus) Qoa) 
P — 


*505. Prove that for any two sets of complex numbers 


и a, and by, by, ..., by the following inequality 


as 


(jb, —ayb,) (a jby — ayy). 


(арыр 3 ор 


Note that the equality sign holds if and only if the numbers 


ler from those of the other by 


gate deter of a determinant D of 
ташты: 


the given sets diff 
ctor alone. 


Show that 
n+i s 


ЕЛ 52 


ү Sn Sntt Sata + 
м’ inor of the adjugate à j 
he minor M (that нарма 514. Show that if 

D that enter into M). 


plementary minor of the 
, then this equality will 
y of problem 506 (for 


then the product D(z)-D(—z) can be expressed as 
Aime Als 2: Ат 
Ag — 


i Ам А... м = 
xe Sie di 441j are independent of z. Find the expression 


tion of determinants to prove that a 
sign ee a interchange 











that 
Pa = z (Ls D), Фф = L (Li L,) Prove tha 
cosa; cosp, cosy |? 
соѕ оз соз. соз үг 
соз аз соз Вз соз та 
= 1 —cos* ру — соз? ф; — cos? Py + 2 cos G COS 2 COS з. 
tangular 
*520. Let (z, Ji), (za; Us), (za, ys) be the rec 
coordinates E points Mı, Mz, Mg in the plane. Show that 
the determinant 
nyt 
Ta ya Í 
Xy y. d 
remains unchanged under a rotation of the coordinate axes 
and a translation of the origin. Use this fact to elucidate the 
geometric meaning of the determinant. 


*521. Let (z, 1) and (z, ya) be the rectangular coordi- 
nates of two points М, апа М. ain the plane. After determin- 


ing the geometric meaning of the determinant | ! "i 


ж уз |' 
figure out whether it undergoes change under a rotation of 
the axes and a translation of the coordinate origin, 

_ "522. Compute the product of the determinants 
















Oy, OC and Oz can he brought to coincidence), the min 
sign appears for opposite orientation (this means that sw 
OA and Oz, and OB and Oy are brought to coincidence: 





rays OC and Oz are in opposite directions) 

*524. Let (zy, Yr, 21), (Tos Yar Za), (Zar Ya» Za) be the 
dinates of three points M,, My, Ma of space. Show that th 
determinant 

T. ya 7. 
To jg 22 
V3 Ya Z3 


remains unchanged under a rotation of the coordinat 
system (which is assumed to be rectangular) and determine 
the geometric meaning of the determinant. 

*525. Find an expression for the volume V of a parallele 
piped in terms of the lengths a, b, c of its edges passing 
through a single vertex and the angles œ, B, y formed by 
the edges. (The angle œ is formed by b and c; fi by c and a; 
and y by a and b.) 

*526. Let L, la, la; m, тз, тз; пу, Ng, Ny be the cosine 
of the angles of rays OA, OB, OC with the positive semi-axes 
Oz, Oy, Oz of a rectangular coordinate system. 

Prove that for the rays OA, OB and OC to be coplanar, it 
is necessary and sufficient that 


hohd 
m, ms ms|-— 0. 
my Nz Ng 
А d тав e ae TAM АКШАР coordinates of 
Spacon Pene d » 4). Dete во- 
A metric meaning of the Pre ena Bue fà eo 
Anut 
o Jahani 
_ [anzai 
Гамат 
change under a translation of the 





4 


Ge oe 


















#528. Multiply together the determinants 


зи а В —z-—y фа В 
Ta Yata R TA —у —в В 
Za ys Zs R and | —ys—2R 
124, Е -а – —auR 


‘to obtain an expression for the radius of a sphere circum- 
scribed about an arbitrary tetrahedron in terms of the volume 
and an edge of the tetrahedron. In particular, use the expres- 
sion obtained to find the radius of a sphere circumscribed 
about a regular tetrahedron with the length of an edge a. 


Sec. 8. Miscellaneous Problems 


Show that a determinant of order n permits of the 
axiomatic definition (which is equivalent to the 


са of the elements of any field P) 

will be denoted by a single letter 
addition of two vectors and the multi- 
ya scalar (number) are defined as 


a) md bo (hb. ees d) 





‚., аһ) is said to be normalized if 
Я (ел, eaer en) =A ’) 


Given a square matrix of order n, 


yy +++ Bn 
Ара. 
Ani +» Onn 


and, in the ordinary sense, its determinant |A |, that is, 


[41= 2 (— 1)" аан, ... ан, 


where the sum is taken over all permutations ўз, ia, « . ., ia 
of the numbers 1, 2, . .., n, and sis the number of inver- 
sions in each permutation. 

Show that 


. (1) the determinant | A |, as a function of the rows of 
matrix A, has the properties (œ), ($), (y); 

(2) any function of n vectors having the properties («) 
and (p) satisfies the equality f(a, da ++» а„ = 
— [A |f (és €&n - -«, €), Where A is a matrix with rows 


Ais Aas «> y An; 

(3) any function f (ay, as, ..-, @,) having the properties 
(æ), (B), (y) is equal to the determinant |A | of matrix A 
with the rows @,, a, ..., @q. In other words, the deter- 
minant | A | of matrix A is the sole polylinear, normalized 
function of its rows with the property of annihilation. 

*530. Use assertion (2) of the preceding problem to prove 
the theorem of the multiplication of determinants. 

531. Show that for functions of m vectors over a field 
with characteristic different from 2, the property (B), given 
property (x), is equivalent to the alternating-sign property 
of the function, that is, 


f. e. 0n 8j а) = 

-—f(a,. 4 in py soy n) ($^ 
for arbitrary vectors and arbitrary i,] — №, 2, « - %® 
i j. Construct an example of a pea tte n vectors over 


a field P with characteristic 2 having the properties (а), 
(B^) and (y), but not having the property (B). | 


87 











*532. Compute the determinant 
S oe 


nM ea uuu ui 


1 
1 
1 g g^ ef abe 07-0 
AU CIE EUER ad 
1 gu eM ghn-h o, git ht 
wliere & — cos By i віш 29. 

#533. What changes does a determinant undergo if we 
isolate Æ rows (or columns) and subtract from each one the 
remaining isolated rows? 

534. Express the determinant 


Mp2 agtt dapi 
D=| ute ate ..- Ayn tz 








Ant T ang Ha sse Gantz 
(1 arranged 
the sun 













#537. Prove that if all elements of some row (or column) 
of a determinant are equal to unity, then the sum of thy 
cofactors of all elements of the determinant is equal to tho 
determinant itself. 

538. Prove that a skew-symmetric determinant of even 
order remains unchanged if the same number is added to al) 
elements. 

*539. Establish the following relationship of continuant 
(see problem 420 for an expanded expression of a continuant 


uod. wg 
za cad Nh а 00 
ONCE TTE 00 


(ааз... ал) 


and continued fractions 


1 
auus 





*540. Given two determinants: 


ац i A din 
a te Ae Rew al der n. 
биа. Р Cae dene 1 : 
E SUR MI ү" 













of order np: 


5. щаба... аір +++ Andy 


д аге | - 


+ алба... амйң„.. 


+ Onnbty 


Ё а.б 


of the elements of D in the form A;, — A,Bj, i,] — 1, 2,.. 

„ай AI all the A; and B; are polynomials of 
Tu а: . +, zm, Find these polynomials for the determi- 
nant A: 


0 ab 
A=|—a Oc}, 
—b —c0 


where the unknowns are a, b, c. 

*543. Use the two preceding problems to prove that a 
skew-symmetric determinant of even order is the square of 
some polynomial of its elements that lie above the prin- 
cipal diagonal. 

*544. Show that if in the general expression of a skew- 
symmetric determinant every element ay; for j> i is replaced 
nodi then all terms will cancel whose substitutions of 
the S d decomposed into cycles) yield at least one 
cycle of odd length. 

*545. Let D be a skew-symmetric determinant of even 
order n with elements ay = —ay; (i,j = 1, 2, .-., п). 
‘The Pfaffian product of determinant D is the product 

‚ \ Еа, Ый, ШЧ int 
анай the indices of n/2 component elements form a per- 
mutation ij, ig, ..., i, of the numbers 1, 2,..., 7} 
es = +1 if the permutation is even and e = —! if the рег- 
mutation is odd. The Pfaffian product is said to be reduced 
‘if it consi — of elements above the principal diagonal 
in D (that is, if the first index of each element is less than 
the second index). We will use the term essential to describe 
a term of determinant D if the substitution of its indices 
has cycles of even length only. A pair of reduced Pfaffian 
products N,, V, (in a given order) is said to correspond 
to a given essential term oi D if it is constructed on the 
basis of that term in the following manner. Suppose a substi- 
tution of indices of a given term is written cyclically thus: 


(оа... ®д-®һ) (В. Ва... Вива) - >: (аа. + He-atta)(t) 
"Here, 4 = land ec! cycle, from the second onwards, begins 
with the smallest number of numbers that do not appear in 

| preceding cycles. We now construct the Pfaffian products 
NY вал, айо. а +++ ба) Vv eps, Bass Da 7 ap, v. 


Agi, haua Mart Üyy ax KR 


9t 









and 
№: = 2.0. оз@аа, а5 + - = дар, 1002, Вай 8а, В 5" ОВ, В 
‚+ Чий, ив +++ Дру, шз 


and thon each element as, whore i> j, is replaced by 


ay). 

‘Accordingly, the sign of e ог £ is changed, but the 
substitution class is also changed so that for each replace- 
ment we again obtain a Pfaffian product. Thus, by carrying 
out in JV and V; all the indicated replacements, we obtain 
the pair /V;, M; of reduced Pfaffian products that corresponds 
to given essential term of D. 

Prove tha 


t 
(1) any pair of reduced Pfaffian products (distinct or 
i 1) corresponds to one and only one essential term of 
the general expansion of determinant D. (In the general 
expansion of D, terms obtained from one another by re- 
jl its of the type a;; = —ayj;, are regarded as dis- 
tinet.) In other words, a one-to-one correspondence has been 
established between all essential terms and all pairs of 
d Pfaffian products of the determinant D; 
each essential term is equal to the рй of reduced 
ран; 
m of all reduced Pfaffian 
Равад aggregate, or the Pfaf- 






































minant D, of even order n, that is, the number 
reduced Pfaffian products of D, (products that difer 
in the order of the factors are not regarded distinc 
*549. Let D be a skew-s) 
order n with elements aj; (i, = 1, 2, ‚ п). М, і 
minor of the element a,j, p;, n+; is the Plaffian of the 
nor Mj;. Show that Mj; = рг, піару, nti (in) = 1, 2, 
..., 7). Also show that for the polynomials A,, B, 
problem 542 we can take A; = (—1)'" pi, „+, Й) 
— (—1) p; 444 (provided that the unknowns 2,, 
are elements of D lying above the principal diagonal) 
Verify that in this manner we obtain for the determinan! 





mmetric determinant of 





0 ab 
—@ 0с 
—b —c 0 


the same result as in problem 542 (if one takes into account 
that in problem 542 A; and B; are determined to within 
change of sign in all the polynomials). 

*550. Prove that a determinant of general form, regarded 
as a polynomial of its elements assumed to be the unknowns, 
cannot be decomposed into two factors, each of which is a 

jolynomial in the same unknowns of a nonzero degree 
In other words, the determinant is an irreducible poly 
nomial of its elements and, what is more, over any held 

*951. Let D — | a;; | be a determinant of order n> 1, 
and let k be any one of the numbers 1, 2, ..., п, (i) 

m E nl 
z к! (=k) А 
Ын combine ona of n numbers 1, 2,..., n, taken 
at a time, that are numbered in an arbitrary (but, from 
then on, invariable) order. For the sake of definiteness, the 
rs in each combination can be assumed to be arranged 
У Н na ide, although this is not 

i the kth-order minor of 
rows with labels taken 

with labels taken 


Denote. By $5 55... Sa all 









nant D for a determinant of order (i) having the form 
E ве ee в") 
pA R 


"(cos n "(D 
We introduce yet another determinant, A, of order im i 
that is obtained from A, by replacing each minor jj, by 
its cofactor ay in D. 
Prove that ч 
(4) the values of the determinants A, and A, do not 
under a change in the numbering of the combina- 


, that is, under a permutation of the combinations in 
tho sequence S Smis Sm; 


* n 
uhr mS This is a generalization of the assertion 






_ 9) A, - D); (4) Ay — D-1); (5) A - 2C, 

2 the determinant P, = in which 
ides j, and piy L0 ibi apud, divide 7. 
f the determinant Q, = | gy | in which gy 
common divisors of the numbers 










Chapter II 
Systems of Linear Equations 


See, 9. Systems of Equations Solved 
by the Cramer Rule 


Solve the following systems of equations by Cramer's rule: 


1.554. 22; 4020 zy 24 =4, 


fix, 4- 32, — z, + 22, = 6, 
8x, + 5x, — Bx + day = 12, 
3z, 4 32, — 22, + 2x, = 6. 


+ 555. 2җ + 3z, + tirs + 5r, = 2, 


nt ast 5222.1, 
2z, 4 =. + 9z, + 224 = —3, 
я + 2+ 3, +4. =-3. 
556. 27, + Sry + dry + xy = 20, 
ж + Brg Qty + zy — И, 
2x, + 10x, + Ory + 72, = 40, 
Эл + 8x, + Or, + 2x, = 37. 


+ + 5x, +8=0, 
3r, + Tz, + 8 = 0. 
















560, 22 — y—Os+ 3+ 1=0, 
72 — 4y 4 22 — 15t + 32 = 0, 
z—2y—4z4- %#— 5 = 0, 
ш у 4 22 — 6+ 8= 0. 


561. 2r-p у+4:+8 =—1, 


- z+ dy — 6s + 2t = 3, 
3r — 9g 4-2: — 2t 5 8, 
22— yd 2:—4. 


562. 2r — y-4-3:— 9, 563. 2z — 5y + 3z + t=5, 
3r — 5y + 2 = —4, Зх — Ту +3 — t= —-4, 

42 —Ty + 2=5, 5х — 9y + 62 + 2t = 7, 

4c — Gy + 32+ t=8. 
*564. Two systems of linear equations with the same 
(though not necessarily having the same number of 
s) are said to be equivalent if any solution of one 
‘satisfies the other system. (Any two systems with the 
unknowns, each system having no solution, are also 

as equivalent. 

that any one of the following transformations of a 
linear equations carries a given system into an 
























which satisfies one,and only one of the following thyop 
groups of conditions: ‚ 

(а) си 5 0, i = 1, 2, ..., m5 cy = 0 for i> ў (іп parti 
cular, the coefficients of the unknowns in all equation 
beyond the nth—for s>n—are zero), d, — for | 
=n-+14,..., 5 (in this case we say that the system һ 
been reduced to triangular form); 

(b) there exists an integer r, 0 xr xm — 1 such that 
tye 0, t=, 2,..., 7; ej — 0 for i> ў; су — 0 for 
i>r B SAP equal to 4, 2, ..., n; di — Ü for i 
spir roS 

(c) there exists an integer r, 0 < r < n such that c; 
for t= 4, 2,..., су = 0 for i> f; e; — 0 for 
and any j — 1, 2, ..., n. There exists an integer 
r+4<k<s such that d, + 0. : 

Show that if in system (2) we restore the original number- 
ing of the unknowns, the result will be a system equivalent 
to the original system (1). Then show that in case (a) the 
system (2) (and, hence, (1) as well) has a unique solution 
in case (b), the system (2) has an infinity of solutions, whe- 
rein for any values of the unknowns MEER S S "there 
exists a unique system of values of the remaining ‘unknowns 
Yr: +» Yr; in case (c) the system (2) has no solutions. 

s theorem justifies the method of elimination of unknowns 
when solving systems of linear equations. 

566. Show that if the system of linear equations (1) of 
the preceding problem has integer coefficients, then under 
all transformations involved in reducing it to ‘the form (2) 
— an be avoided so that System (2) will have intezer 
м арад systems of equations by the eliminat- 















ae 241300; дж, + 3 — a+ 4% +10 =0, 
On + 32, + 2, — дщ +6 = 0, + 42, + 1224 + 272, + 26 — 0, 
— zı + 2r, + 2r + 10x, — 87-0. 
2 + З Б 3—2 = 0. 577. 55 + 22: — zs + 142, = 24, 
570. м + 2 — 62; — 424 = 6, 52 — za 82 — 1324 + 32 = 12, 
30 — Ta — бшу — дщ = 2, 402. + z,— 279+ Ty — = 29, 
15x, + 3x, + 15ta + 924+ 7a, = 130, 

















2а + Bry + 975 + 2л = б, 

3n + 225 + Bry + Bry = —7. 

571. 22 — Зла + За + 24 —3 = 0, 

бх, + 9, — 9z, — z, 3-4 — 0, 
© 10x, + 32, — 325 — эш —3=0, 
8-б + 2 32,7 = 0. 
572. а + 22, бтз 9 = 79, 
3z, + 13r, + 182, + 30x, = 263, 
22, + 4x, + 142, + 162, = 146, 
nt 94+ 925+ Oxy 92. 
5. a+ m+ tt a+ m= 15, 
р Заз + 424+ 52 = 35, 
Боз a + 6ra + 10x, + 152, = 70, 
x + 4x, + 102, + 202, + 35z, = 126, 
wie Evo ree 210. 


22, — zr,— 42: + 524 — 7% = —13. 


578. 2z, -F Tz, + 3ta + 24 u2 
a+ 32, + бт, — 2x, 3, 
m+ 51. — 92 + 82. = 1, 
5a, + 182, + 4arg + Say = 12. 
579, 2, + 3% — zst m=i, 
8x, + 122, — 9x, + 8x, = 3, 
4a, + бт, + 3x5 — 22, = 3, 
2a, + 32, + 92, — Tx, = 3. 
580. ár, — 3z, + 2z — 2, = 8, 
3x, — 22, + 1: — 32, = 7, 
21, — 2, — 5x, = 6, 
521 — 32. | 24 — 8z, — 1. 
581. 2r, — z,-- z,— z4—8, 
бау — 2z, — 2z; + 32, = 2, 
— бт, = 1, 
— 3x, + 4a, = 5. 
pat Sow that ynomial of de; 

gree n is fully deter- 

mined by Aon ‘of the unknown. To 


Tor any distinct numbers x, x, 
Л «sy Yn there exists 


"degree <n for 


ии 



















"the equivalence 
lynomials of one 
h ease a similar 


, 39 







als of any number of unknowns) with 
numerical coefficients (or coefficients of any infinite field): 
(1) two polynomials are said to be equal if the coefficients 
of each pair of terms of the same degree are equal (this is 
the accepted definition in algebra); 
(2) two polynomials are said to be equal if they are equal 
as functions, that is, if the values for each value of the 
mae are equal (this is the accepted definition in ana- 
lysis). 
584. Show that the definitions given in the preceding 
problem are not equivalent for a finite field of coefficients 
(construct an example) 
585. Find the quadratic polynomial f (z) if we know that 
f0)—-—5 f(-1 —8; f0) — —3. 
586. Find a polynomial of degree three, f (z), for which 
F(A) =0, #()=4, £2) =3, / В =16. 
587. What does the assertion of problem 582 mean geo- 


assertion for polynomi 





|. 588, Find a parabola of degree 3 passing through t 
шы (0,1) (1. 4) (2, 5), (8, 87), the е 


ир lel to the axis of ordinates. 






а fourth-degree parabola that passes thr 
BO), (18.2), (10, 3, 2^1), (4, ty 
direction being p to the axis of ab- 








—cr — dy + az + bt = 
—dx + cy — bz + at = 


е 2 n я 
593: Int ttait aitiat -tar z at= 0, 
Ln + 4223-4 052-3 2 ‘x, +a3=0, 


г, 
8. 





Eq + OnZp-1+ Ontne+...-- ana, а" 0, 
where 4@;, a, ..., @ are distinct numbers, 
594. % + m +...4 rn =A, 
ati F ata H... F antn =b, 
air, + air, +... air, =й, 


T MEX: 

di zetaz 4... нала, = bt, 

ү а, а, ..., а„ ате distinct numbers. 
ода... ай tn =b, 
ара... На !х„=Ь„, 


а ая E —— 
Tutapata. -Han Ty = bns 

where @,, a, ..., a, are distinct numbers, 

596. дл, + zm Te 2 5, 


at ay as m+... tatty, a 
where a, аз .. 





umbers. Show that 


8 


3 

n! 
i 
I 
Í 
Í 
к 
í 





| *607. Ехргезз as a determinant the nth coefficient a, y | 


the following nth-order determinants: | the expansion RUE quu ap выз 4 
then from it find the value of the determinant. 


* 1 0 0 0 | | 
pue 1 Ge asi p Sec. 10. The Rank of a Matrix, | 
1 5 8l The Linear Dependence of Vectors 
B,— (n)! = + + da cu O | and Linear Forms 


Find the ranks of the following matrices by the metho 










а САУ ЖЫГЫ ЛКЫ ААЛЫНЫ of bordered minors: 
п {2—1 Е 6080 72—13 —24 ӨШ ОЛУГ 35-1 
o9 9. d ) е —8 4 
2—11 82 5 и 3] 
"DER 9 1 
610. /3—1 32 5 611. [43—52 3) 
з озод 86—74 р 
бс 1—-3—50—7]' 43—82 1, 
ИБ АА | 48 42-5 
) a иш ft nh over of tho Е" 
to k — 1, that br e = 41° 612. Find the values of À for which the matrix 






s up the equali 
rss — чь» 





31 14 
14101 
171738 
22 43 











has the lowest rank. 

What is the rank for the values of A thus found, and what 
is it for other values of A? 

613. What is the rank of the matrix 


1 5—12 
2—1 is] 






My be a kth-order 
of A. Prove that by 
columns it is pos 


ү 


jlo to m fulfillment of the conditions M, 9% 0, M, + 
b 0, 3*0, whereas all minors of order greater 
r exist) are equal to zero, 

ul е y transformations (or operations) of a matrix 
„® multiplication of a row (or column) by a scalar diffo- 


iion оеро п авиону а 
раг а 


622. [17 —28 45 1! 39 
24 —37 604 13 50 
95 —7392 —18 —11]. 
$44 1249 —43 —55 
{ 49 1329 —55 —68 
628. Prove that if a matrix contains m rows and is of 
rank r, then any s rows form a matrix whose rank is at least 
r-+s—m. 
n 624. Provo that adjoining a row (or a column) to a matrix 
m — — ‘either fails e the rank or increases it by unity, 
an in of rows (or ^, at crossing out one row (or one column) of 
be obtained by ( а sj ar a matrix fails to altor the rank if and only if the deleted 
x . row (or column) can be expressed linearly in terms of the 















































ns solely of types. 
pat by ng —— remaining rows for column) 
j possible to uco any matrix Hu sum atr. th tho a b f rows 
зон р and the same ОСОБО! о is È — — 


ү DE E $ 

М ement nye aac. | ef which is equal to tho sum of the corresponding elements 
applying elementary transformations | ow matrices, that is, (ay) + (bis) = (а + bu) 
: the rank of {two matrices doos not 


is possible to reduce a Т Prove tha of the sum o 
all ts on one exceed ean of their ranks. 
what 627. Prove that any matrix of rank r can be exprossed as 
the ‘a sum r of matrices of rank unity, but cannot be expressed 
> Yar? eee r such matrices. 









a 
A 
E 628. Provo that if tbe rank of a matrix A remains unchang 
ed after adjoining to it each column of matrix В with the 
t umber of then it will remain unchanged after 

g to A oll the columns of B. 

Wat if tho rank of a matriz A is equal to r. 
ind at the Intersection of any r linearly 
T. linearly independent columns of 


f matrix of order n > 1 and lot A 
< Determine what changes will occur in 
m the rank r of matriz A is changed 
‹ ting the rank of a symmotric 
principal minors alone 
n rows and columna with ror- 
amely, ve that 
i A n there is a prin- 
order г different from zero for which 
i ‘minors of orders (r + 1) and (r + 2) 


107 


are equal to zero, then the rank of A is r (if all principal 
minors are zero, then we can assume the principal minor of 
zeroth order, Mo, to be equal to unity, and the theorem 
holds; for r = n — 1 there are no minors of order r + 2, 
but the theorem holds because the rank of A is equal to 


n — 1) 
о 
















1); 
d the rank of a symmetric matrix is equal to the highest 
ler of nonzero principal minors of that matrix. 

*632. Let 4 be a symmetric matrix of rank r and let Mj 

be a minor of the kth order located in the upper left-hand 
corner of A. (For k = 0 we assume M, = 1.) Prove that by 
an appropriate interchange of rows and a corresponding 
interchange of columns of matrix A it is possible to attain 
a situation in which in the sequence of minors M, — 1, 
— ‚ М, no two adjacent ones are zero and 
d 75-0, 






2 minors of order greater than r (if such exist) 
are equal to zero. 

n Prove that the rank of a skew-symmetric matrix 

nined by its principal minors, namely: 
there is a nonzero principal minor of order r for 
еце principal minors of order r + 2 are 

ik of the matrix is equal to r; 

nk of a skew-sy matrix is equal to the 
cipal minors of the matrix. 
of rank r and 


where 
В 12), а= (0—1, 4, —, 


| Иова). 


638. Find the vector from the equation 
3 (a, — x) + 2 (ag + 2) = 5 (ay + 2) 


where 
a, = (2, 5, 1, 3), a, = (10, 1, 5, 10), 


agi (4,4, —1, 1). 


Determine whether the following sets of vector 
linearly dependent or linearly independent: 


689. a, = (1, 2, 3), 640. a, — (4, —2, 6), 
в == 6 7): а; = (6, —3, 9). 

641. а, = (2, —3, 1), 642. a, — (5, 4, 3), 
a, = (3, —1, 5), a, = (3, 3, 2), 
as = (1, —4, 3). 9, — (8, 1, 3) 


643. a, — (4, —5, 2, 6, 644. a, — (1, 0,0, 2, 
a, — (2, —2, 1, 3), а, — (0, 4,0, 3, 
аз = (6, —3, 3, 9), аз = (0, 0,1, 4, 
a, = (4, —1, 5, 6). a, — (2, —3, 4, 1, 12 


645. If from among the coordinates (com 
vector of a given set of vectors of the e Sonet " nes 
slong a Y gom coordinates located at definite sites (which 
aan e for all vectors) and if we retain the order, then 
bs 2 — set of vectors, which will be said to be 
на г i ve to the first set, which will be said to be 
ore T * to the second set. Prove that any shortened 
РЕМ dependent set of vectors is itself linearly 
eee n ee - a — independent 
от f linea ndent. 
" Prove that. ‘set ¢ two equal vectors 


which differ by 
wero vector 

















650. Prove that any part of a linearly independent. 
of vectors is itself linearly dansaient.. акаа 
*651. Given a set of vectors 


а (ан а 55 04) 





(t= 4, 2,...,8; sn). 
, 
Prove that И [12 Ў |а, then the given set of 


tu is linearly indopondent, 
652. Prove that if threo vectors a, ap, ay aro linearly 
dependent and the vector a, is not expressible linearly in 
a of the vectors a, and a, then the vectors a and ay 
US rre ioter, 
| Vectors a, @y, ..., a are linearly 
kid VOOLOTS Aj, gy +. у ад, b aro linearly 
it, then & is linearly expressible in terms of the 
— 
ding lem to prove that every vector 
vectors is linearly exprossible in terms of 
vendent, subset. (of the given sel) that con- 
of vectors. 
d sot of nonzero vectors dj, 
'ndont if and only if not a 
in terms of the pre- 

















































(c) if a given set of vectors has rank v, thon any r linearly 
independent vectors form a basis of that set of vector 

*659, Prove that any linearly independent subset of a 
given set of vectors can be completed to form a basis of the 


sot, 
660. Two sets of vectors are said to be equivalent if each 


vector of one set can be linearly expressed in terms of the 
vectors of the other and vice a. Prove that two equi 
valent linearly independent sets of vectors contain the 
same number of vectors. 

661. Prove that if the vectors a, ay, ‚ ay ore linearly 
expressed in terms of the vectors b, by, ..., bj, then the 
rank of the first set does not exceed the rank of the second 
set, 

662. Given the vectors: 

y= 0; 1,0, 2, 0), a, * (7, 4, 1, 8 
auem (058001074, 10), — a4 em (1, 9, 5, 7, 1), 
a, = (0, 1, 0, 5, 0). 


Is it possible to choose the numbers cy (i, j — 1, 2, 
+++, 5) so that the vectors 
Dy = сау +} сүй; +} сууйу H суа, d Oto 
Ва = спа + сй, +} сй + сый + сй, 
by = Caty F сй, + 63g + Coala F сууй, 
by = Cuty F Carty F 04305 7E C404 T Cut 
By = Cyndy F Coada -F Cugay H Craaa -H сый 
are linearly independent? 
663. D that the vector b can bo linearly expressed 
in terms of the vectors a, ay, . . ., a, if and only if tho 
rank of set of vectors remains unchanged when the 
to the set. 


of vectors have the same rank; 
erroneous. 
holds true: 
game rank and one of 
f the other, then 


ir b can be linearly 
his бд 












679. a, = (5, 2, —3, 1), 680. а = 






(2, —1 
ы 666, a =( 46-2 9 виз | 
665. a, — (2, 3, My a= (t 2,1), Ta " 1, —1, —2) 2 3. 
а, = (3, 7, 8), TORTE a= (i; t; » —2), 3 ә 3, 4), 
as = (1, —6, 1), S — aic. eri, 9) аз = 4, —1, 15,1 
$ = (7, —2, А). Ба" aj = (7, —6, —7 
2, 668. a, = (3, 2, 5), Pak = 
BELL ел a =@, 4, T), е ри 
= (б, $, 1), & = 1 —4, , 
= (5, 6, А), : : 
b — (9, 12, А). M i $ 3 Ши 6 -3, 
689. a = (8, 2, 6), 2 
a, — (1, 3, 9), М, 2). 
а; = (5, 1, 3), *682. Given а веб оѓ үесї0гѕ дү, 2, ..., Za, all having 
b — (4, 2, 5). the same number of dimensions. The basic system of linear 
670. Explain the answers to problems 665-669 from the OUR of this set of vectors is a System of relations of 
the form 







— of the configuration of the given vectors in space. 
, problem 657 to prove that more than n n-dimen- 


а! are always linearly dependent. ( 
Vind ail tae linearly independent subsets of 
following sets of vectors: = 


%={4, 1,3, —2), a, = (8, —2, 6, —4), 
a= (3,1, 4,2), a= (6, —2, 8, —4). 
es of the following sets of 
9,0, 674. a = (1, 










emo (@=1, 2, ..., 5), 








which has the following two properties: 


(a) the system of relations is linearly independent, which 
means that the set of vectors 


ai= (tis 01,2, +5 Qi, n) (i=1, 2,..., s) 
is linearly independent; 


_ (b) any linear dependence of the Vectors x4, a2, ..., x, 
is v Consequence of the relations of the System, that is, 


















= (©, Aas -ees Zn) is 
see) @,. Prove 
asis of the given set of 


* 
A, TF2, ..., n, then 












fa = Sa; + 8х, — 9л, + Az, + 7x5, 
fg = 72, hcg — Bay 4 2x4 | 42. 


686. fy 25, — 323 4 
= % — 2ш, + Tz, — 854, 

! 

t 


n of linear relations contains s 


s linearly independent. linear 
cdm is also a basic system 


Bremen (t= 4, 2, ...5'8) 
ns, then the system of 


Any 








fy = 3ш — А Ty “т, 


Да = 4n — 52 бт, — 72. 

















1.15) will be a basic fo = 9m — 7 — fe 

and only if, assuming 687, fies Bei -- 2a. — 209 — ta + ne 
ИО. у = fa = Bary + 4 - 4zy — 2z, -- 823, 
, we havo fy = Tu 0x. — 9r. — 224 Т To 


fg = Aa + 40 — Ay — 3r, + 5r. 
fy = 82, + 72: — bz, — Az, -F 27, 


*688. Given a system of linear forms: 


n 
= Х аһ (71, 2,..., 8) (1) 
and a second system of linear forms that are linearly depen- 
dent on the forms of the first system: 
1 
== С 181,2,..44 10) (2 
qu È үйр! К | 0) ) 


Prove that the rank of the system of forms (2) does not e eed 
the rank of (1). IE s = t and the determinant | cj; |, i5 non 
zero, then the ranks of both systems of linear forms coincide 


Sec. 11. Systems ol Linear Equations 


Investigate the following systems of equations lor con 
ney and And tho general solution and one particular 
each ystem: 



































700. 


702. 


703. 


704. 





701. 


6z, + 4z, + 523 + 22, 
За, + 2. + 4х, + T4 
3x 225 — 218 + Ta 
92, + 62, | 23 + 3x, 
a, + 22. - 325 — 2x, 
82, + 62, + 52, — 47, 
2 + 2x + 12, — 42% 
22, + 4х, + 22, — 324 


6z, + 32, + 2x3 + 324 + 4a, = 


åz, + 2r, + 23 - 22, + 3x, 
åz, + 2z, + 32: + 2х. + T; 














22, H Za + TZ + 3z, + 2r; 
8z, + 62, + 52, + 22, — 21, 
82, F 3z H 2r} + =, = 10, 
Áz, + 2r, + 3r =, = 8, 

3z, F 5r, + 23+ =, = 15, 
Ta, + 4t, + 5ra + 2r; = 18. 
2z-F 3ra t T+ 2r, = 4, 
4e + 32,4 =, + г, em, 
52, + 11a, + 32, + 22, = 2, 
2z + 51, аз + а =1, 
3 — 71: — 1,402. =7. 











Prove that 
y system of s linear equations in n unknowns, 

the coefficients of the unknowns has rank r, 
| the numbering of the equations and 


to the form 


n 





















of equations (1) havin i 
] g the propert: 
E cor of its шз ла, ene 
A numbers, from subsequent 
equivalent system | 


Jemma (=1,2,...,9), {@) 


2z, + Yay + Bry + Sty = 7, 
Bary + Tra + Tzs + 2х = 12, 
52; 4- 72, +4 925 + 2z, = 20. 











h 707. 122, + 142, — 157, + 232, + 272, = 5. 
s the foll 462, i182, — 22, + 20z, -- 312, = 8, 
торны 48m, +202, Аль 3013 “Ax, = 9, 
SQ fori—i, 2... ro 10, -L- 122, — 16zs -- 20z, -- 232, — 4. 
dor iz-r and j—1, 2, @) 708. 102, + 232, + 17%5-+ 4424 — 25, 
а Ri 452, -- 35, + 262, + 692, = 40, 
-1, r-E2,..., s, then the systems два Ба + 42rs + 108r, = 65, 
i — n there is a unique 302, + 60x, + 51ra + 133r, = 95. 


ty of solutions. 
free unknowns. 709. 457, — 28r; + 34r, — 52x, = 9, 
t 362, — 232. + 292: — 432, = 3, 
35z, — 21z, + 282, — 452, — 10, 
Aix, — 32x, + 36x, — 48z, — —17, 


971, — 19x, + 222, — 352. = 6. 








710. 122, — 16z, -- 25z, = 29, 

0721 d- 24m, — 39гу +} 4724 = 55, 
50z, + Siz, — 6823 + 95r, = 115, 

r + Mr, — 28r; + 46r, = 50. 


Mi. 24r, + 142, + 30ra + 402, + Ale, = 25, 

Dry + 242, + 452, + 642, + 622, = 43, 
‘48x, + 282, + 60z5 + 82x, + 8325 = 58, 
E + 352, + 75x, + 99x, + 1022, = 69. 


fo g systems of equations and find 
"depending on the value of the para- 


























725. 


ah 


Find the general 
(or set) of solutions 


724. 





И = 1, Т2 ат+ уф :-1! 


Gah + у = 
Ее: E civit 
3, — 67, — 95 — 20r, — —11, pu erm E 
[E he, = 2. In what case are zero values of some of the unknow 

ТА. Эа 5nd ond 2, possible? 

diz, + 6r, + 3z; + 5r = 4, 3729. t yt *®=а, 

z+by+ 2=5, 

a+ ytau=e. 


solution and the fundamental syste 
for the following systems of equations: 


a +22,+ 4¢;— За = 0, 


3z, + 5х, 


-- 65; — 4х. =0, 


4z, + 5ta — 2z, + 3z, = 0, 


Ba, + Br, 


+ Mar, — 192, = 0. 








22, — ёт, 





Sas 9324 — 0, 


32, — бл, -- 4х. + 2х; =0, 
Az, — 82, + 172,°+ 117, = 0. 


За, + 22, 


+ 23+ 32, + 52, = 0, 





бл, + 4c, + 32, + 52, + 7x, = 0, 





9x, + 62, + 5x5 + 7x, + 92, = 0 
Sog iEm-Oo — 
727. Зд + 52, + 223 = 0, 
E 

+ za— år, = 0, 


Бү +. бт, = 0. 


ta ёлж = 0, Za — 2%, + 2. = 0, 












unknown is given by a homogeneous linear expression of 





Бе 5 =0, T — t, + z = 0. the parameters with integral coefficionts: 
— + ж =0, E 
785. Qa -+ ty — йла — 0, 
73. Sx, + Gry — 22, + Try + 42, = 0, 3x, + Sty — Таз = 


0, 

М за 3m — 2,4 42, 05, — 0, D 
(000 Ta 9 — Bx + 5r, + бал, = 0, 
DA tat “+ bx, ='0. 736, 22; — T, + 5ta + Tx, = 0, 

089, За + 4. % + 2x, + 3x, = 0, Ату — 223 + Tzs + 5r, = 0, 
- Snt Taat zat 3r, + år = 0, 21, — Tat 1: — 5х; = 0. 
án t Sry + 2ra + x + 5% =0, 


Az, — 5x, — бхз 





i = 737. 3z, + 2z, + 5r, + 2r, + 72, =0, 
ee T= Bary + Amy H Trg Háza + 52 = 0, 


that for aus ee of linear | 3z, H 2r, — 23-Е 224 — 11x, = 0, 
nd, as a particular case, integral) E о 
to Sere an integral finda: бх, + 4ra t+ Ta + 404 z, 


e иуи 738, 62, — 22, + За: + дт, 92, = 0, 
узд 













32, — tat 2r F 6z, + 32, — 0, 
z, — 2ra + 5ra + 20r, + 3r; = 0, 
9r, — 3z, t áta + 2x, + 152, = 0. 


739. Qa, + Tay + 425 + 5t,+ 8x, = 0, 
— — PO nee 4® = 0, 


— 328 — — 142, = 0, 
3a 4+ 52, + 72, + 52, + ба = 0. 











form a fundamental set of solutions for the system of equa- 
tions 
За + 4x | 2. + =, + 62; = 0, 
52: + 92, + 72 + 424 + 75 = 0, 
4z, + 31: — т,— 24 + Чт = 0, 
тү | бт, + 82, 4 52 — 415 = 0? 
742, Which of the rows of the matrix 


6 2 3—2-7 
5 3 7-6-4 
8 0—5 6—13 
4—2—7 5—7] 


form a fundamental set of solutions for the system of equa- 
tions 


22 — 52. + 32: + 2r, + 2; = 0, 
5r, — 8ta + 5z, + 4r, + 3r = 0, 
Tı — Tz, + 4ra + 2r, =0, 
Án — t+ 2+ 2x, + 32, = 0? 


*743. Prove that if in place of the free unknowns we put 
into the general solution of a homogeneous system of linear 
equations of rank r having n unknowns," where r<‘n, cer- 
tain numbers seriately taken from each row of a nonzero 
determinant of order n — r and if we find the appropriate 
values of the remaining unknowns, the result is a funda- 
mental set of solutions, and conversely, any fundamental 
аа — Шеп ойк = pause can be obtained 

"as i үй ; 
SIUE ELS шд ‘oice of a nonzero determi. 
744. Suppose the rows of the matrix 








Prove that the rows of the matrix 


Ви Bus Уу. Pin 
a Bar Boz «++ Pon 


Ppi Poz -+ Pon 


will also form a fundamental set of solutions of thesame 
system of equations if and only if there exists a nonsingular 


matrix of order p 


Yu Viz +++ Vip 
Ca) Ya їз... Yap 


such that 
© > 
Bi. n= 2 vus Е, #12... п), 


Using matrix multiplication, we can write these equations 
аз В = СА. 

745, Show that problem 743 is a special case of problem 
744, 

746. Prove that if the rank of a homogeneous system о! 
linear equations is less by unity than the number of 
unknowns, then any two solutions of the System are pro- 
portional, that is, differ by only numerical factor (which 
may be zero). 

747. Using the theory of homogeneous systems of linear 
equations, solve problem 509, that is, prove that if a deter- 
minant D of order n > 4 is equal to zero, then the cofactors 
of the corresponding elements of any two rows (or columns) 
are RM 

*748. moyi int x the number of — in a m 
geneous system of linear tions is by unity than 
the number of unknowns, en —— can take 
à system of minors obtained — matrixzof coefficients 









dy a sequential 2nd, ete. columns 
— ae tha * 
more, р 
en nyt m 
Plying by some sealar Ў 


Му Simi 






Jse the result of the preceding problem to find a parti- 
» ae solution and the ener solution of each of the tallow. 


ing systems of equations: 
749. 5z, + Bx, 4 4, = 0, 750. 4x, — 6z, + Sx, = 0, 
v 6x, + Sty 62, — 0. 6x, — 9х, + 105; = 0. 
$50. 2z,-- 3r, + 52, + Gr, = 0, 
| И 8x, + 4x + 62, + 7x, = 0, 
Bx, + t+ wy + 4z = 0. 
_ 752. 8z, — bz, — brs + 3r, = 0, 
T Алу — за — 3r; + 2r, = 0, 
у 122, — 71: — 923 + 52; = 0. 1 
753, Prove that for a system of linear equations with 
the number of equations one more than the number of 
unknowns to be consistent, it is necessary (but not suf- 
that the determinant made up of all coefficients of 
knowns and the constant terms be zero. Show that 
condition will also be sufficient if the rank of the matrix 
coefficients is equal to the number of the unknowns 
. Given: the system of linear equations 


Damat LA EE 


utions of this system (a, a, ..., and 
and also the number A. Find a — of 
with the same coefficients of the unknowns 
system and such that it has for its solution 
of the given solutions: 






















t of the first of the given solutions into 
к: 
hey, Ms, ...,‚ Хал. 
налі sufficient conditions for 
solutions or the product of one solu- 
4 to again be a solution of the same 
i will a given linear combina- 


given nonhomogeneous system of 
a solution of the system? 


757. What values can the unknowns assume in any solu- 
tions of a consistent system of linear equations if the columns 
of the coefficients of the unknowns, except the first, and also 
the column of constant terms differ pairwise solely in nume- 


tical factors? 
758. Under what conditions does the unknown 2 have 


the same value in any solution of a consistent system of 


linear equations? 
759. Find the necessary and sufficient conditions for the 


kth unknown to be zero in any solution of a consistent sys- 
tem of linear equations, 
760. In the general solution of the system of equations 
y + az + bt — 0, 
=z + cz + dt=0, 
ax + cy —et = 0, 
ba + dy + ez = 0, 


under what conditions can z and t be taken for the free 


unknowns? 

761. How many independent conditions must be ful- 
filled for a system of s linear equations in n unknowns to be 
consistent and to have r independent equations from which 


the remaining equations are derived? 
762. Under what conditions does the following system of 


equations 

a= by + cz + du + ev, 
у = cz + du + ev + ax, 
2 = йи + ер + ах 4 by, 
u = ev + ax + by + cz, 
cz + du 











о = az 4- by 
have a nonzero solution? 
*763. Under what conditions does the system of linear 
equations with real coefficients 


Ar + ay + bz + et — 0, 
—ах + Ху + hz — gt = 0, 
+ ft =0, 
M-0 





bz hy + 





have a nontrivial solution 


the following 
the theory of linear equations to solve 
— aries only Cartesian rectangular systems of 
coordinates). р TR 
flicient conditions for 
764. Find the necessary and su D E rmi. 


rih (Eas Va) (2, И | 
о ШУ ра А straight line passing through 


ints (т, V), (En Va): : 
uu Find the dou e sufficient conditions for the 


three straight lines 
az + by +o = 9, 
azz + bay + cy = 0, 
аут +} буу +} с; = 0 


to be concurrent, * 
767. Find the necessary and sufficient conditions for the 


following n points of a plane to be collinear (z, y1), 


Zar Ya) -o (Tni Yn): 
ў i M Find the ub e and sufficient conditions for the 


following n straight lines in a plane to be concurrent: 
az + by +c, = 0, 
аз + bay + cy = 0, 

ant + bay + cn = 0. 


769. Find the necessary and sufficient conditions for 
four points in a plane, (zu p), (za, Ya), (Za, Ya), (Za Va), 
Bot lying on a singlo td loo dd, Gn d circumfe- 


te down the equation of a circle passing through 
Би ) (ть, Уз), (са, уз) that do ob Milos 


the equation of a circle passing t 
(4, —2), (0, аи рола. 




















774. Find the equation of a second-degree curve (ang 
determine the shape of the curve) that passes through th, 
following five points: 

2 2 E 

(3, 0), (—3, 0), (5, 6-2), (5, —6-т), (—5, 

775. Write down the equation of a second-degree curys 
passing through the following five points (also determing 
the position and dimensions of the curve); 

(0, 4), (2:2, 0), (-E1, —1). 


776. Find the necessary and sufficient condition for four 
points (zr, Yy Zi), (Zas Yas Za), (Eo, Yas Zahi (Sas Yar z4) to 
lie in one plane. 

777. Write down the equation of a plane that passes 
through the following three points: 

(14, 4, 1), (2, 3, —1), (3, —1, —1). 


778. Find the necessary and sufficient conditions for the 


four planes 
а= + by + oz +d, =0, 
aat + bay + caz + d, = 0, 
ast + bay + caz + dy = 0, 
aat + by + caz + dy = 0 
оь — 
- Find the necessar i iti 
м 


ee one straight line but not to merge into a single 


780. Write down the i 
equation of a sphere that passes 
a four points Gs yu ж), (a, —* 2), E a] 
„ a ao lying in à single plane, E. 
| shi, the equation and find the centre and 
1 the points (1, 1, 1), 
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Chapter III 


Matrices and Quadratie Forms 


Sec. 12. Operations Involving Matrices 
Compute the following matrix products: 


* (26 7 C969 


790, /1 —3 2 (256 
6). (3) 
2—53/ M32 

794. [58 — 25 
(i5) (5-29). 
47—3/ M9 65 


792. /2.—1 8—4N f1869 
dE 4—3]. | 51745 | 
yp =e За |" 
алзы о МИА 
703. /57—3 —4\ /4234 
16 -4—5| [2345 
64.—8 —2.] l2 
85—6 —1/ \2468 


794. |2 —3Y [9—6 
(; FM "n 


795. 52—23 ОЯ 2 
64—35 —1—53 И 
02—34 16 248 —8[" 
76 —47 8 16 0 —16 


n 















y 79. (4 5) (Ess IA ') 808. Compute ls zi by using the equation 
E E. — 78) ie (; 9) | = 2. 
E: F 2|.| 5226 [в 35 —12 57/03 5—2 
"3 —2 —1 101 50 — 140 43—38 
27—18 10 809. Compute ( 3—2] by using the equation 
Е 81 zi d c 
3 2 1 48.—8X. ./184Y (1.00 0. 2 -—1i 
me 7 4d 4 d —WN (7-284 (23 =2)~(228) (020) i E 
44 —3 342 001 —92 —5 4 


—5 -3 -4 4 11 034 

5 1 4-3 5 430 

—16 —11 —15 14 22 298 
Evaluate the following expressions: 


799. | —2\ 800. ү 2h 


810. Prove that if for the matrices A and B both produc) 
AB and BA exist, where AB = BA, then A and B an 
Square matrices and have the same order. 

811. How will the product AB of matrices A and B chang 
if we 

(a) interchange the ith and jth rows of A? 





3—4 9-32 (b) add the jth row multiplied by the scalar c to the 
801. k —1\" 802. ре —sin aN ith a ae п 
zas | . с) interchange the ith and jth columns of 5? 
3—2 sina cosa (à add to the ith column of B the jth column multiplied 










by the scalar c? 
ie Шш 6 
| of the rank under elemontary transformations (see pro 
(» Where the zeros mean that all ele- blem 615), prove that the rank of a product of t ke 
a Xu quae tho main diagonal are does not exceed the rank of each of EE e 


preceding problem and the invariability 











13. Prove that the rank of a product of several matrices 
a not exceed the rank of each of the matrices boing mul 








ъй 





uare matrix is the sum of the ele- 
l. Prove that the trace of 4/ 


ind B trices of one 
азаа t 























: eed P —— of the same order. 
are matrix A may be represented 
ro. form A = B + C, where B isa АО 
id C is a skew-symmetric matrix. 
Two matrices A and B are said to commute (or to be 
matrices) if AB = BA. The square matrix A 
i said to be a scalar, matrix if all the elements outside the 
principal diagonal are zero, while the elements on the 
m iagonal are equal, that is, if 4 — cE, where c 
a scalar and E is the unit matrix. Prove the following 
assertion: for a square matrix A to be permutable (i.e. for 
it to commute with all square matrices of the same order) 
it is necessary and sufficient for A to be a scalar matrix. 
A square matrix is said to be diagonal if all its 
outside the principal diagonal are zero. Prove the 
ssertion: for a square matrix A to commute with 
p it is necessary and sufficient for A 


we that if A is a diagonal matrix and all the 
of the. principal diagonal are distinct, then any 
commutes with A is also a diagonal matrix. 
that premultiplication of matrix A by a diago- 

a Åg » +, Ay} brings about a multipli- 

vs of A by Ay, Ay, ~- An, respectively, 
iplication of A by B brings about a similar 












that commute with the following mat- 


825. 0100 

0010 
10001 | * 

0000 


* numbers € which, when multiplied by 
trix A, do not change the determinant 












polynomial f (x 
52 We ü 






— 25 
д |19724 ). 
352 


828. Find the value of the polynomial f (z) — z* — 7z* 4- 
+182 —5 of the matrix 


52-3 
Am Mat). 
122 —1/ 


829. Prove that the matrix a=(? 2) satisfies the 


equation 
z* — (a 4- d) z -- ad — bc — 0. 


*830. Prove that for any square matrix A there exists 
a polynomial f(z) that is different from zero and is such 
that f(A) = 0, and all such polynomials are divisible by 
one of them, which is uniquely defined by the condition 
that the leading coefficient is equal to unity (it is termed 
the minimal polynomial of the matrix A). 

*831. Prove that the equality AB — BA = E does not 
hold no matter what the matrices A and B. 

832. Find all second-order matrices whose squares are 
equal to the zero matrix. 

*833. Let A be a second-order matrix and k an integer 
exceeding two. Prove that A* — 0 if and only if A* = 0. 

834. Find all second-order matrices whose squares are 
equal to the unit matrix. 

835. Investigate the equation AX = 0, where A is a 
given second-order matrix and X is the desired second- 


order matrix. 
Find the inverses of the following matrices: 


836. /12 837. (* 4 

in 5 1: 
838. P b 839. E E 
R 


c d] sina cosa] ' 


| — $. в: 9 
— ES 851. 2—1 Е 
>. Suis ) ера ое 
| ae 










Si 
8 $8 4]. 2—3 
. (s: анні J 
КОЕ шш Л 6 Е а, 
HE ( (2j (O43 I. Macte: 
153 2—2 1 
ENS утво ио ва | 8219 М ВО. 
| EDU TIN 235€ $-'2 МО rd 101 1 
PER we 11 1-1] | 110... 4)- 410... 1 
(4 4414 MC UN mig (oS toc. aem Df Ie ers. 
4111 ....0) 141...0 


(the order of the 
matrix is п). 


855. 1-724 1 1 m 1 
1 
1 


tees — мА the inverse of a E nth-order 
tions, each system co € roe linear equa- 
fa % equations nm unknowns 

ix A for the matrix of coefficients of the 


ar , find the inverse oí 


imd 










а a-h a+2h ... at+(n—2)h a+(n—1)h 
)h a ah .. a+(n—3)h at(n—2)h 
1 Sind 


Um — 
following matrix equations: 


рыно) 


oar 


8 
5 
2 
2 0 —2\" 
)-(s 12 o). 
| 23 15 11 


вов. , (36) (2 4 
4 a]- fs x 





69 11] 
870. (3 —12 3 97 
( —8 з) х (: и ? 
1.3.0 En 
824044"... 4 123. n 
041... 1 012 n—1 
001... 1;X—]|001 n=2 


000... 4 0000... 1j 


872. How will the inverse matrix 4A-! change if in the 
given matrix A we 

i interchange the ith and jth rows? 

b) multiply the ith row by a nonzero scalar c? 

(c) add to the ith row the jth row multiplied by a scalar c, 
or do the same with respect to the columns? 

873. An integral square matrix is said to be unimodular 


` if its determinant is equal to 2-1. Prove that an integral 


matrix has an integral inverse if and only if the given mat- 
rix is unimodular. 

874. Prove that the matrix equation AX = B is solvable 
if and only if the rank of A is equal to the rank of the mat- 
rix (A, B) obtained from A by adjoining B on the right. 

875. Show that the matrix equation AX = 0, where 4 
is a square matrix, has a nonzero solution if and only if 


4141-0 


876. Let A and B be nonsingular matrices of one and 
the same order. Show that the following four equalities 
are equivalent: 


АВ = ВА, АВ = BA, AB = BAT, 
А82 ВЕ 


877. Let A be a square matrix and let f (z) and g (z) be 
any polynomials. Show that the matrices f(A) and g (A) 


commute, that is, f(A) g (A) =@ (AE 
878. Let A be a square matrix and letria A be 


ion of z. Show that the value r (4) of the 
139 


a rational fun 
























function r (z) for = А is defined uniquely if and only if 


1g (4) 125 0. У Е И 
879. Find the inverse A-! of the matrix A = (5 9 


i i d l res- 
and Æ; are unit matrices of orders k an e 
A and 0 is an arbitrary matrix (Kk, 1) (that is, 
a matrix made up of % rows and / columns), while all other 
его, 
“а p rw series of order n is the term used for a 
square matrix /7, — (h;; of order m whose elements are 


defined by 
1 when j—i=k 
e = $c tha —1)). 
w-| 0 when j-izk U ES pw 


Show that H} = Hp, H*, =H, ifk=1,2,...,n—4; 
Hh= Ht =0 if k > 7. 

881. How does the matrix A change when pre- and post- 
зазнае by the matrix H, or H, of the preceding pro- 

em; 

882. Show that the operation of transposing a matrix 
has the following properties: 


(@) (A+B =" В, (Ы) (ав) ВА, 
() (c4) —c4', (à) (a-y = (айс, 
where c is a scalar and 4 and B are matrices, 


Show that if A and B are symmetric re matri; 
time onder, then" the"matristC = AaB АЕ 













where c is a scalar and A and B are matrices that CAN hy 
subjected to the indicated operations, 55 ^ 

` 887. A matrix A is said to be Hermitian И д» i 
Show that for any matrix B with complex or real elemen 
the matrix A = B-B* is Hermitian, 

888. Show that the product of two symmetric matris, 
is a symmetric matrix if and only if the given Matrice 
commute. 

889. Show that the product of two skew-symmetric it 
rices is a symmetric matrix if and only if the given matrica 


commute. 

*890. Prove that the produet of two skew-symmotri 
matrices A and B is skew-symmetric if and only if AB 
= —ВА. 


Give examples of skew-symmetric matrices that satisfy 
the condition AB — —g4. 

891. A square matrix A = (au) of order n is said to be 
orthogonal if AA' — E, where E is tho unit matrix, Show 
that for a square matrix A to be orthogonal it is necessary 
and sufficient that any one of the following conditions holds 

(a) the columns of A form an orthonormal system, that is, 


n 
амаку= 8, 
> hiT = Oj jy 


where 6, is the Kroneck =j 
а EINE onecker delta, which equals 1 for | — | 


, 
(b) the rows of 4 form an orthonormal System, that is, 


n 
à TMa = big, 


892. A square matrix 4 м 
complex glement is said to ГЕИ Я 

На Same às in problem 886), Show that / 
Буу Шү ly if any one of the hd condition: 
oes T р 





мы з 












































the determinant of a unitary matrix is 
to unity. 1 

if an orthogonal matrix A has square 
., A, on the principal diagonal and 
the submatrices, then all elements on 


‘that for a square matrix A to be orthogonal 

sufficient that its determinant be equal 
t each element be equal to its cofactor taken 
|A | = 1 and with sign reversed if | A | = 


‚ Ргоуе that a real square matrix A of order n > 3 
is orthogonal if each element is equal to its cofactor and at 
one of the elements is nonzero. 
ve that a real square matrix A of order n > 3 
if each element is equal to its cofactor with 
and at least one of the elements is different 


that the sum of the squares of all second- 

lying in two rows (or columns) of an orthogonal 
to unity. 

that the sum of the square of the moduli 

order minors lying in two rows (or columns) of 

trix is equal to unity. 

that the sum of the squares of all kth-order 

in any k rows (or columns) of an orthogonal 
to unity. 

at the sum of the squares of the moduli of 

minors lying in any / rows (or columns) of a 

is equal to unity. 

the minor of any order of an orthogonal 
to its cofactor taken with its sign if 

1 sign reversed if | A | = —1. 

unitary matrix and M be its minor of any 
be the cofactor of M in A. Prove that 

M is the conjugate of M. 
conditions is a diagonal matrix ortho- 


conditions is a diagonal matrix unitary? 


907. Verify that any one of the following three properties 
of a square matrix follows from the other two: reality 
orthogonality, unitarity. х 

908. A square matrix J is said to be involutory if I* = E, 
Show that each of the following three properties of a square 
matrix follows from the other two: symmetry, orthogonality, 
involutoriness. 

909. Verify that the matrices 


[ON 1/3 —2/3 —2/3 (b (1/2 12 12 12 
(-5 1/3 чю); | 4/2 1/2 —1/2 — 4/2 
—2/3 —2/3 18 1/2 —1/2 1/2 —4/2 

1/2 —1/2 —1]2 1/2 


possess all three properties of the preceding problem. 

910. A square matrix P is said to be idempotent if P* — P, 
Show that if P is idempotent, then / — 2P — E is involu- 
tory, and conversely, if / is involutory, then P — 1/2 (I 4- E) 
is idempotent. 

911. Prove that 

(a) the product of two orthogonal matrices is an ortho- 
gonal matrix; 

(b) the inverse of an orthogonal matrix is orthogonal. 

912. Prove that 

(a) the product of two unitary matrices is a unitary 
matrix; 

(b) the inverse of a unitary matrix is unitary. 

*913. Denote by A (s € Я the minor of matrix 
A lying at;the intersection “of tows labelled ly, dy lg 
and columns labelled jy, jo, + + + јр 

Prove the validity of the following expression of the 
minors of the product C = AB of two matrices in terms of 
the minors of the matrices being multiplied together: 


се in — 
Wis n 725 


x ‘to iz, ya E 
e А, Да, - 6 joy dav «een dp 


;A€heoe lp 
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sd tho number of columns of matrix A or 
Жо кос зкен in B. Otherwise all minors of order p of 
re equal to zero. 
t бш the preceding problem, show that the rank of 
a product of two matrices does not exceed the rank of each 
of the factors. > 
*915. Prove that pre- or postmultiplication of A by a 
nonsingular matrix does not alter the rank of the matrix, 
916, The principal minor of matrix A is the minor at the 
intersection of rows and columns with the same number 
labels. Show that if the elements of matrix В аге real, then 
all principal minors of the matrix A = BB’ are nonnegative. 
917. Show that for any matrix B with complex or real 
elements, all principal minors of matrix A = BB* are 
onnegative. Here, B* — B'. 
918. Show that if, using the notation of the preceding 
problem, A = BB*, then the rank of A is equal to the 
rank of B. 
ts — ee ОН of he principal kth-order minors 
matrix is equal to the sum of the squares 
kth-order minors of the matrix A. А Sa 
*920. Prove that for any square matrices A and B of order 
n the sum of all principal minors of a given order k (1 < 
< k< n) for matrices AB and BA is the same. — 
_*921. Let A be a real matrix of order n and let B and C 
matrices made up of the first and last n — k columns of 


be 
forem det |A P si |B'B |-|C'G |. 













В, С) be a real matrix (the meaning of 
ven in problem. 874). Prove that 


real matrix of order n. 


























+925. Let A = (B, C) bea matrix with complex elemen, 
Prove that | A*-A | € | B*-B |:| C*«C |. 
*926. Let A = (ау) be a square matrix of order n wit 
complex elements that do not exceed a number Af in absolut, 
value. Prove that the modulus of the determinant | 4 

n 

does not exceed. M^ -n?, the estimate being exact. 

*927. Show that each elementary transformation of 
matrix A, that is, a transformation of one of the following 


types: X. 
(a) the} transposition of two rows (or columns); 
(b) multiplication of a row (or a column) by a number ; 


dillerent from zero; 
(c) adding to one row (or one column) another row (or 


column) multiplied by any scalar c, may be obtained hy 
multiplying the matrix A by some nonsingular matrix р 
on the left for transforming rows and on the right for trans 
forming columns. 

Indicate the type of such matrices. 

*928. A square matrix is said to be triangular if all the 
elements on one side of the principal diagonal are equal to 
zero. Show that any square matrix can be represented in the 
form of a product of several triangular matrices. 

929. Show that any matrix A of rank r can be expressed 
as a product A = PRQ, where P and Q are nonsingular 
matrices and R is a rectangular matrix of the same dimen- 
S A on te principal diagonal of which the first r 

oe аа tounity and all the other elements are zero 
МАЕ е be a matrix of size m X n and of rank r, 

= (pi) be a matrix of size s x m, in which p,, = 
- = Pan = 1 and all oth eros 

t other elements are zeros, 
с ш), е size n X t in which q = 
m E. other elements are zeros. 
— 











































‘Prove di 


ix A by ra. Prove that 


Square matrices .! 
inequality: 


inequality). 
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932. Show that for the rank of the product AB of rectan- 

gular matrices A and B the Sylvester inequality of the 

ing problem holds provided that z denotes the num- 
mu columns of A and the number of rows in B. 

#933. Show that it is possible, via elementary transfor- 
mations of rows alone (or columns alone), to reduce any non- 
singular matrix A to the unit matrix Æ. If the elementary 
operations performed on A are applied in the same order 
er to the unit matrix Z, then we obtain A-', the 

verse of A. 

Using the device of the preceding problem, find the inverse 
matrices of the following matrices (for convenience of com- 
putation, on the right adjoin to the given matrix A a unit 
matrix and perform elementary transformations of rows 
(which reduce A to Æ) on the rows of the entire matrix): 


934. /12—1—2 935. (:33) 
. 



























38 0—4 235 
22 —4 —3 357 
38—1 —6 
0 01—1 
{0з1 4 
1276—1]* 
122—1 
the method of problem 933, find the inverses 
‘of problems 844, 846, 847, 848, 849, 850. 
‘the following statement: 
| made up of m rows and m columns to 
ty, it is necessary and sufficient for A to be 
i = BC, where B — column of 
s a nonzero row of length n. 
following assertion: 
ng of m rows and n columns to 
y and sufficient that A be repre- 
B is a matrix of m rows and r 
and C is a matrix of r linearly 


square matrices of order 
te that for any given 
so that r4 -- ry — k, 
the condition ra « < л. 


*941. Show that if A is a square matrix o! 
which A? = E, then rea + AI = п. —— 

942, Two integer matrices are said to be equivalent if it 
is possible to pass from one to another via integer elementary 
transformations, that is, transformations of the following 
types: 

(a) the transposition of two rows; 

(b) multiplication of a row by —1; 

(c) the addition to one row of another row multiplied 
by an integer c, and similar transformations for the columns. 
Prove that the matrices A and B are equivalent if and only 
if B = PAQ, where P and Q are square integer unimodular 
matrices. 

*943. A rectangular integer matrix A is said to be normal 
if its elements aj,, 455, . .., a,, are positive, a;; is divi- 
sible by aj, 4.4 (i = 2, 3, . . ., r), and all other elements 
are zero. Show that each integer matrix is equivalent to one 
and only one normal matrix; in other words, each class of 
equivalent integer matrices contains a normal matrix and 
there is only one such normal matrix. 

*944. Prove that each nonsingular integer matrix 4 may 
be represented as A = PR, where P is a unimodular integer 
matrix and R is a triangular integer matrix whose elements 
on the main diagonal are positive, those below the main 
diagonal are zero, and those above the main diagonal are 
nonnegative and less than the elements of the main diagonal 
of the given column; also prove that that representation 
is unique. 

*945. Prove that a square matrix A of order z and rank r 
may be represented in the form A = PR, where P is a non- 
singular matrix and R is a triangular matrix in which the 
first r elements of the main diagonal are equal to unity, and 
all elements below the main diagonal and all elements of 
the last n — r rows are zero. 

946. A square matrix is said to be an upper (or lower) 
triangular matrix if all the elements below (or, respectively, 
above) the main diagonal are zero. Show that the following 
operalions applied to an upper (or lower) triangular matrix 
lead to an upper (or lower) triangular matrix: the addition 
of two matrices, the multiplication of a matrix by a sealar, 
the multiplication of two matrices, and the transition to an 
inverse matrix for a nonsingular matrix 
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947. A square matrix is said to be nilpotent if when power- 
ed it is equal to zero, The smallest possible integor Æ for 
which A* = 0 is called the exponent of nilpotency of the 


matrix 4. Show that a triangular matrix is nilpotent if and 
only if all elements of the main diagonal are zero and the 
exponent of nilpotency of the triangular matrix does not 
exceed the order of the matrix. 

948. Show that the inverse matrix B = (bj,) of the upper 
(or lower) triangular nonsingular matrix A = (ayp) of order n 
is again an upper (or lower) triangular matrix, and the 
elements of the main diagonal of B are given by the equa- 
tions by = + (i=1, 2, ..., n), whereas the remaining 


elements are found from the following recurrence relations: 
(a) for elements of the ith row of the upper triangular 
matrix: 
hot 


— Àj Шуак 
—— (k=i+1,i+2, ...,n); 


See ane of the kth column of the lower triangu- 
















agonal elements of the matrices B and C m 


The first r di се: 
E alues that satisfy the conditions 


be given any v 
(21, 2, ... бо 1), e 


dy 
булек == Wer 


Specifying the first r diagonal elements of the matris, 
B and C uniquely defines the remaining elements of the fj 
r columns of B and the first r rows of €; these elements nn 
given by the following formulas: 

1,2, «A1, d 
s Enn aeons 
ih = Onn — 
1.2,...,&—1,5 
— А acc) 
ki = Chh а 


(ба --1, k--2, ..., n; km 1,2, ..., р). 


In the case of r — n, all elements in the last n — r colnmu 
of B may be put equal to zero, or in the last n —r rv 
of C the elements may be arbitrary or, contrariwise, ti 
elements in the last n — r columns of B may bo arbitrary, 
and all elements in the last n — r rows of C may be put 
аг 10 ue à 

arbitrary elements will not disrupt equation (2) 
Thay — so as to retain the triangular aspect ol 
950. Show that n Pk ap oat ag of the preceding 

: inst r elements ov 

ны of matricos B and Cin any way so that 
— (3), and compute the remaining cl» 

ае отк —— qup Em rn of C by 





These formulas permit one to find initially the fi 
of B and the first row of C and then, op the 
it — 1 columns of B and the k — 1 rows of C, to find the kth 
— Ж, — kth row of C. 
Я ve that any symmetric matrix A = 

order n and rank r that satisfies conditions (1) of robot! dd 
may be represented in the form A = BB’, where B is a lower 
triangular D — ашды in the last n — r columns 
are zero an e elements of the first r col i 
y? E forlis columns are given 

1,2, .. 


F al? : k—1, 9 





(i=k, k+4, ..., nj; k=4, 2, ...,7). 


952. A matrix A is said to be partitioned (it is also 
matrix) if the elements are split up i m 
one or several horizontal and vertical partitions 
fe will denote these blocks by 4;;, where i is the 
the block row and j is the number of the block 
that the multiplication of two block matrices 
н the multiplication of blocks regarded as separate 
if and only if the vertical partition of the first 
onds to the horizontal partition of the second 
ly, if A = (4,j) is an m X n matrix with 
rows into groups of ma, ma, ..., m, and 
to groups of m, ma ..., m and B = (В) 
matrix with partitioning of rows into groups 
m and of columns into groups of pi, ps, . . - 
= C = (C;;) will also be a block matrix, 






















a Ed dosi 1, 2,...V iu). 
block matrices to find the 
ing matrices for the indicated 
r the factors 
2131 
ВЕ 9975 
2113 





953. Show that to multiply two square partitioned matrices 
it is sufficient (but, as the example of the preceding problem 
shows, not necessary) for the diagonal blocks to be square 
and the orders of the appropriate diagonal blocks to be 
equal. 

*954. Show that for block multiplication of a partitioned 
matrix into itself to be possible it is necessary and sufficient 
for all the diagonal blocks to he square matrices, 

955. A square block (or partitioned) matrix A — (Ay) 
is said to be a block-triangular matrix if all blocks on the 
main diagonal, that is, Ayj, Aes) +++) are Square, and 
all the blocks on any one side of the main diagonal are zero. 
Show that™if A and B are two block-triangular matrices 
with the same orders of the corresponding diagonal blocks 
and with zeros on any one side of the diagonal, then their 
product AB is also a block-triangular matrix with the same 
orders of the diagonal blocks and with zeros on the same 
side of the diagonal. 

" 956. Show that a block-triangular matrix is nilpotent if 
and only if all the blocks on the main diagonal are nilpotent 
(the definition of nilpotency is given in problem 947). 

957. Let A — (A,j) be a block matrix, and let 4,, be a 
block of size m, X nj (à 1, 2, «4 $5 f — T QA RUNE 
Show that adding to the ith block row the jth row multi- 
plied on the left by a rectangular matrix X of size m, X mj 
may be obtained by premultiplying A by a nonsingular squa- 
re block matrix P. In exactly the same way, adding to the 
ith block column the jth column"postmultiplied by а тес- 
tangular matrix Y of size nj X n; may be obtained by post- 
multiplying A by a nonsingular square block matrix 
Find the forms of the matrices B and Q. 


АВ 
*958. Let R -(¢ ») be a! partitioned matrix, where 


A is a nonsingular square matrix of order n. Prove that the 
rank R is equal to n if and only if D — CAB. 

#959. Let A be a nonsingular matrix of order n and let 
be an n X q matrix, and Ca pX n matrix. Prove that if 


E A B 5 
the partitioned matrix R = 0 is reduced to“ the 


-—t 


А, В, 
form Ry = ох via a series of elementary transfor- 


mations of the rows with each transformation either involv- 
151 


ee 7 


i to some one row 
ing only the first m rows or the addition 
with ак label exceeding m ol one of the first n rows 


lied b scalar, then. X = СА “В; 
uu Let zt a nonsingular matrix of order n Nn let E 
be a unit matrix of the same order, Prove that if the pus 
i | 


i see d to the form A 
titioned matrix qe o] E reduced to ох 


via the elementary transformations indicated in the pre- 
ceding problem, then X = A^. Use this device to find the 
235\ 


inverse matrix of А =| 127 |. 
344 
961. Suppose we have the following system of equations; 
аһа + arta +. as + int, = Dy, 
Aaly F arty H oa a H OnT — Da, 
niti F Oy oy +. ~~ + Onn Ty = bp 
with A a nonsingular matrix of coefficients, with B the 
уш * constant terms, and with E a unit matrix of 
0) n. 


Show that if the partitioned matrix ( s d is reduced 
А, В ass 

i x) by the transformations indicated in 

then the column X yield i 

teen yields the solution of the 

method to solve the following system: 

8a yt = 7, 

4x — By + 25 = 4, 

J+ 32 = 13, 








Use this method to solve the indicated equation jf 
4 —5 


(04). в= (624): 


e all the pairs (i, f) (i =1,2,..., 

E I E are —— in some specific orde 
7 (i Se ++ Omn- The Kronecker (or direct) Product of ty, 
square matrices A of order m and B of order n із a matri; 
С = А х В ої order mn made up of all possible produet 
of the elements of A and B in the appropriate order. Namely 
the element of C in the ith row and jth column is defined thy 


where (й, #) = в, (fis fg) = 7 


| 
| 
| 


Су = абі 


Prove that 
(a) (A+B) x C =(A x C)+ (B x с), 
(b A x(B--C) —(A Xx B)+(A x C), 
(c) (AB) x (CD) — (A x C) (B x D). 

*964. The right direct product of a Square matrix A oi 
order m by a square matrix B of order n is a partitioned 
matrix A x “B=C=(C;,), where C, = aB (i, j= 
— 1,2, ..., m). Similarly, the left direct product of the 
Same matrices is a partitioned matrix A’ X B = D = 
— (Dij, where D;, — A54 (321,2, ..., n) 

Prove that ' 

(a) both of the introduced products are particular cases 
of the Kronecker product defined in tho preceding problem 
Find the numbering order of the pairs (i, j) that yields the 
right and left direct products; 

(D AX'B—Hx4A 

































IAM X C) —(A X B) x °C; 

= Аа а шї тайн» оГ ойс thon Em Хх `Е„» 
& : 
e) if 4 Bare nonsingular matrices, then (A y 


XEBA, 
to (c), (d) and (e) hold true for the le!t 


ёту è ' 


re matrix of order n. The 


Prove that if A 
of order n, thon 
540) 


j= 1, 2, ..., n), In other words, the adjoint 
je js Un by taking the transpose of a matrix made 
up of the cofactors of the elements of A. 

| Е that 


(a) AA=AA=|A|E, where E is the unit matrix; 
(в) МЕ! А for n>2, (A)=A for n—2. 
*967. Show that (4B) = B-A, where A is the adjoint 


matrix of A defined in the preceding problem. 
*968. The matrix associated with a square matrix A of 


order n is a matrix A = where Z; is the minor of the 
то 


element a of matrix A ve that 
(a) (4B) = AB; 
(5) (3) — 1A [24 for n>, (A)=A for n—2. 
















*969. Let A — (a;j) be a square matrix of order n and 
Y ао of the n numbers 1, 2, +, n taken 
time (I < k<... < kp) Be numbered in some 
91, WB, бл, "where N = CP; the pth associated 
relative to A is the matrix T = (ijp) made up 
priately arranged minors of the pth order of ma- 


namely, buys a n ias eer бр 


М ін, Јат Jp 
п... < iy and e; is the com- 
B cr 


= А8; 
where E, and E; are unit matrices of 
N respectively. 


singular matrix, then (A-'), = (A,)-}. 


g of the combinations of n numbers 
a time such that relative to the 
associated matrix Ap defined in the 
с triangular with zeros on the same 


i where œ; is 













perties of associated matrices, prove 
matrix of order n, then | A, | = 
m 554). 


*972. Let A be a nonsingular matrix of order n and let 
В = A^ be the inverse. Prove that the minors of any 
order of the inverse can be expressed in terms of the minors 
of the original matrix in the following manner: 


р 
X Gerh 


Ed жй эу 
0 ACG ig wie mea) 


d ee i ( 
И, tay +++ bp 
= { 
в" pa fr Hi Taj ©. 
where i <ig<...<ip together with <<... 
„С. Жр апа вв < ... < kp together with ki < 
< ki — — constitute a complete system of indi- 
ces 1, 2, 
+973. Prove. that the pth associated matrix Ap (the def- 
nition is given in problem 969) relative to the orthogonal 
matrix A is itself orthogonal. 
*974. Prove that the pth associated matrix A, of the 
unitary matrix A is itself unitary. 
* Sec. 13. Polynomial Matrices 
Bring the following A-matrices to normal diagonal form 
by means of elementary operations: 


975. |k1Y 976. 9—1 А-1 
(0 3 [itia — 
978. [2—1 0 
b sal: | 0 aca) 
979. ES №41 № ) 


977. 


3—1 30#—1 2%-+-25% 

ҮМ ДМ. aA 
980. у 22 E 3\2 

M- er à M-EAM—3. |. 
НА 5 Br 


| 
Ша. 








982. /A(A4+-1)0 0 983, /1—2 9 А 
( 0 A4 O0 } А А А |]. 


0 0+1 14-02 А2 — 2 
*984. The term invariant factors of a A-matrix A of order 
m is used for the polynomials E, (A), E4 (A), . . ., En (A) 


on the main diagonal in the normal diagonal form of the 
matrix A. The divisors of the minors of A are the polyno- 
mials D, (A), Dz (A), .. ., Dy (A), where Dj, (A) is the great- 
est common divisor (with leading coefficient unity) of the 
minors of the kth order of A if not all these minors are equal 
to zero, and D, (À) = 0 otherwise. Prove that Ey (A) 3+ 0 
апа Юк (A) #0 fork = 1, 2, ..., r, where r is the rank of 
the matrix A, whereas Æp (A) = D, (A) =0 for k= 
=r-+4,..., n. Furthermore, show that 2, (4) = 240) 
Dy-a(h) 

0 ери), 

sing the minor divisors defined in problem 984, bring 
the following A-matrices to normal diagonal form: 


(98. aa) o 0 
( 0 20-9) 0 . 
9 0 (01)0—2)/. 











?0 
989. Ka p^ Я es F(A) and g (A) nre polynomials 


in А. 


990. 0 O78). whore f, g, h are polynomials ід ; 
О №0], that are pairwise relatively prime any 
H 0 o) have leading coefficients unity. 
991. fg 0 0 
(° то |. 
0 0 gh 


where f, g, h are polynomials in À with leading coefficients 
unity, coprime taken all together, but not necessarily 
pairwise coprime. P 


992. /fg 0 0 
(on о |, 
0 0 gh 


where f, g, h are any polynomials in A with leading coef- 
ficients equal to unity. 


993. (А100 994 74100 
0240 0200 
оола у: 00л1 
0004 














r the following matrices are equivalent: 


МА+А+2 A WDD 
A+1 A~2 22-2 
од 2X—3 32—92A 


2*--À--1 34 — 32 232-3, 22 
ABA  3A—2? 2)2--A A2 
M—A 24—2»29-pEX AR 







3 4-1 342 22 
22-1 322 2 


}% —) 2)? )° 





28 — 42-Е ЗА—1 289—242 А 










ШО 5) 16 2)2—2)5—-1 )3—)+—)+1 


3)33—9)4--175.+1 205 — 633. 7A.—2 
333 — 942-91 —5 215 —622--61—1 
318 — 92 -- 53-5 213 —632--8,.— 2 

M—34--34—1 

13-30 4-3.—1 

L %%3—32%-„3—1 


j3—3.-p4 МА 0 
e- (e ТАЗА АА). 
5—3 5—2 -—3 2—2А 4-1] 


1003. A A-matrix is said to be unimodular if its determi- 
nant is a polynomial of zero degree in À, that is to say, a 
nonzero constant. Find the normal diagonal form of a 
unimodular A-matrix. _ А 

1004. Prove that the inverse of a A-matrix is a -matrix 
if and only if the given matrix A is unimodular. 

*1005. Prove the following statement: for two rectangular 
A-matrices А and B, each consisting of m rows and n columns, 
to be equivalent, it is пасёевагу а. КОПТЕ that the 
following equation hold true: B = PAQ, w P and Q 
are unimodular A-matrices of order m. and m respectively. 
Show that the required matrices P and Q can be found thus: 
after finding a series of element transformations that 
carry A into B, apply all the ormations of the rows 
in the same order to the unit matrix Ej, of order m. and all 
the transformations of the columns in the order to 
the unit matrix E, of order m. b 

Use the method given in problem 1005 to find, relative 
to the given A-matrix A, the unimodular matric P and Q 
such that the matrix B — PAQ has a normal form 
(the matrices P and Q are not defined uniquely) 


1006. (о №+3 ) 
= (293-3 202/5 


4+ 543-+ 8A2-+ SAFA 4345248444)" 


1007. Ae + 408+ 4124+ 4-2 Аз 40 +42 
A |; \ 
159 


; 1013. — M4-2A—8 M-FA—2 
"1-333 —532-4-A-- 1 2444-931 —58234-1—1 2 аа 3—5, BN DKA BED, aJ 
А1 9—2 — А2 2 Р ; 
}5-Е2У—4 83%--2%—5 5%-Ь9%—3 

5203—42 А--4 2% 235—404++ 5—1 =| | 
anh te ut o у В= | 242-- 4—3 ЗА АА 4—2 


234 — 243 
24 -3—9 1014. M 632 -1-63--5 A3--432-4- 43-3 
For given A-matrices A and B find the unimodular A-ma- | A= | АЗА 3-2 А222 2,1 | ; 
trices P and Q that satisfy the equation B = PAQ (the 243--342--3A--1 213-212 -- 24 


io P and Q are not defined uniquely—see problem 


| 349 --245-- 24 —1 633 --24* -- 21 —4 
M—M—X4—2 — 2)9—M—4A—3 


1009. 2)2—A--1 332 —214-1 
Eius 3334-1.—2 ) 

pa E sni 
2)3-L544-1 233 2-31—1] * 

1010. у 2% —А—1 243-- 42—34. 
eir a. S jt 1015. ,34?--21—3 21—1 33--24—3 
VE AA DIPSA en 84—5 34—2 12-34 —4 |. 

азар | W4+A—4 A-2 4-14 


MAHA HAHAA 










1016. — 339—244 212--A—1 333--232 21 —1 
( A1—1 92): 32—24 —1 
518—441 34--A —2 533-E322—4—2]. 


)—M- Xi 29 3:4 2.—3 
par 


3 Find the invariant factors of the following A-matricos: 





pp HAAS AMHA 

#+83%—3%+4+6 )5—3%+-3%—2 
W428 —W+4 3 — 2024+ 2A—4 
| 2842-245 23 —)#-+ +1 
QM+M—A+4 AHAAA 
294-38 ЗАТ 2-3А*— 34-4 
2M -4-212— 244-5. A3 -4-212— 244-3 
















à 4 


ОА. n—1 
0011... n—2 |- 


X 


В В... B 
у А-9 BO -Poro p 
ее... В 


0 0 0... A4—« 


ff the matrix is n). 
; divisors of a A-matrix A are the polynomials 
A ©, with leading coefficients equal 
coincide with the highest degrees of irre- 
s ich degrees enter into the expansions 
ac (A), «+ En (A) of ma- 
sible factors. Here, the collection of ele- 
of A contains each polynomial Æ; (A) 
‘there are invariant factors Еһ (А) іп the 
polynomial. The expansion into irre- 
1 over the field over which we consider 
e elements of the matrix A. From now on, 
stated, we consider elementary divisors 
omplex numbers, that is, the highest de- 
of the form A — æ that enter into the 
iant factors of the matrix A into linear 























Find the element: ivi low! 
sw | one divisors bier following A-matrices: 
28 — № А-З 2—2) 2) М 
1022. ( л2— 2324-2, —1 М — 90,1 
23 — 22—41 22—24 ) 
1023. №-2 2+1 M F1 
(eray 2+3 иеа), 
M.—4--3 24 —1 3$—44-4-2 





1024. ( 3—24—8 LALA 
М АЗ А10 2245042 
M--A — 243 —341—6 424444 
А — 2-4) —2 124—9 
2—4 )%—3)—10 
28 32—).—6 M--433—2)— 12 


MEM —942—1—2 M-EM—9131—44—8 
Аа ало мр ATA A 
1025. A 
№—2 АЗ M42 2—3 
M-L3A—4 А2 --ЗА 3 А2 2л 1 АЗА 9 
2—4 W4+A+4 WB 2-5 | 
22-3. —3 2-Е ЗА +4 2-22 2-34 


Find the elementary divisors of i 
a th wing i 
in the fields of rational, real, A о е 





А А-а 232—2 


1026. ar M441. 9-2 
№42 №41 2). 





5 24245 246 124 28—06 


1027. e. м0 АВАК 24-2 
rpi а) 























J 1037. 
un. 0 0 ма 232—0 
"T Ат 4 M—1 MAMAS — 5 и 0 Аала. 2-1 0 E 
[28-2 29 —28 40 — 2 3j —102-4- M 4 10A—14 | . 0 
MS U—m8.3—2  Dé—8M- a eA? Cpe ores P 
Find the normal diagonal form ofa — — m 24-1 0 0 0 
the eli ti ivisors, the rank r, an : Е 
RH TUS kii rm 1088. у M-F2A—8 M-KA—2 0 0 
n=. н дз-Ь9—4 2\%-„%—3 O 0 
1030. A-E2, (25 02 4-2, 6-2 r— 0 or ТЫЙ à 
—n-á4 + 142 
Е —1 А2, 0 2) г = 4, 0 0 M-—1 MA—2 
п = 5, 
m Ач that “ae E s d anne of a 1039. 
diagon: trix is obtained via union (with appropri- 
ate repetitions) of the sets of elementary atson oE all M—A—2 MFM—A—1 0 0 
elements of that matrix. M—4 )%-+Е2%—)—2 0 0 
*1033. Prove that the set of elementary divisors of a 
blak diagonal улаш В equal to the union (with appro- 0 0 M-REA A401—2 
и Eun ний of the elementary divisors 0 0 M4+A—2 450-7 
| 1032 or, 1033, find the d 
ip es EA normal diagonal 1040. 
i - 0 ом 
n 0 м-в м 
Е: ^2 0 0 
W—2M+OA—1 +5 0 0 


0 0 

0 0 
0 O MAH 

My2 0 






M23 


4 
) g the equivalence and normal diagonal fi 
integral matrices as is done in problems 942 and 943, hd 
test common divisors D, of the kth-order minors 
of the following matrices by means of reducing them to 
normal diagonal form via elementary operations: 
4042. 02 4—1 


612 14 5 
04:44 —4 ]- 
10 6—4 11 

1043. , 0 6 —9 —3 
12994: 9 9 

M 3042 45 297]: 


are 
Ф» 6678 81 63 
Prove that by means of elementary transformations 
alone (or columns alone) it is possible to reduce 
trix of rank r to triangular or trapezoidal form 
zeros obtained either above or below the main 
at one’s pleasure; the nonzero elements will lie 
the first r rows (or the first r columns), 

ve that every nonsingular A-matrix A may be 
the form A = PR, where P is a unimodular 
AR is a triangular A-matrix whose elements on 
onal have leading coefficient unity, those 
diagonal are zero, and those above the main 
à power less than that of the element of 
al of the same column (or are zero); this 
» unique. 




























" Matrices. Characteristic and. Minimal 
ordan and Diagonal Forms of 
. Functions of Matrices 


tion are posed in matrix form. 
р s of characteristic roots (eigen- 

the reduction of the matrix to the 
d without regard for the prop- 
and the invariant subspaces of 
transformation. This relationship 
basis in which the matrix of the 





— 


given linear transformation has the Jordan form) is consid- 
ered in Chapter IV. This does not prevent using the problems 
of this section when studying the properties of linear trans- 
formations to the extent in which the relationship between 
linear transformations and their matrices in some given 
basis has been studied. 

4046. A matrix A is said to be similar to a matrix B 
(this is denoted as A ~ B) if there exists a nonsingular 
matrix 7 such that B = TAT. Show that the similarity 
relation has the following properties: 


(a) A ~ A; (b) if A ~ B, then B ~ A; 
(c) it A — B and B ~ C, then A ~ C. 


1047. Prove that if at least one of the two matrices A 
and B is nonsingular, then the matrices AB and BA are 
similar. 

Give an example of two singular matrices A, B for which 
the matrices AB and BA are not similar. 

*1048. Find all matrices each of which is similar only 
to itself. 

1049. Let a matrix B be obtained from A by interchang- 
ing the ith and jth rows and also the ith and jth columns. 
Prove that A and B are similar and find the nonsingular 
matrix T for which B = TAT. 

*1050. Show that the matrix A is similar to the matrix 
B obtained from A by a reflection about its centre. 

1051. Let ij, i, ...,i, be any permutation of the 
numbers 1, 2, „. -, П. Prove that the matrices 


аңа +++ @т Miti Bits 

peal 
no азай» ..-- @эл and es aisi, ain 
Anne ünn dii did, rt Oi la 


are similar. 

1052. Suppose we have two similar matrices A and B 
Show that the collection of all nonsingular matrices T for 
which B = TAT сап be obtained from the collection of 
all nonsingular matrices, permutable with A, by postmulti- 
plying these matrices by any one matrix T, with the prop- 
erty B = Ту!АТ,. 
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053. Prove that if a matrix A is similar to a diagonal Й 
natis then the pth associated matrix Ay, (see problem 969) 
is also similar to the diagonal matrix. T 

1054. Prove that if two matrices A and B are similar 
to diagonal matrices, then their Kronecker product A x B 
(see problem 963) is also a matrix similar to the diagonal 
matrix, "e 

1055. Prove that if the matrices 4 and B are similar, ч 
then the pth associated matrices A, and B, (under any 
two arrangements of the combinations of m numbers of 
rows and columns taken p at a time) are also similar. 

1056. Prove that if the matrices A,, B, are similar, | 
respectively, to the matrices Ay, By, then the Kronecker | 
produets 4, X B, and A, x B, (under any two arrange- 
ments of pairs of indices) are also similar. | 

1057. Prove that if the square A-matrix B is given in } 
the form Л = Вул? +- BA +... +B, where. By, By, | 
; ++) B, are matrices not dependent on A and the matrix B, | 













ar, then any square A-matrix A of the same 

order as B may be divided by B on the left or on the right, 

that is, there exist a right quotient Q, and a right remainder j 

R, such that A = BQ, + R, and a left quotient Q, and ; 
remainder 7, such that A = Q,B + R,; note that 4 










| the elements of the matrices H, and R, in À 
n s and both pairs Q,, R, and Qs, R. are defined 









+44 244.8 
PASTS Ag 


deft у ВАЕ, where B= 








and divide it on the right Бу B—AXE, where p 


121 
= TH 
123 


*1060. Prove that if two matrices A and B with nime 
ical elements (or elements taken from amy other field p 
are similar, then their characteristic matrices 4 — М 
and B — AZ are equivalent. 

*1061. Prove that if the characteristic matrices 4 — M 
and B — AE of two matrices A and B are equivalent, thoy 
the matrices themselves are similar. Also show that i 
B — ME = P (A — XE) Q, where P and Q are unimodular 
A-matrices and P, and Q, are the remainders resulting from 
the division of P on the left and of Q on the right by 5 — AE 
then B = P,AQ, and P,Q, = E, that is, the matrix 0 
accomplishes a similarity transformation of the matrix 4 
into the matrix B. E 

1062. Prove that any Square matrix A is similar to jt 
transpose A’, 

о whether the following matrices are similar or 
not: 


1063. 32 —5 6 20 — 34; 
4-(26 <1); в- (622 т"), 


Dou 490 —32 
1064. 66 —15 87 —90 —4 
«(ro E »-[ 34 —17 =‘) 
З aD 119 —70 —11 
‚1065. (4 6 —15 duc) B 
(s =}; a-(-2 —6 Jl 
M2 —4/ ={ =4 8 


DUNT VOR. ж 
dayne ie 
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4 10 —194 
1 —2) Desa. 
Пра аво" 
4 Ute 0. 
4 —4—28 —7 


given in problem 1061, find, for the 
and B, a nonsingular matrix 7 such that 
desired matrix T is not defined uniquely): 


— 


of the matrix A can be expressed 
nts of that matrix in the following 


Е а)" + 
а. (А... 


of all principal minors of order k of 
‘a principal minor if the numbers of the 
the numbers of the columns). 
eigenvalues (the roots of the character- 
of the matrix A'A, where A = (a, 
| A‘ is the transpose of A. 

t the sum of the eigenvalues of matrix A 
trace (that is, the sum of the elements of the 


principal diagonal), and the product of these numbers is 
equal to the determinant | A |. 

1073. Prove that all eigenvalues of matrix A are nonzero 
if and only if A is nonsingular. 

*1074. Let p> 0 be the multiplicity of the root Ao of 
the characteristic polynomial | A — AE | of matrix A of 
order n, let r be the rank and d = n — r the nullity of the 
matrix A — ME. Prove the truth of the following inequali- 
ties: 


1<d=n—re<p. 


1075. Give examples of nth-order matrices for which the 
first or second inequality of the preceding problem becomes 
an equality, that is, d — 1 or d — p. 

*1076. Prove that the eigenvalues of the inverse matrix 
A~ are equal (with account taken of multiplicity) to the 
reciprocals of the eigenvalues of matrix A. 

*1077. Prove that the eigenvalues of matrix A* are equal 
(with account taken of multiplicity) to the squares of the 
eigenvalues of matrix A. 

*1078. Prove that the eigenvalues of matrix A? are 
equal (with account taken of multiplicity) to the pth powers 
of the eigenvalues of the matrix A. 

*1079. Let p (A) = | A — AZ | be the characteristic poly- 
nomial of matrix A and let À,, 1, . . ., À; be the eigenval- 
ues of A; also let f (A) be an arbitrary polynomial. Prove 
that the determinant of the matrix / (A) satisfies the equali- 
ty PU — (M) A (Aa) oao A An) = R (f Ф), where 
R (f, p) is the resultant of the ee f and q. But 
if the characteristic polynomial is defined as p (A) = 
— |AE — A |, then 

1£ (4) |] — R (9 f). 


Recall that the resultant of two polynomials 
поо, |] ео) апа в I 2) 


„= тек ч í 
is the number . 


Rif omar fl | 






*1080, Prove that if Àj, As - - are the eigenvalues 


„Мм 
of matrix A and f (z) is a polynomial, then / (А), / (А), .-. 
~~ ss F An) are eigenvalues of the matrix f (A). 
*1081. Prove that if Aj, Ag + +, № are eigenvalues of 
matrix A and f (z) = is a rational function defined 


for the val =A (that is, the function satisfies the con- 
Aition [8 (A) | O), then |7 (A) T= / a) F (la) -= < F On) 
and the numbers f (%1), 7 (Aa), - - -» f (Àn) are the eigenvalues 


of the matrix f (A). 
*1082. Prove that if A and B are square matrices of the 


same order, then the characteristic polynomials of the 
matrices AB and BA coincide. 
*1083. Find the eigenvalues of the cyclic matrix 


а азау... а„ 


Zp) ла ыйл 
ада санае 


а аа eer 








[its diagonal blocks (see problem 1033), prove that any 
sati A has, over the field of complex numbers (or Ovar 
any field containing all the eigenvalues of A), a Jordan 
form which is unique up to the order of the blocks, 

Write the Jordan form A, of the matrix A if we have thy 
invariant factors E; (À) (í — 1, 2, .. ., n) of its charar. 
teristic matrix A — AE: 

1086. E, (&) = Е, (А) = 1, Ea (A) = E, A) =A — 1, 

E, (A) = E, (A) = (A — 1) (A + 2). 
1087. E, (&) = Е, (№) = Ea A) = 1, Ea (A) =A + 1, 
Es (&) = (A + 1)?, Е, (А) = (A+ 1)? (A — 5). 
1088. Е, (л) = Е, (^) =1, Е, (^) =^— 2, Е, (1) = 
= № — 4. 

1089. Prove that for any square À-matrix A (A) of 
the determinant of which ia polynomial in f — 
there exists a numerical matrix B of order n such that the 
— (A) is equivalent to the characteristic matrix 

Find the Jordan form of each of the following matrices: 


1090, 010, 1091. (26 —15 
ET М баа 25|. 
—212 12 —g 


1092. 9 —6 —2 1093. ,46 —15 
18 —12 E (з =s). 










18 —9 —6 МА =á 
ОДОД О 14095. 7126 2 
4 —4 o). (s —9 —3 |]. 
Я —2 2 18 —9 —3 
(4 —52\ 1097. 5302 
—7 з) (: —4 ‘) 
— 4—45 


Е + 





99. ¢ 7 —12 6 
—19 о). 







‚41—34 4101. /а00 
{4—17 s). (s o); where a0. 
6-77 а0а 


3—10, 1103. ‚46—15 
(=). (i: -9). 
8—65 DES 


4—57 1105. 1—30 3 
1—4 '). —2 —6 0 13 
0 —31 3 





40 8 

d —10 0 1107, 73-4 0 2 
10 0 5-24 
05 3 |" О agai 
18: pcd 





ин. 1234... 1 \ 





[0000... 1 

1112. пп—1п—2...1 

0 n n—1 2 
0 0 n 3 
0 0 Qo" eel y, 

1443. (1000... 0) 1114. 0200... 0 
ONO 0 0040... 0 
1230 0 0007 oj, 
(1234... п) 0000 а 

«000... 0 

1115. Find the Jordan form of a matrix of the form 

Q Ayz Ay +++ Ain 
0 < а... аи 


00 « ... an 
(Ug eres 
provided that ДЕ Wen Ue 
1116. Prove ‘that if the” characteristic polynomial 
| A — XE | of a matrix A does not have any multiple roots, 
then A is similar to a diagonal matrix (the elements of 
the matrix 7 that transforms A into diagonal form belong 
to the field that contains all eigenvalues of a 
1117. Prove that a matrix A over a given field P is simi- 
lar to a diagonal matrix if and only if the last invariant 
factor E, (A) of the characteristic matrix 4 — AE does not 
kuvo Sis multiple roots and all its roots belong to the 
е P Ка 
Determine whether the following matrices are similar to 
diagonal matrices in the fields of rational, real, and 


som 








E 


numbers: 


1118. 52 —3 1119. ;815 —36 
[t =. ( 21 —46 |. 


64 —4 512 —27 


1120. 47 —5у 112i. /42 —5 

єк. 0]. 64 2j 
19 —4 — 

1122. Prove that if the last invariant factor E, (A) of 
the characteristic matrix A — AZ of a matrix A of order n 
is of the power z, then all diagonal elements of distinct 
blocks of the Jordan form of the matrix A are distinct. 

1123. Prove that a matrix A is nilpotent (i.e. A* = 0 
for any positive integer А) if and only if all its eigenvalues 
are zero, 

1124. Prove that a nonzero nilpotent matrix cannot be 
brought to diagonal form by a similarity transformation. 

1125. Find the Jordan form of the idempotent matrix A 
(a matrix is idempotent if it has the property 4? = A). 
1126. Prove that an involutory matrix A (that is, a 
matrix having the property A? — E) is similar to a diagonal 
matrix and find the form of this diagonal matrix. 

1127. Prove that a periodic matrix A (that is, a matrix 
th the property that 4* — E for any positive integer k) 
to a diagonal matrix and find the form of that 


al polynomial (the definiti 
830): a) of a unit satis: (b) Г 



























е degree of the minimal polynomiy 


ve that som n 
— 1e characteristic pol ynomis) 


of the matrix A is divisible by th 


of that matrix. 
Find the minima 


1134. 31 —1 1135. 4—2 2 
03 09|. —5 7 iJ 
id^ 1 C гед 


] polynomials of the following matrisa 


1136. Prove that for two matrices to be similar itj 
necessary (but not sufficient) that they have the same char 
acteristic and minimal polynomials. Give an example of 
two nonsimilar matrices which have the same characteristi 


polynomial q (À) and the same minimal polynomial w (1) 
1137. Find the kth power A" of the nth-order Jordan 
submatrix 


а100...00 
( | 
0210...00 


0000... ба 
*1138. Prove that the value of the polynomial f (z) in 


the Jordan submatrix A4 of order n with the number с on 
the main diagonal 


«10...0 
42540«1...0 


ш 900... 
îs given by the formula 
(Gh ee 

(e frg. me 


ee fa) 










Р 1139. Solve problem 1080 by using the Jordan form of 
the matrix A. 
4140, Find the Jordan form of the square of a Jordan 

submatrix, the diagonal of which has the number o + 0. 

*1141. Find the Jordan form of the square of a Jordan 
submatrix with zero on the main diagonal (a nilpotent 
Jordan submatrix). Я 

1142. Let X, be the Jordan form of the matrix X. Prove 
that (4 + a2), = A; + «E, where A is any square matrix 
and o is a scalar. 

*1143. Find the Jordan form of the matrix 


€«010...0 
0«01...0 
0000...« 


















of order nz23. 

1144, Prove that any square matrix can be represented 
in the form of a product of two symmetric matrices, one 
of which is nonsingular. 

145. Knowing the eigenvalues of the matrix A, find 
eigenvalues of the pth associated matrix Ap (the defini- 
which is given in problem 969). 

Knowing the eigenvalues of two square matrices, 
and B of order g, find the eigenvalues of their 
roduct A x B (the definition of which is given 
0) = @ — а) а А)... (АА) Бе 
mial of a matrix A of degree r=r, + 
lere, ry is the multiplicity of A, as 
al polynomial sp (4). 

f (A) has the numbers 


IE Op E E a), 
dil» 


(1) 
n is defined on the spectrum 
ы ү (1) is raben едт 
the spectrum of the matriz A. 
he polynomials g (A) and h (A) 
that is, g (A) = h (4) if and 
e polynomials coincide on the 


1148. Suppose a function / (A) is'defined on the spectrum 
of a matrix A (in the sense of the preceding problem). Prove 
that if there is at least one polynomial whose value on the 
spectrum of A coincides with the values of f (X), then there 
is an infinity of such polynomials and there is only one of 
them that has a degree less than the degree of the minimal 
polynomial of matrix A. This polynomial r (à) is termed 
the Lagrange-Sylvester interpolation polynomial of the func- 
tion f (A) on the spectrum of the matrix A. Its value of the 
matrix A is assumed, by definition, to be the value of the 
function f (À) of that matrix: f (A) = r (A). 

1149. Prove that if the function f (À) is defined on the 
spectrum of a matrix A and the characteristic polynomial 
|A — AE | does not have any multiple roots, then the 
Lagrange-Sylvester interpolation polynomial r (A) exists 
and, hence, the matrix f (A) is meaningful. Find the aspects 
of r (A) and f (A). 

1150. Prove that if the function f (A) is defined on the 
spectrum of a matrix A and the minimal polynomial of 
that matrix tp (A) = (A — ay)... (A —A,) has no multiple 
roots, then the Lagrange-Sylvester interpolation polyno- 
mial r (A) exists and the matrix f (A) is meaningful. Find 
the expression for computing f (A). 

*1151. Prove that if the function f (A) is defined on the 
spectrum of a matrix A, then the definition of the matrix 
f(A) (which was given in problem 1148) is meaningful, 
that is, there is a Lagrange-Sylvester interpolation polyno- 
mial r (A). Let sp (A) — (& — My1...(& — A.s be the 
minimal polynomial of the matrix A, where the roots A4, . . . 

- «, А. аге distinct and. 


№ (A) = МО 


с E= e 
AR, 


Show that 


r (A) -2 [cs (4-0, (А— А) 


vee beth, ry à) Ч), (0) 
where the numbers œp, are defined by the equations 
— 10) 19-0 
GAN Lape) Ta 


G1, 2, ..., ry; kan TERM 
126 179 








"That is to say, the expression in square brackets ín (1) ts 
equal to the sum of the first rj terms of the Taylor expansion 
in powers of the difference. À — Ay for the function 

1152. Let wp (A) = (A — 4)? (A — Aa)? (А 3 А.) be the 
minimal polynomial of a matrix A and lot f (A) be a function 
"defined on tlie spectrum of that matrix. Write the expression 


for the matrix f(A) using the preceding problem, 

4153. Prove that if the matricos A and B are similar, 
and B = THAT and also for the function f (A) the matrix 
a exists, then the matrix / (B) also exists and is similar 
to f(A), and we also have / (B) — 7-7/ (4) T. with the 
same matrix T. 

 *1154, Prove that if à matrix A is a block-diagonal 
matrix 


A, 0 
zi As. - 
y 0 A, 


nd the function / (A) is defined on the spectrum of A, then 


Boris cro 
х e a 


















1157. Show that if a matrix A is similar to the dingow: 


matrix 
M 0 
а № . 
Am T i 7 
0 dM 


and for the function f (À) the matrix / (A) exists, then f (4 
too is similar to the diagonal matrix, and we have 


104) 0 
уә ч 10a), ) 


0 TO) 


with the same matrix 7. 

1158. Prove that if f (A) 9 g (À) + A (À) and the matric 
Е (А) and h (A) exist, then the matrix / (A) also exist 
and we havo f(A) = g (A) -- h (A) 

1159. Prove that if / (A) = s (4) h (X) and the matricw 
& (A) and A (A) exist, then the matrix / (A) exists as well 
and we havo f (A) = g (A) h (Л). 


“1160. Show that the function / (A) і ls. defined. for 


all nonsingular matrices A and for them alone; note the 
— | 

. w that if 3, 1... Àn igenvolues of o 
ur A WI function лв а ns 5 = 4 
мыл hv f 08) be eigenvalues of the 


Compute the following values of the functions of th 


matrices, using the Lagra ylvontor interpolation poly 
problema 1148 to 1152 or D finding Ub 


d: Similarity transformation of \ 
e БЫ Фран —— "ж 













1465. V%, whore 4=(5 7). 
1166. e4, where 4=(5 = 
— 


4467. e^, where a-h; Ak 


42 —5 
1168. e^, where (s 4 =). 
53 —7 


' 4 —15 6 
1169. In A, where =: —4 2). 
1—5 3 


л—1 E 


e that the equation sin 24 — 2 si 
— sin A cos A 
! — matrix e4 exists and is nonsingular 


А. 
determinant of the matrix e4, where A 


order n. 
function f (A) is meaningful when 4 = 
ant of the matrix f (A) satisfies 


) | = f(a) f (re) - « - ; 
LV чү К 





TT 


of the form 
z, — Mis + Ma +++ F Фи 


Zn = du E dalla + ++ +H Фет» 
The matrix 
qu dia iis Tn 
0= dau Jaz +++ Vn (2) 


Qni nz +++ Inn 


made up of the coefficients of the transformation (1) in the 
appropriate order is called the matrix of that transforma- 
tion. A linear transformation is said to be nonsingular if 
its matrix is nonsingular. Two quadratic forms are said 
to be equivalent if one of them can be carried into the other 
via a nonsingular linear transformation. The canonical form 
of a given quadratic form is the equivalent form such that 
does not contain products of the unknowns; the normal 
form is a canonical form in which the coefficients of the 
squares of the unknowns (not counting such that are zero) 
are equal to 4-1 for the real domain and +4 for the complex 
domain. 

Find the normal form of the following quadratic forms 
in the field of real numbers: 

1175. 224 21 4 323 4- дал, + 2л + 22323. 

1176. 33 — 222 + 2? + 2231, + дал, + 22425. 

1177. ci — 321 — 2211; + 22123 — 61173. 

1178. 212, + лата + Tita + Zaty + Tata + туг, 

4179. 21 -- 221 + zi + “тул, + Аалу + Эта + 

4r 2242, + 2шуд + Эт, 

Find the normal form and the nonsingular linear transfor” 
mation that reduces to this form with respect to the following 
quadratic forms (the answer may differ from that given 


below; this is due to the ambiguous nature of the desired 


linear transformation): E^ 
1180. 23 523 — ai - Dmm. — Mff = 
1181. 4т1 +. zi + а} — бишь + баулу — Beate 


Ee О | 


1182. tita + yrs - 97s 
1183. 221 -- 1823 + 8x5 — 
41484. —1972 — 331 — 1221 - 122,2, — 2 
1185. zr, + Tata + Tata F Tati 
1186. Bet +} 2: — ai — 911 -- 2zyr, — Áxyty + лата. 
the following quadratic forms to canonical form 
vn Nigra coefficients by means of a nonsingular linear 
transformation with rational coefficients and find the ex- 
pression of the new unknowns in terms of the old unknowns: 


1187. 221 4- 32245 42% — дут, 4 баулу — Эт„ту. 
1188. 32? — 223 + 225 + 4a,x, — 324% — тута. 
1189. is +. 24} + 3ш} — түл, +- тл, — Gyr. 


12лулу -Е 8лүт — 277323. 
Атуту-+{-8т,т. 


Relative to the following quadratic forms, find the non- 
r linear transformation that carries the form f into 
the form g (the sought-for transformation is not defined 
uniquely): 
1190. = 222 + 922 + S23 + 82,2, — Atty — 10225; 
g = Qui + Bub + буз — “иу, — дуу» -Ь Sys. 
М91. у = 322 4- 1022 + 2522 — 12212, — 1821234402323; 
2-50 + 602 + 12у. Злы) 
4192. f = 5z} + 5z} + 223 4+8 





| *1199. Given the following quadratic form: 
2 РИФИ 2 2 

} = Аъ... ры ра +. бу 
where Jj ley» + «+ lp, Дон totes ++ фе ато Teal linen 
forms in zj, 45, .. , zy. Prove that the positive indo, 
of inertia (that is, the number of positive coefficients in thy 
canonical form) of the form f does not exceed p, and tj, 
| negative index of inertia does not exceed q. 
| *{200. Prove that if it is possible to pass from each of 
) two forms f and g to the other by means of some (not nece. 
sarily nonsingular) linear transformation, then these form 
are equivalent. 

Determine which of the following forms are equivalent 
forms in the field of real numbers: 


: 1201. f, — zi — zzyi fa — Vs — Ун з=, + 1. 
1202. fi = zf + 4zi + 2} +. 4аул, — Эту 

fo = Vi + 2y3 — 4: — ии, — Ay ayy: 

fy = —а{} — 28 — zł — дщ, + 42,2, + 182,42, 















1203. Show that all quadratic forms in n unknowns may 
be split up into classes so that two forms will be equivalont 
if and only if they belong to one and the same class. Pind 
the number of such classes in the complex and real domains 

1204. What values of rank and signature characterize 
those classes of real equivalent quadratic forms for which 
the form f is equivalent to the form —/. 
adn: Pd the number of equivalence classes (in the 

main o| seal unies) of forms in n unknowns having 











quadratic form to be decomposed 
linear forms it. is necessary and sul 
g tions hold: (a) in tho domain 
does not exceed two, and for 3 
"0; (b) in the domain of com 
exceed E ü 
s ve definite 
ed is the form 
‘matrix and £’ is 


that 


corner minors are positive. A corner minor of a drati 
form is à kth-order minor occupying the first X Ss ded 
the first k columns of the matrix (k — 1, 2, ..., n; n is 
— rol the matrix). DUE. 
1209. Prove that in a positive definite form all - 
ficients of the square of the unknowns are positive nd dat 
this condition is not sufficient for positive definiteness of 































the form. 

*1210. Prove the following assertions: 

(a) For a акеп form f to be positive definite, it is 
necessary and suffici ent that all the principal minors (and 
Eme the corner minors—see problem 1208) of the matrix 
4 ve. 

) For a quadratic form f to be nonnegative (that is. 
_ [>20 for all real values of the unknowns), it is n 
in all mM. of the matrix be 

ve. Use examples to show that (unlike positive 
- definite n 


forms) it is not sufficient for the nonnegativeness 
that all corner minors be nonnegative. i 
Fora real symmetric matrix A to be represented in the 
— C'C, where C is a real nonsingular matrix, it is 
espe emi for all corner minors of the matrix A 
real symmetric matrix A to be represented in 
A= C’C, where C is a real square matrix, it is 
y and sufficient that all principal minors of A be 
e, Besides, if the rank of A is equal to r, then 
€ is also equal to r, and we can assume the first r 
e linearly independent and the remaining 


quadratic form f is negative definite 
1es of the unknowns, not all of 
y if ese = на corner а 

D,< 0. Here, D, is the 
un vu AAT, à 


arameter 2 for which the 
IS definite: 


- 2,24 — 21523. 
— 

‚ — 2луту + Атту. 
+ Юля, +. блг. 








1216. 223 + 223 + 23+ 2\лтут, -Ь бла, + Эхо, 
ү*1217. The discriminant Dy; of a quadratic form f is the 
determinant of its matrix. Prove that if we add to a positive 
definite quadratic form f (zy, 21, . .., z,) the square of the 
nonzero linear form in the same unknowns, then the discri- 
minant of the form will increase. 


*1218. Let f (Zi, Tas -= 4) — 
i 1 


i 
tive definite quadratic form and let q (zs, ta) «+ +) In) = 
= f (O, Tz, ..., z,). Prove that the inequality Dj aD, 
holds for the discriminants of these forms. 

*1219. Prove that if a nonnegative quadratic form vani- 
shes for even one nonzero set of real values of the unknowns, 
then that form is degenerate (that is, its discriminant is 
equal to zero). 

*1220. We use the term composition of two quadratic 
forms 


Mes 


ах, Бе a posi- 


я ^ 
f= NX aymz and g— У) Бутту 
ij-i 4, j=1 
n 


for the quadratic form (f, g)— У аби. 
=! 


Prove that 

(a) if the forms f and g are nonnegative, then the form 
(f, g) is nonnegative as well; 

(b) if the forms f and g are positive deñnite, then the 
form (f, g) is positive definite too. 

771221. The term triangular transformation is used for 
a linear transformation of the form 


Ya = + бота Б. + баа 
Уз = хз + Costs + - + + А Сапа» 


Yn = Za. 
Prove that [ 
(a) a triangular transformation is nonsingular and the 
inverse of a triangular transformation is triangular; 
(b) the corner minors D, (k = 1, 2, «+ +» 7) problem 
n 
1208) of a quadratic form f = У щячл) remain unal 


: . ке г 
under a triangular transformation. 


=. А 


#4222. Prove that н 


= У m, t 
(a) for tho quadratic form of гапК г, ESE, арта, to 
be brought to the form 


= м... Б, (1) 
i for- 
0O(k=1, 2, .. р), by a triangular trans 
ie Vei and sufficient that 
DysE0 (k&r, Dy —0 (kr) (2) 


where Dy (e — 1, 2, ..., 2) are corner minors of the form f 


blem 1208); 
Tibe ый canonical form (1) is defined uniquely 


and its coefficients can be found from the formulas 


haze (kK=4, 2, ..., 7} Dy—1) (3) 


(Sylvester's theorem). 

1223. Let the corner minors of the quadratic form f of 
rank r satisfy the conditions (2) of the preceding problem. 
Prove that the positive index of inertia of this form is equal 
to the number of preservations of sign, and the negative 
index is equal to the number of changes of sign in the follow- 
ing set of numbers; 










1227. | = 22 {- жүл» {+ лу — 2лул, -Ь 2лул\, 


= -+1-ж{+ ай-ай -& 2л] -+-2шад\. 





1228. f=2?+ — 223 -- 21 -- 21,24-- Árgzs, 


ga Ti z2 -Hw A r 22373. 
1229. /= жї — 152$ -- 4л» — Заз + благу, 
8 = тї +- 172% + Bad + 4229 — 2дүту — 14237). 


*{230. Suppose we have a pair of forms, f and g, in the 
same unknowns, and g> 0. Prove that the canonical form 


ТЕЛ... Ат 


obtained for f under any linear transformation that brings 
g to the normal form (that is, to a sum of squares) is deter. 
mined uniquely up to the order of the terms, and the сое с 
ients |, A, ..., A, are roots of the so-called A-equation 
of the pair of forms f, g, namely, of the equation | 4—24B |- 
= 0, where A and В аге the respective matrices of the 
Torms f and g. 

Is it possible to bring the following pairs of quadratic 
forms to canonical form by means of a single real nonsingular 
linear transformation? 


1231. f =z? + 4z,2, — 23, 
Е = | бах, 521 
1232. f = 2? + x2, — zi, 
Е = 21 — 22123. 
1233. Suppose we have two positive definite forms f and g 


And suppose one nonsingular linear transformation cf th. 


ь ч E 
unknowns brings the form 1t 2 Ai and the form gw 


E п, and the second transformation does tl 
^, bringi torm f to the normal form and the 






921 4-623 HF 623 4- 127,23 — 102,2, — 252. 


Prove that the two pairs of forms d 
& and gy are positive definite, о 
ts a nonsingular linear transformation that car- 
t ме & into gp) if and only if the roots of their 


AB, | 2 0 and | 4, — AB, | — 0 coin- 

whether the following pairs of fi 

out finding the linear оа of Pu 
D 
+ 323 — 22 4- 2,2, -- 22,23, 
; 24+ а{—2гу, 
d S25 4-202 + 4x05 + 42,25 — 22373, 

+ Bx} + 22224-22113. 
В 2123 + 4a,22— 42423 — 229205, 
= 622 -- 4а» — 4л; —блулз, 

















iei a that, carries 
Bug ^ 
Tyg—39d — 12492. 
821301 12503 +36042. 
— 991} — 202 —44 ну», 


{+ 41+ 20». 





1244. Suppose f (xy, ta, - ++» tp) and g(x, 4, ..., 2, 
are two quadratic forms, at least one of which is positi 
definite. Prove that the "surfaces" f — 1 and g=1 in 
n-dimensional space do not intersect (that is, do not have 
any points in common) if and only if the form f — g is 
definite, 





n 
*1242. Prove that the canonical form >) Ay? to which 
1 


= 
the quadratic form f is reduced by an orthogonal transfor- 
mation is uniquely defined and its coefficients A, Aa, 
+ +; Àn are roots of the characteristic equation | A — AE |= 
= 0 of the matrix A of the form f. 

Find the canonical form to which the following quadratic 
forms can be reduced by means of an orthogonal transforma- 
tion (do not seek the transformation itself): 


1243. 322 323+ 42423 аута — 22513. 

1244. 7224-742-722 4- 22,1: 22123 22325. 
1245. 22 — 21423 — 214203 — 21313. 

1246. 312-312 — 22 — блуз Альта. 


a-i 
*1247. 2 Typos. 
к 


Find the orthogonal transformation that brings the fol- 
lowing forms to canonical form (reduction to principal 
axes) and write that canonical form (the transformation 
is not defined uniquely): 


1248. 6214-522 + 702 — 41123-42113. 

1249, 1422+ 5224 202+ 102123442123 — 202423. 
1250. 22 22-523 — 62,74 — 22123-4 21223. 
1251. 224-224-224 42,03 4- алата ахз. 

1252. 172-142 +145 — haa — 4л —Вдл. 
1253. 21—522 4-23-- 4423-- 224234 40573. 
1254. 82} — T2 + Brt + Srta — Durs + Brats. 
1255. 21,7, — 6,2, — благу -- 20524. 


1256. 522-522-522 4522 — 1012-4 2x3 
4б, 4 база 4 22071 — 102х324. 
1257. 312+ 8x42 — 312-4 422 — йз 25, 
1258. 22 22123-22 — 222 — 41311 — 211. 
1259. Oz? + 5x3 + 5x2 + 82} + 81903 — толь + 4x52. 
1260. 421 — 442 23 4-522 — 4a - 121,5 4- 25. 
1261. 427—422 — Bzyzs + 222 — 922 6s 4- 322. 
1262. 32+ 82,2, —322-+ 422 — Bryt, — åz? | 
Aa Axgns 4-23. 
Find the canonical form to which the following forms can 
he brought by an orthogonal transformation and express 


the new unknowns in terms of the old unknowns (the sought- 
lor transformation is not defined uniquely): 


п n n 
1263. да+ а, 1264, Ese 


*1265. We willsay that two quadratic forms are ortho- 
gonally equivalent if we can pass from one to the other via 
an orthogonal transformation. Prove that for two forms 
{ to be ( y equivalent it is necessary and sufficient 
that the charac! tic polynomials of their matrices coincide. 
which of the following quadratic forms are 


ў — 1a — бла; 
б} —12уу»--12у,у,--буу; 




















For the following matrices, find the orthogonal maty, 
and the diagonal matrix B such that the given matri 
represented as Q-'BQ; 


4960.- 49. 424. 0 1270. Bs — Y 
DM dien. | —— 
D S2 5 —2 —4 5, 


*1271. Prove that all the eigenvalues of a real symmetr 
matrix A lie on the interval [a, b] if and only if the qua 
ratic form with matrix A — Af is positive defnite for А 
Ay <a and is negative definite for any А, = b 

*1272. Let A and B be real symmetric matrices, pr; 
that if the eigenvalues of A lie on the interval [a, ET 
the eigenvalues of B lie on the interval [c, d], then th 
eigenvalues of the matrix A+B lie on the inter jl 
la +e, b +d]. 

1273. Prove that a nonsingular quadratic form can be 
brought to normal form by an orthogonal transformation 
if and only if the matrix is orthogonal. 

1274, Prove that the matrix of a Positive definite quad- 
ratic form is orthogonal if and only if that form is a sum oí 
squares. Formulate this statement in the language of mat 
rices. 

*1275. Prove that any real nonsingular matrix A can be 
represented in the form A = QB, where Q is an orthogonal 
matrix and B is a triangular matrix that looks like 


bis biz bis c.. bin 


0 ba ba... ban * 

Dd baute. 

РУЧА 
with positive elements on the main diagonal; prove that 
рамой В unique. 









A may be represented a3 

where the matrices Q, 
the matrices B, and Ё, 
corner minors. Each 
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matrix. 


and as A = B,Q,, 


and BA are orthogonal (unitary) 


ex nonsingular matrix A may be represented 


1 where the matrices Q 
and the matrices B, and B, are Hermitian 
e corner minors (the matrix B is said to 


= B). Each of these representations is 


symmetric (or Hermitian) matrix with 
and let B be an orthogonal (respec- 

trix. Prove that 

and BA are symmetric (Hermitian) 

corner minors if and only if B is 













Chapter 1V 


Vector Spaces and Their Linear 
Transformations 


Sec. 16. Affine Vector Spaces 


The following notation will be used here: vectors are 
denoted by lower-case boldface Latin letters, vector spaces 
and their subspaces and linear manifolds are denoted by 
upper-case boldface Latin letters. In ordinary notation, 
the coordinates of a vector are written out linearly in pa- 
rentheses; for example, x = (x, Zz, .. ., z,). |n matrix 
notation, the vectors of the basis are written linearly in 
parentheses, while the coordinates of the vectors are written 
in a column in parentheses. 

The transition matrix from an old basis ej, es, . ++, &« 
to a new basis ej, e;, ..., en is the matrix T = (tji the 
columns of which contain the coordinates of the new basis 
vectors in terms of the old basis. Thus, the old and new 
bases are connected by the matrix equation 


(eir em so iy €n) = (En En 6T. (1, 


р otation, the coordinates 2, 2, -- +) Zn Of ths 
peer pe Meri connected with ihe coordinates 
т, ОЇ the same vector in the new basis by 


dua on, dn matrix notation, by 








(2) the product aa of any yootor # in L by any sealar œ 

м — ў pollection P 
vector space A is a co 

of rein — by nijoala, Ihip samo voston ao 

subspace & of A, This rotations 

таа ат bo Ен thus: P = L- wo or 

Lo Pay We will n that the linoar manifold P has 
i 


by a parallol 
hoon obtained from the linear subspace L 
of tho vector ang. 

enden dia linoar manifold is tho dimension of 
that linear subspace whoso parallel translation yiolds tho 
ven manifold, Tho correctness of this definition follows 
г the assertion of problem 1331. One-dimensional linoar 
manifolds will be called straight lines, two-dimensional ones 
ill bo termed planes, 
the sum of re linear subspaces L; and Ly of a vector 
space R is the collection $ = L, + Ly of all vectors of R, 
of which is reprosonted tho form x = m; > ay, 
ого ау E Ly and xy € Ly. Hore, the notation a € 4 means 
the element. a is à membor of the sot A. Tho intersection 
‘of two linear subspaces Zy and Ly of a voctor spaco R is i 
tho collection D = L f) La of all vectors of R, oach of 
which bolongs both in L, and in Ly. i 
Tho direct sum of two linear subspacos L, and Ly of a 
ace Ж ds the sum of those subspaces, provided 
intersection consists solely of tho zero vector, 
уш In the caso of a diroct sum wo will 


| aco will bo donoto , 
а enolod as R, 
of coal number 




















Ё 



























1279. о, += (1, 2, 
‚= (1,39, 


(42, 1, 4), е 


э 1, —2), е, (2, 3, 0, nh 
1,0); m (7, 14 1 


Prove that oach of the two sets of. vectors is a hasi 
find the relationship between the coordinates of on 
the samo vector in the two bases: 


1280. e, == (1, 

(3,1,4), е 

1281. е, = (1, 
a, = (1, 3, 2, 3; 


e = (2, 2, 5, 4), eL ( 


9. 1), в, = (2, 3,3), ey 9 (3,7, 0; , 
» (5, 2, 1), ef (1, 1, 0) 
L 1,1) edm (0,2, 1, 1), e (110 
a; = (1/0,8, 3, ej — (—2, -3, —5, 4 
2, —3 4, —4) 


1282. Find the coordinates of the. polynomial 


К) = в + yz аа... аца" 
1) in tho basis 1, 2, 22, ..., 2^; 
i in the basis 1, 2— a, (29 —a)*, ..., (x — a)" ato 


having ascortained that the last two polynomials do indo 


form a basis, 


1283. Find tho transition matrix from tho basis 1, 


a, ..., 2" to the basis 1, 2 а! (х 


By + +15, (Ba) 


in the space of polynomials of degree less than or equal to 
1284. How doos tho transition matrix vary from ono basi 


to another 
b 


if two vectors of the second basis are intorchanyod? 


c) if the voctors in both bases are givon in roverwl 


ог? 
State whether 





to 1293): 
(оя аго 


4 linoar subspace 


1285. All vectors of a 

me ual 
vectors 
coordinate ре 


i if two vectors of tho first basis are Interchange? 
ог 


each of the following sets of vectors i 
of tho appropriate vector space (from 11:5 


n n-dimensional veetor space who 
intogors, 
+ ach of which lies on опе 


w to 
о он Jul 
assumed to coincide with the 











— 


4289. All vectors of three-dimens: 
of the vectors not lying on a given s 

1200. = = T à plane, the 

in the first quadrant of the coordinate syst 
. All vectors in №, whose coordinates EUM th 
equation dz, -... n, — 0. Y e 

4292. АЙ vectors in R,, whose co 
EE aue Lu 

4293. All vectors that are linear combina 
en: — 1 Sr in Ry. 

12%, Enumerate all linear sub: i 
sa ton — spaces of three-dimen- 
- 4295. бир the linear subspace Z, lies in the li 
‘subspace Рю that the dimension of Y. does tec 

the dimension of Ly, the dimensions being equal if and 
s P = L, Does this assertion hold true for any two 


| img — of the given space? 


ional space, th i 
traight line, "mint 


termini of the vectors 








ordinates Satisfy the 





















tions of the 


, Prove that if the sum of the dimensions of two 
ces of n-dimensional Space exceeds m, then 
subspaces have a nonzero vector in common. 

at the following sets of vectors form linear 
and find the basis and dimension of each (1297 


All n-dimensional vectors with the first and last 


n-dimensional vectors whose coordinates with 
у are zero. 
ensional vectors whose coordinates with 
are equal. 
mal vectors of the form (a, p, c, p, 
and B are any numbers. 
ware matrices of order n with real 
n from any field P) form a vector 
al numbers (respectively, over 
are addition of mat- 
x by a scalar. Find the 








1303. Prove that all symmetric matrices form a linear 
subspace of the space of all nth-order square matrices, Find 
the basis and dimension of that subspace. 

1304, Prove that skew-symmetric matrices form a linear 
subspace of all nth-order square matrices. Find the basis 
and dimension of that subspace. 

1305. Prove that if a linear subspace L of the space of 
polynomials of degree <n contains at least one polynomial 
of degree k for k — 0, 1, 2, . . ., p, but does not contain 
polynomials of degree kœ p, then it coincides with the 
subspace L, of all polynomials of degree <p. 

1306. Let f be a nonnegative quadratic form"in m un- 
knowns of rank r. Prove that all solutions of the equation 
1 = 0 form an (n — r)-dimensional linear subspace of the 
space H,. 

1307. Prove that the solutions of any system of homo- 
geneous linear equations in m unknowns of rank r form 
a linear subspace of the n-dimensional space R, of dimen- 
sion d = n —r and, conversely, for any linear subspace L 
of dimension d of the space FE, there exists a system of 
homogeneous linear equations in n unknowns of rank r = 
= п — а, whose solutions fill the given subspace L exactly. 

1308. Find some basis and the dimension of a linear 
subspace L of the space R, if L is specified by the equation 
tt tit i.e te, =O 

1309. Prove that the dimension of a linear subspace L 
spanned by the vectors z,, ra, . . -, 2, (that is, the subspace 
of all linear combinations of the given vectors) is equal 
to the rank of the matrix made up of the coordinates of the 
given vectors in some basis; for the basis of the subspace L 
we can take any maximal linearly independent subset of 
the set of given vectors. 

Find the dimensions and bases of the linear subspaces 
spanned by the following sets of vectors: 

1810. a, — (4, 0,0, —), a4 — 2,1, 1, 0), a= 
= (4,4, 1, 1), a, — (1, 2, 8, 4, a, — (0, 1, 2, 3). 

1811. a, — (1, 1, 1, 1,0), a, — (1, 1, —1, 1, 1), 
наз = (2, 2, 0, 0, —1), a, = (1, 1, 5, 5, 2, a. — (1, —1, 

{ 


—1 i 
ES us systems of linear equations that specify the 


linear subspaces spanned by the following sets of vectors 
(1312-1316): 
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ы os if necessary, the order of these vectors, we can consid, 
1312. a, =(1, —1, 1,0), а. = (1,1,0, 0), а, that the vectors a, ..., ай, By, ©. +) Ben form a hye 


ie Q. 0, 1, 1). F of S. ч 
1313. a, = (1, —1, 1, —1, 1), а„=(1,1,0,0,3), The equation 
a; = (3, 1, 1, —1, 7), a, — (0, 2, —1, 1, 2). да, +... + зак = Yb, +... + yd, 
i the int ti Ft is equivalent to a system of n homogeneous linear equat, 
1314. Prove that the union and the intersection of two | EOM EU AE E E crap et | a 


linear subspaces of the space R, are themselves linear U . 
E P P Since the first s columns of the matrix of the system an 


subspaces of that space. J 
1315. Prove that the union (or sum) $ = Li + L, of linearly independent and, hence, at least one minor 
two linear subspaces of the space R, is equal to the inter- order s in these columns is different from zero, we can tak, 

| the last k + 1—s=d unknowns Уи И for the 


section of all linear subspaces in H, that contain both L, 
free unknowns. We can therefore find, for the system of 


and Ly 
1316. Prove that the union of the dimensions of two equations (1), the following fundamental set of solution 


linear subspaces of R, is equal to the dimension of the i 5 

union plus the dimension of the intersection of these sub- } Mon ры ТЫНЫ р ый 05.2... 9 

шн —€ E E r such that © 
у imension s of the union and the dimension d 

of the intersection of the linear subspaces: L, spanned by Porra Yun 350 j) 

йр pus a An -= an and L, spanned by the vectors Ya, sorti ++- Yat Я м 

ЛЕ ИТР бё: Then the basis of the intersection D is the set of vectors 


1817. a, =(t, 2, 0, 1), a= (1, 4, 4,0) ond в = : 
=(1, 0, 1, 0), b, = (1, à, 0, 1). ei Binh @=1,9,...,@). 0 
1318. a, — (1, 1, 1, f), a,— (1, —1, 4, 4 i 1 
у ST en vile Сы а Note. Since d = k -- 1 — s, this yi 5 
2 3 i 3; b — (1, 2, 0, 2), 5, — (4, 2, 1, 9), re. tion of problem 1310. s, this yields the second solu- 
= (3, 4, 8, 4). т Find the bases of the unions and intersections of linear 


s subspaces spanned by the sets of vectors а... ар апі 
ups Ur ^ 
1320. a, = (1, 2, 1), rase dote =1), а, = (1, 3, 3); 
% = (2, 3, —1), b, — (1, 2, 9), bs — (4, 1, —3). 
i — ND doe aes (2, 3, 4, 0), а, = (1,2, 
фы; bi (1,1,1,1), „= (1,0,1, —1), bs= (4, 3,0, —4). 
{ а, а = (1, 1, 0, 0), а, = (0, 1, 1, 0), a, = (0, 0, 
= a, 0, 4, 0), 6: (0, 2, 4, 1), 6, = (1, 2, 1, 2). 
E that if the dimension of the union of two 
п 18 опе unit greater than 
then the union coincides 
coincides 






319. Suppose L, is a linear subs] 
space of the space R 
а, a И ar and let L, be gut subspace 


the b 
ter: 


— 












, Let L, Li, L; be linear subs 
we that. L is a direct sum of а E F Space Ry. 
conditions, hold true: ШУ енна 
и L contains L, and Ly; 
every vector z € L is uniquely represent 
mad Where x, € La ox. € Ly In — — s 
sm L= L, + Ls is a direct sum if and only if for ey 5 
molor æ E L the representation x = 2, + æ., wher i 
Eby fe € L,, is unique, » —— 
1325. Prove that the sum aS of linear subspaces L; and Z 
is a direct sum if and only if at least one vector ze S can 
be E represented as z — z, --z,, where 2, € L 
aC oe | 
1326. Suppose a linear subspace LZ is a direct sum of th 
linear subspaces Z, and Ly. Prove that the Е L 
Bani to the sum of the dimensions of L, and Ly; also 
жү ases of Z, and Le together yield a basis of L. ү 
* . Prove that for any linear subspace L, of the space 
the 








it is possible to find another subspace L, sı 

whole space R, will be a direct sum of № and mn at 
DR. Prove that the space R, is a direct sum of two 
subspaces: £, specified by the equation z, + 2, + 
+ % =Oand L, given by the system of equations 
=... = um. Find the projections of the unit 


DO. - 0) в, = (0,1, 0,...,0),... 


а (ОТОО) 

I and on allel to Ly. 
n — the ремарки ео еее of 
ct sum of the linear subspaces L, of sym- 
and L, of skew-symmetric matrices. Find 
|, and A, of the matrix 





















conversely, for any d-dimensional linear manifold P of the 
space R, there exists a system of linear equations in n 
unknowns of rank r = n — d, the solutions of which exactly 
fill the given manifold P. 

1331. Given two linear manifolds (see Sec. 10, intro- 
duction) P, = L, +a, and. P, — Ly -+-x,, where Ly, Ly 
are linear subspaces and 2,, ®_ are vectors of the space R,,. 
Prove that P, — P, if and only if. L, — L, and z, — z, € 
€ L, Thus, the linear space whose parallel translation 
yields the given manifold is defined uniquely. 

1332. Prove that if P = L-+ a, where L is a linear 
subspace and 2p is a vector of the space R,, then the vector ay 
belongs to the manifold P and replacing this vector by any 
other vector z € P yields the same manifold P. 

1333. Prove that if a straight line has two common 
points with a linear manifold, then it lies entirely in that 
manifold (here, a point is identified with a vector having 
the same coordinates, i.e. issuing from the coordinate origin 
to the given point). 

*1334. Prove that any two straight lines of the space 
В„ (п > 3) are contained in a certain three-dimensional 
linear manifold lying in Ry. 

1335. Find the conditions that are necessary and suffic- 
ient for the two straight lines æ = ay + at and = = 
= b, -+ bt of the space R, (n > 1) to lie in a single plane. 

1336. Find the necessary and sufficient conditions for 
two straight lines x = ag + at and x = bg -+ bt to pass 
through a single point without being coincident. Indicate 
a method for finding the point of intersection of these 
straight lines. 

Find the point of intersection of the two straight lines 
ay + at and by + bt: 

1397. a, — (2, 1,1, 3, —9), а = (2,3, 1,1, ~i); 
by = (ly ty % 1, 2), = (1, 2, 4, 0, 4). 

4338, a, = (3, 1, 2, 4, 3), а, = (1, 0, 1,1, 2); Oy = 


=, 2, —4, —1, —2); & = (2, 1, 0, 1, 0). 
[ . Ў necessary and sufficient conditions for 
і | a point specified by a vector e a unique 

aight line two given straight lines z — а, + 
-at and z = bg T Indicate a method for constructing 
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such a straight line and the points of its intersection with 
the given straight lines. b — 

Find a straight"line that- passes through a point specifie 
by a vector c ЯН intersects the straight lines a = a) + at, 
x= b, + bt, and find the points of intersection of the 
desired straight line with the two given straight lines: 

1340. ay = (1, 0, —2, 1), a = (1, 2, —1, —5); bo = 
=(0, 1, 1, —1), bj (2, 3, —2, —4); «= (8, 9, —11, —15). 

1341. ay — (1, 1,1, D, а, = (1,2, 1,0); by = (2, 2, 3, 
í), b = (1, 0, 1, 3); ¢ = (4, 5, 2, 7). 

1342. Prove that any two planes of the space R, are 
contained in a linear manifold of dimension <5. 

1343. Prove that two linear manifolds of the space В» 
of dimensions k and / are contained in a linear manifold 
of dimension <k + 1+ 1. 

1344, Prove that if two linear manifolds—P of dimension 
k and Q of dimension /—of the space R, have a common 
point, and k+ l> n, then their intersection is a linear 
manifold of dimension > &--7 — n. What theorems follow 
from this for three-dimensional and four-dimensional space? 

1345, Describe all cases of mutual positions of two planes 
Seale Sil ich ы Ын i nr 
n an icate the i 
n lor each of these cases. ia. cia 

3 "uppose 









Dy, diy. cud (1) 
1 vectors of the space Ra- Prove that all vectors 


нана оца (2) 
^ % satisfy the condition 

а = 1 (3) 

5 ou is equal to the 





















A Euclidean (respectively. 
mensional vector I 


linear manifold P there exists a set of k -+ 1 vectors (1) au 
that P consists of all the vectors of the form (2) given candi 
tion (3), and the sct of vectors (4) is linearly independo 

*1347. A line segment with endpoints at. point 


by the vectors ay, as of the space Rp is defined as the collecti 





of all points given by vectors of the form a Qt, t 
where &, -- ®% = 1 апа 0 < a, 1, 0 Qa. 4, 3 


set M of points of the space R, is said to be convex || | 
any two points in M the entire segment with endpoint 
these points lies in M. Show that an intersection ol an 
of convex sets of the space R, is à convex set. A con 
closure of the given set A in R, is the intersection of 
convex sets in R, that contain A. Prove that the conv 
closure of a finite system of points of the space R, specifi 
by the vectors ay, &,, . .., ay consists of all points givi 
by vectors of the form z = ла, - ва, +... фа, 


where 2j o; — 1 and0<a, <1 (i=1,2,..., k) 


ici 
*1348. Find the shape of a solid obtained in the seclion 
of a four-dimensional parallelepiped (it is a lour-dimen 
sional cube in the case of a rectangular Cartesian coordi 
nate system) |z; |< 1(i = 1, 2, 3, 4) by a three-dimension 
al hyperplane with the equation z, + 2, + Ty + 2, = 0. 
“1349, Find the projection of a four-dimensional tetra 
hedron bounded by coordinate three-dimensional subspaces 
and by the hyperplane z, + 23 а. ха =1 оп № 
subspace z, + Ta + z4 + z, = 0 parallel to the straight 
line 2р = 44 — Ty = T, 
id 1350. Prove that a diagonal of an n-dimensional paral- 
le epiped is divided into x equal parts by the points of its 
— with (n = 1)-dimensional linear manifolds 
ара through all vertices of the parallelopiped parallel 
a ee PD LM — through the endpoints of all » 
Кө АКЕ coincides with one of tho endpoints o! 


Sec. 17. Euclidean and Unitary Spaces 


Space H, is an n-di 
of real numbers (re 
hich each pair of vectors e 
e ly, complex) number 
— Б 
РЕТРО 


usn E uu 

















called the scalar product of th 1 
В И по conditions hold: © vectors, provided 
(a) in the case of a Euclidean space: 


(=, у) = (у, а), (4) 
(@ + 2, y) = (@, y) + (wa, у), (2) 
(az, y) = a (x, y) (3) 

for any real number a. 
If #0, then (x, z) > 0; (4) 

(b) in the case of a unitary space: 

(æ, y) =, 2), (1) 
(x, ть, у) = (в, у) + (в, и), (2') 

which coincides with (2); 
pre (az, y) = а (к, у) (3) 

Macer complex number c. 

> If x40, then (а, а) 2 0, (4’) 






with (4). 
generally, any set of vectors) ej, eg, . .. 
to be orthonormal if 






( | when i=j, 
E |O when ij. 





1351. Prove that the following properties flow from the 
properties of a scalar product as indicated in the intro- 
duction: 


(а) (=, и: -- Уз) = (©, Ys) + (@, ys) for any vectors of 
a Euclidean (or unitary) space; 


(b) (z, ay) = æ (æ, y) for any vectors z, y of a Euclidean 
space and any real number 0; 
(с) (т, ay) = œ (z, y) for any vectors æ, y of unitary 
space and any complex number q; 
(d) (v, — 25, y) = (ть и) — @ 9); 
(e) (z, 0) — 0. 
1352. What properties must the bilinear form 
n 
g= 2i an have so that its value in the coordinates . 
i, j=: 
of any two vectors 


ж = (д, 23, 55 2), Y= (Vais Yana sa Un) 


of a real vector space R, relative to some basis ei, €y, - - - 
. ++) @, may be taken for the scalar product of these vectors, 
which product defines an n-dimensional Euclidean space? 


Find the scalar products of the vectors of the chosen basis. 
n 


1353. Given a Hermitian bilinear form g=, x. Л 


The bar over the unknown yj, means that when y; Ís re- 
placed by its numerical value c, the y; should be replaced 
by the complex conjugate value œj. Let the matrix A = 
— (ai)? of this form be Hermitian, that is, 2;j — ay) 

= . n) Show that the values of the cor- 
responding Hermitian quadratic form f= en 
for arbitrary complex values z,, za, ..., zs are real, and 
if the form f is positive definite, that is, f — 0 for any 
complex values z,, zs, .. ., v, not all zero, then specifying 


the scalar product by the equation (x, y) = РД 


whe o zy nd yy s.s, Ua are the coordinates of 
"e vocis 2 and y mespectively Là aon basis e -= -+ n 


wt 


„ТЕ Зу бз» 








transforms this space into 


pace В, 
EC ro te mi tary space may be obtained 


‘a unitary space; note that any uni 


in this fashion. 
1354. Prove that the scalar product of any two vectors 


ж = (ш, ду... 2), Y= e Yay А) 
of a Euclidean space is expressed by the equation 
(в, у) = аи ga nn 
if and only if the basis in which the coordinates are taken 
is an orthonormal basis. 

1855. Suppose L, and L, are linear subspaces of a Bucli- 
dean (or unitary) space #,, the dimension of L, being less 
than that of Lo; prove that there is a nonzero vector in Ly 
0) nal to all vectors in Ly. 

1356, Prove that any set of pairwise orthogonal nonzero 
vectors (in particular, any orthonormal sot) is linearly 
independent, 

Verify that the vectors of the following sets are pairwise 

and complete them to form orthogonal bases: 


1357. (1, —2, 2, —3), 1358. (1, 1, 1, 2), 
Q —3 2, 4. (, 2, 3, —3). 

the vectors that complete th 

à to form: orthonom gom e following sets of 


















1303. (2, 1, 3, —1), 
(7,4, 3, —3), 
tt deg. 
(6,7, т 8), 

1364. The orthogonal complement of the subspace L oi и 
space R, is the set L* of all vectors in Ra, each of whi 
is orthogonal to all vectors in D. : 

Prove that 

(a) L* is a linear subspace of the space R,; 

(b) the sum of the dimensions of Land L* is equal to ; 

(c) the space FR, is a direct sum of the subspaces L and L 

1365, Prove that the orthogonal complement. of a linear 
subspace of the space R, has the following properties 

(a) (Z*)* = L, (b (y -- L)* — п 
(o) (L N La)" = L? + L}, (d) RE =O, oF В, 
зно is the zero subspace containing the sole zem 

1366. Find the basis of the orthogonal У 
of the subspace L spanned by the и Е“ 
a = (1, 0, 2, 1), d, = (2, 1, 2, 3), a, = (0, 1, —2, 1) 

1367. A linear subspace L is given by the following 


equations: 
25, 4 2, -- 32, — 2, = 0, 
2 k 22, ҹы — 244 = 0, 
acr d 9%, — 4. = 0, 
k mn" equations that specify tho orthogonal com plo- 
368. Show that Specification of the linear 
subspace /, 
of R, and its L* in an — * 
coefficients of a eot 























the orthogonal projection 
.& of the vector x on the Toa: soto ot hogonal 
в = (4, —1, —3, 4). L is Spanned 
dy G2 tt, 2. 2 I), ay EAS 
POER ES itte iui by the ед 
yw о. ts = d, 2,8 
(7, —4, —1, 2). L is given by s system 3 


22 + =. + z, + 3z; = 0, 
За 22: 4+ 223+ =, = 0, 
T + 2r, + 2z, — 9r, = 0. 


The distance from the point given by the vector x 
аг manifold dm L +z, is the least of the 
from the given point to the points of the manifold 
‘minimum of the lengths of the vectors « — и, 
a vector of P.- : 
at this distance is equal to the length of the 
ment æ of the vector 2 — 2, relative to 
L, a parallel translation of which yields 


distance from the point specified by the 
ear manifold specified by the following 





*1376. The distance between two linear manifolds P, = 
- [,+ 2, and P, = L} + T, is the minimum of the 
distances of any two points, one of which belongs to P, 
and the other to P,. Prove that this distance is equal to 
the length of the orthogonal component of the vector z,—z; 
relative to the linear subspace L = L, + L} 

1377. Find the distance between the two planes z — 
= dt, + Qata + £, and = = азі 4 аці, 4 23, where 


ау 21, 794, 
аз = (2, 0, 2, 1), a, = (1, —2, 0, —1); 
жү = (4, 5, 3, 2), =, = (1, —2, 1, —3). 


*1378. A regular n-dimensional simplex of the Euclidean 
space Rp (p > n) is a convex closure (see problem 1347) 
of a set of equally spaced points n + 1. The points of the 
set are termed vertices; the line segments joining them are 
called edges, and the convex closures of the subsets of k+-1 
points of the given set are termed k-dimensional faces of 
the simplex. Two faces are said to be opposite faces if they 
do not have any vertices in common and any one of the 
n + 1 vertices of the simplex is a vertex of one of the faces. 

Find the distance between two opposite faces of dimen- 
sions k and m — k — 1 of an n-dimensional simplex with 
edge length unity, and prove that it is equal to the distance 
between the centres of the faces. 

*1379. Let e be a vector of unit length of the Euclidean 
(or unitary) space R,. Prove that any vector x in R, can 
be uniquely represented as 2 = we + #, where (2, e) = 0. 
The number c. is called the projection of the vector 2 on the 
direction of e and is denoted as prex. 

Prove that 


(а) pre (e + у) = Phew + prey; 
(b) pre (hae) = Apres; 
(с) prex = (z, e); 


(0) for any orthonormal basis ¢,, «++» ¢ and any vector 


2 the equation ш = Хотя holds true. 


*1980. Let ej, . . =, €x be an o 
of the Euclide n space 1 


“+ 





we have the inequality (Bessel's inequality) 
h 
Y ora} <le 
=! 


al equality for 


And this inequality becomes the Parsev the set 


апу æ in R, When and only when k= n, that is, 
в... & is an orthonormal! basis. А " 
*1381. Prove the Cauchy-Bunyakovsky inequality 


(x, y)? < (x, x) (u, y) 


bitrary vectors z and y of Euclidean space, the equals 
M il and only if the vectors z and y arelinearly 


dependent. 


Find the lengths of the sides and the inte rior anol 
— whose vertices are given by their coordinan 


4, 0); С(5 


1385. A(2, 4, 2, 4, 2); В(6,4, 4, 
1, 2), 
1386. A(1, 2, 3, 2,1); В (3,4, 0, 4,3); С (1+ | 


24-45 V 78, 3-- 3g V8, 2 -- p V 78, 14 | 


1387. Prove the following generalization of the theo, 
of elementary mathematics concerning two perpendieul 
lines: if the vector z of a Euclidean (or unitary) space 


*1382. Prove the Cauchy-Bunyakovsky inequality 











orthogonal to each of the vectors a, @y, ..., ay, thoy 
(2.0) (0 2) < (2, а) (у, р) it is orthogonal to each vector of the linear Subspace | 

for arbitrary vectors æ and y of unitary space, the equals spanned by the vectors qd, ay, ..., ap. 
sign occurring if and only if the vectors x and y are linearly 1388. Prove that if z = ау, thon |x |= | а 1-11 
Here, |æ |, |y | are the lengths of the vectors z and y 


dependent. 
1983. Using the Cauchy-Bunyakovsky inequality, prove 
the following inequalities: 


п n n 
2 2 Ni 
(a) (2) aibi)*< >) at. >i ot 
for oo numbers 4, .. 25 by, «.., by (See prob- 
P s 


*1389. Prove that the square of the diagonal of a rectangy 
lar n-dimensional parallelepiped is equal to the sum of Liv 
squares of its edges emanating from a single vertex (thi 
is i n-dimensional generalization of the Pythagoras thoo 
rem). 

*1390. Prove a theorem stating that tho sum of the 

Squares of the diagonals of a paral elogram is equal to the 

sum of the squares of its sides. 

1391. Prove a theorem Stating that the square of a side 

of a triangle is equal to the sum of the squares of the other 

two sides minus twice the product of those sides into the 

cosine of the angle betweon them. Do this by using the 
scalar multiplication of vectors. 

the Ca ako vaky inequality to prove 

(X, Y) is the e hetween 

then for any three points A, B and C 

+ p(B, C)>p (A, С), Mb: occurring 

‹ drawn from A to 


the vector 























form the same angle q, with all the edges, Fi 

also its limit as n= o. For А 
о a. 
1396. Find an expression for the radius R 7 
— m и cube ins die 
К m "e я R and a is greater for different 

. Prove t| at theTorthogonal projection of 

of an n-dimensional cube on any — or cen 
equal, in absolute value, to 4. of the length of the diagonal. 


*1398. Prove that the orthogonal projecti 
р jections of the 
vortices of an n-dimensional cub i i 
i itom equal ae @ оп апу diagonal divides 
. Lot æ and y be nonzero vectors i 
me Ж Prove that ectors of the. Euclidean 
(a) ж = «y, where © > 0 if and only i 
"m d и оз only if the angle be 
ж = gy, Whero æ < 0 if and only if tl - 
nd y is equal to zt. P aaa To 
0. Prove that of all yectors of the linear subspace L 
est angle with the given vector z is formed by 
l projection y of the vector z on L. Here, the 
и) = соз (т, у’), where y’ € L, holds if 


X where œ > 0. 
‘the angle between the diagonal of an n-dimen- 
its k-dimensional face. ian, 


etween the vector z and a linear subspace 
NOM CELUM 














of the angles between the nonzero vectors a, and z,, where 
æ, E Lys Ta E Ly И the intersection № П b, — D #0, 
and DÆ L, DÆ L4 thon the angle between L, and L, 
is the angle between their intersections with the orthogonal 
complement D* to the intersection JD. If one of the given 
subspaces is contained in the other (in particular, if they 
coincide), then the angle between them is assumed to be 
wero. The angle between linear manifolds is the angle be- 
tween the subspaces that correspond to them, Show that 
the angle between any subspaces or manifolds is always 
defined and is zero if and only if one of the subspaces or 
manifolds is contained in the other or the manifolds are 
parallel. 

*1405. Find the angle between the two-dimensional faces 
AsA34 4 and A54 44 4 of a regular four-dimensional simplex 
(see problem 1378) АА: А.А зА а. 

*1406. Find the angle between the planes ay + sty + 
+ at, and by + biti + bata, where 
а = (3, 1, 0, 1), a= (1, 0, 0, 0), а = (0, 4, 0, 0), 
by = (2, 4, 1, 3), Br = (11, 1, 1), ba = (4, —1, 1, —0. 

#4407. Given a linearly independent set of vectors ej, 
е... €, and two orthogonal sets of nonzero vectors 
Ду, fos e e fa and gi бз. +, йз such that the vectors fy 
and gy are linearly expressible in terms оё, Фан: в, 
(ie = 4, 2, oo oy 8). Prove that fy = %ngn Ve = DEA ess 
2. 8), Where oj s^ 0. 

*1408. Let Rayı be a Euclidean space, the vectors of 
which are all polynomials of degree <n in the sole unknown 
x with real coefficients, and the scalar product of the poly- 
nomials f(z) and g(x) is defined thus: 


+! 
к д= | /@(д%. 
=! 


Prove that the following polynomials (called Legendre 
polynomials) | 


В, (в) =1, М (= 1,24, ..,п) 
form an orthogonal basis of the 92 Ror 

A09. Using the definiti Legendre polynomial 
die in 08 DAS the polynomials Py (x) 


is of 
E ‚ 3, 4. Convince yourself that Px (z) is o 
— Ке out in full the expression for P} (x) in 


for arbitrary k. . 
Pato. ite DS length" of the Legendre polynomial 


Pale) as a vector of the Euclidean space R,+, of prob- 
1408. 


“аи. ‘Compute the value of the Legendre polynomial 
Py(z) for z — 1. ы: 

*1412. Give prove that if the orthogonalization process 
is applied to the basis 1, z, 2*, . . ., 2" of the Euclidean 
space H4, of problem 1408, the result will be the polyno- 
mials fo(z), f(z), ..., falz) that differ from the corres- 

nding Legendre polynomials by constant factors only. 
Find those factors. 

1413. Suppose the vectors а, а,..., A, are carried 
into the vectors bj, by, aoa 6, respectively by orthogonal- 
ization. Prove that b, is an orthogonal component of the 
vector ay relative to the linear subspace Ly spanned by 
Ч, +, ак (К > 1). Furthermore, prove that 


081% |< [а | (-1,2,..., n). 


Here, | b. | — 0 if and only if a, is linearly expressible 
S Pi usd n Or ay = 0 ( = 1); 

\ a and oni (a = = 
и i25 a — МО Е", 


ы 
"414, Prove that the intogral J Wal ar whore ya) 
e nth-degree olynomial with real coefficients and leading 
с И tta dts nii 


= an. 
та um, — уар 
























УТ terminant does not change wh, 

vo that tho Gram de | по 

он is applied to the vectors æ Ж 
that is to say, if after orthogonalization the vectors a, 

Ms a, are carried into the vectors b, by, th 


(ayy eee an) = g (bis o» e On) 
= (b, bi) (ba, ba) (brb, 


Using this fact, determine the geometric moaning y 
в (а, аз) апа р (а, аз, ал) оп the assumption that thy 
vectors are linearly independent, 

*{416. Prove that for the vectors a, ..., ay of à Euclid 
ean (or unitary) space to be linearly dependent, it is 
sary and sufficient for the Gram determinant of these vector 
to be zero. 

*1417. Two bases e, ..., e, and f,,..., f, of a Euclid 
ean (or unitary) space are said to be reciprocal if 


1 for i=j, 
(es£)- (o for ij. 


Prove that for any basis ej, . . ., €, the reciprocal basis 
exists and is uniquely defined. 

1418. Let S be the transition matrix from the basis 
1, +++; еп (о the basis ef, ..., ef. Find the transition 
matrix 7’ from thej basis f,, . . ., fn» that is reciprocal to 
the basis ej, ..., ez, to the basis f; ..., fs, that is 
еее a {зз basis 20 5 еп, 

a) in Euclidean space, п unitary space. 

"1419. Provo that the Gram ҮЙ ап Eg (a, ..., 2) 
is TM to zero if the vectors Qis... ap aro linearly dò- 
pendent, and is positive if they are linearly independent. 

20. Prove that if tho linearly independent vectors 
%4) +++) Gq are carried into the vectors b, ..., b, by 





neces 








































d the distance from the coordinati 
consisting of all nth-degr 
‘coefficient unity. 

Prove that the following e 
determinant: 


(X 0x £(a, vey Gy) S |а |... |а, 2. 


(а. -... ал) = 0 if and only i 

are linearly dependent, ЫЙ P a owes 

ve |a. P if and only if the vectors db s 
e EMT at n one of them is чето, i 

7 ing problem to prove the Hadam rd 

еа that if D =| ш, [0 іѕ а — 


ts, then D? < L Z aj; (see problem 923) 
occurs if and only if either 


e origin to the ]i 
inear 
ee polynomials with 


quation holds true for 


Anan =0 (iAj;i,j—1, 2,...,n) 
һә > 


contains a zero row. How is the asser- 
determinant has complex elements? 


oie лу 

We determinant D; of a positive 
ET » à; jz;1, satisfies the inequal- 
dj 
B aee 


, 


| И _ of the Euclidean 


(0) У (а... ап) = У (а, +. On -1) hin, where hy, із 
the length of the orthogonal component of the vector a, 
relative to the subspace spanned by the vectors a, ... 

2 04-4. Prove that 


V (ty 021 an) =V Elan ---, An) =| Dp 
where D is a determinant of the coordinates of the given 
vectors in some orthonormal basis of n-dimensional space 
spanned by the vectors ay, «+ +) п. 

*1428. Prove that the volume of an n-dimensional paral- 
lelepiped does not exceed the product of the length of its 
edges emanating from a single vertex, and is equal to that 
product if and only if the edges are pairwise orthogonal, 
that is, if the parallelepiped is rectangular. 

*1429. Prove the following property of a Gram deter- 
minant: 

B (ayy oy Ory By n b) 
ЗЕ (а, o a) g (bn 8), (0 
equality occurring if and only if 
(a;, b) —0 (i 1,2, .. 5 hy f=1,2,--+. (2) 
or if at least one of the subsets a, .- +; €x and by <- bi 
is linearly dependent. 

*1430. Prove the following property of the volume of 
a parallelepiped: V (ay, - - -, Gri by 4 06) € V (me 
‚а ак) V (bas . 6); note that equality occurs if and 
only if (a;, bj) =9 @=4, 2, ++ kh $12, ..41. 

*4431. Prove that if A is a real symmetric matrix of 
order n with nonnegative principal minors, A, is a matrix 
of order К< л іп Ще upper left-hand corner, and A, is 
a matrix of order n — & in the lower right-hand corner of A, 
then | А |< |4: |1 А. | (compare with problem 922). 

#4432. Solve the same problem as in #1431 with the 
proviso that A is a Hermitian matrix with nonnegative 
principal minors. = | 

#1433. Find the con itions that are necessary and suffe- 
ient for Ci, positive numbers — 


Jap 6 1-0 d ed (0) 
алое ч ОЮ $ s 9 







ав та е wa wt E 
(a) the distances of all possible 
n-dimensional simplex of the Eu 






a set of n + 1 points not lying in an (n — 1)-dimensional 
linear manifold); К р " 

(b) the distances of all possible pairs of points of some 
set of m -- 1 points in the Euclidean space H,. 


Sec. 18, Linear Transformations 
of Arbitrary Vector Spaces 


In this section we are concerned mainly with linear 
transformations of affine vector spaces. The transformations 
of Euclidean and unitary spaces are considered in the next 
section, 

Linear transformations are denoted by q, tp, and so on, 
the image of the vector x under the transformation ф Бу фх, 
the set of vectors pa,,.. ., pa, is denoted by @(a,, . ан, 

The matrix of a linear transformation in the basis 
ei, -a €n is the matrix Ag, whose columns are made up 
of the coordinates of the images of the basis Perf. -, фе, 
in the same basis e,, .. ., en; in other words, the matrix s 
is defined by the equation B 


9 (es «s Cn) = (е... 6s) Age (1) 
Let T be the transition matrix from the basis e 
to the basis f,, ..., f, (see introduction to бес. 6), ‘and 


let A; and By be matrices of the transformati i 
aM and second bases respectively, We then VR оде 








B, = T3A,T, (2) 
coordinates y,, .. ., Yn of the im. 
у Su n 0 age px of the vect 
га linear | ansiormation p are expressed in ferns Gt 


Zi -a Tn of the preimage x 
matrix Ap = (a)i of 
basis in the following 


ару п) or, in matrix form, 













linear transformation q of the space R, are transformation 
defined as follows: 

(р) = = фе ре, (рр) = = Ф (фа), (p) ац 
for any vector æ in the space Rp. 

1434. Prove that the rotation, of a plane through 
angle œ about the origin of coordinates is a linear transfor 
mation, and find the matrix of that transformation in ar 
orthonormal basis if the positive direction for reckoni 
angles coincides with the smallest rotation that carri 
the frst basis vector into the second. 

1435. Prove that the rotation of three-dimensional spac 
through an angle 7 about a straight line given in a rectan 
gular coordinate system by the equations z, — z, =, 
is a linear transformation, and find the matrix of that 
transformation relative to the basis of unit vectors e,, e, е, 
of the coordinate axes. 

1436. Prove that projecting three-dimensional space on 
the coordinate axis of the vector e, parallel to the coordinate 
plane of vectors e, and e, is a linear transformation; find 
its matrix relative to the basis ej, ej, ез. 

1437. Prove that projecting three-dimensional space or 
the coordinate plane of the vectors e}, e, parallel to the coor- 
dinate axis of the vector e, is a linear transformation; блі 
its matrix relative to the basis ei, es, ey. 

1438. Prove that the orthogonal projecting of threo- 
dimensional space on the axis forming equal angles with 
the axes of a rectangular coordinate system is a linear 
transformation; find its matrix relative to the basis of unit 
vectors of the coordinate axes, 

1439, Suppose the Space R, is a direct sum of linear 
subspaces L, with basis a, .. ., &, and L, with basis 
Яку ғ + y Gn. Prove that the projection of the space on L: 
parallel to L, is a linear transformation; find the matrix 
of the transformation relative to the basis yy a Gn 
. JA40. Prove that there exists a unique linear transforma- 
tion of the space R, that carries the given linearly inde- 
‘Pendent vectors a,, ..., a, into the given vectors b, .- 
+++, Ön. The problem is to find the matrix of tbat transfor- 
ma! relative to the basis a, .. ., a. 

Determine which of the following transformations $. 
pec giving the coordinates of the vector qr 9 


wf g^'*mbm te zu 

























- 
functions of the coordinates of the vector * 


— gn tho case of linearity, find their r are nears 
к matric ' 
t e ОНО лов of the itricos in tho same basis 


d vectors a 1 ro give 
КЕС Елш атш “релш. 
№ 2. фл = (а, ty 1, xy 4 2). 
AB. parm (22, t+ ay, x, ан, 2%), 
= [n — % + Th yy Ta). 
that there oxists a uniquo li r 
\ nsional space that Sos M vision i 
— ely find the matrix ol 
ar Ze g Men basis in which the 
» 3,5), bm (t,t, 4), 
b, = (1, 1, —4), 
by = (2,1, 2). 
bem 2—1), 
| 5, —2) 
Bm 1) 
‘transformation @ of the space Ry 


lent vectors ay, . 6, e, into 
voly, erm that tho matrix 


















transformations relative to a basis consisting of the matrices 
10 00 0 1 00 
" a l И H 3 (0 il: 
1450. Demonstrato that differentiation is a linear trans- 
formation of the space of all polynomials of degre a 


in one unknown with real cooffictents. 
Find the matrix of that transformation in the basis: 


(ay 4, ty apes a^ 

(b) 1, 2—6, eu» ез c = ы , Where ¢ is a real num- 
hor, 

1451. What echange will the matrix of a linear transforma- 
tion undergo it two vectors en e; aro interchanged in the 
basis ej, ey, >. Cn? 

1452. А Hnear transformation q relative to the basis ej, es, 
eg, C, has tho matrix 


£2 0:4 
30—12 
25 31 
Tu 2 


Find the matrix of the transformation relative to the basis: 


Cy, Cay Cay Ca 
B D " ens dre es в Не Не te 


1453. The linear transformation p has, relative to the 
basis ej, € €» the. matrix 


15 —11 5 
: (» —15 s). 
ETE 8 


to tho basis 
es fim 36e дез F ty 
. = + 2e, 26s. 


ation p has, relative to the 






tho matrix 


f =18 15 
t = 22 o) 4 
1.25 22 


Find the matrix relative to the basis 

b, = (1, 2) 1), by (8, 1, 2), 0 0 (2, 1, 9). 

1455, Prova that tho matricos of ono and tho samo lnoar 
transformation in two bavos colnefde if and only if the 
transition matrix from ono of tho basos to tha othor eom 
mutes with the matrix of that Hnoar transformation rolativo 
to ono of tho givon banon, 

456, Prove that any Hooar transformation ф of one dl. 
monslonal space reduces to tho multiplication of all vectors 
hy tho aama senlar, that їн, (рї am for any vector w, 

1457, Lot tho translormation p have tho matrix. (7? 
relativo to tho basis a, (1, 2), aq (2, 3), The transfor 
mation y) has tho mateix (3 o) relativo to the basii b = 
DT i Ыы tno 

n matrix of the transformation q -+ lati 
to tho basls b,, by. ЕА 
A458. Tho transformation q has tho matrix (; E 
yo to tho basis a= (—3, 7), a UR (1, —2) and the 

mation p Han tho matrix (52) rolativo to tho 

; ‚ м. (5, 6), i Г 
ransformation qip in tho sama 
bo coordinates of all — 
ation. "paco 
roal cooffioionts such 
ita dorivativo, Show 


















1402. A linear transformation q of the apace M, | 
to bo nonsingular UW ita matrix Ap in somo (hance, in, 
bowls ія nonsingular, thot iv, | Ag |% 0. Provo that 
definition 15 equivalent to any one of the following , 

n linear transformation q is nonsingular HE (n) from qu 
Tollows a — 0; (b) under tho mapplng q, any basis of 
again pamon Into n banain; (o) the mapping үр іа ола ,, 
that do, AE an, of ary, thon. quan, sf pwa (d) p mapi tha apa 
onto the. whole прасе, аі ім, Гог any y € Ry, Whore js y 
a € Ht, such that pa ey; (a) qj has an Inverse transformat 
ap, that is, wp (qan) = æ for any æ € Ha 

"74403, Lot a he an eigenvector of tho Hnoar transform, 
tion @ that] belongs to the eigenvalue A, and let КИ № 
a polynomial, Prove that the same veetor w will be 
olgonvector of the transformation /(q) that belongs to th 
eigenvalue f(A), In other words, prove that as = Ae im 
plies /(ф) ж (A) a. 

“1404, Let a be an eigenvector of the linear transforma 
tion ) holonging to the elgonvalue A, and lot /(/) bo a fun 
Mon for which the transformation. | (i) ds meaningful (i 
in domo basis, q has a matrix A, thon f (qp) br defined in t 
samo basis by the matrix /(A), and it can be proved that 
10) doos not depend on tho choice of basis). Prove tht 
tho samo vector # will be an eigenvector of the transforma 
Шоп /(ф) which vigonvoctor ix associated with tha olgan- 
valuo f (A). 


Find tho elgonvalues and tho olgønvoctora of Hooar trans 
ormations specified in nomo basis by the following matrico 


1465, 2-1 2 1466, 010 
53 j. —44 o). 
-1 0-2 -212 


1408, 1-3 3 
à Е = 6 з). 
-1—4 8 


70. 7 Ti imd 
Ў (o n н). 
M32 —2 1 






















(00...01 


DOL, 0 
"1484. For thé matrix A—| * * c 
U.$ «0,0 
2.8 2000 


of order n, find a nonsingular matrix T for which the matrix 
B = TAT is diagonal, and find B. 

1485. A minimal polynomial for a vector x relative to 
à linear transformation q is a polynomial g, (A) with leading 
coefficient 1 and having the smallest degree from among 
all cancelling polynomials for æ relative to q, that is, the 
polynomials f (A) with the property that f (@) # = 0. 

A similar definition is given for the minimal polynomial 
g (À) relative to a linear transformation @ for the whole 
space, Prove that the minimal polynomial g (À) of the 
linear transformation q is equal to the least common mul- 
tiple of the minimal polynomials for vectors of any basis 


that the eigenvectors of a linear transforma- 
long to different eigenvalues are linearly inde- 






lat any square matrix A having distinct 
nilar to a diagonal matrix (over a field 
nents of the matrix and its eigenvalues). 
if the linear transformation p of the 
eigenvalues, then any linear transfor- 





о with p has a basis of eigenvectors, of the space relative to Ф. 
tor of q will be an eigenvector of yj. *1486. Find the conditions for which a matrix A, which 
matrix of a linear transformation has the numbers 6, &s, .. ., c, on the secondary diagonal 


if and only if the basis consists and zeros elsewhere, is similar to a diagonal matrix. 
given transformation. 1487. Find the eigenvalues and the eigenvectors of a 
following matrices of linear linear transformation which is a differentiation of polyno- 
duced to diagonal form by going miala of — e fo real — — 
that ` i ё і 1488. Let p be a linear transformation of the space Fin. 
ня — The set of all vectors qz, where z is any vector in Rp, is 
, termed the image of R, under the transformation q or the 
В domain of values of ф. The collection of all vectors æ in ft, 
such that px = 0 is termed the total pre-image of zero under 
the transformation «y, or the kernel of Ф. Prove that (a) the 
domain of values Tr ф is a linear subspace of Ry whose 
dimension is equal to the rank of q; (b) the kernel of рр із 
f à » the space ft, whose dimension is equal 
— difference between n and 


| tion and let L be a 
the ii у qL and (b) the 
L under a linear 


ir transformation 
image ph an 




















(b) the total pre-image q^! of any linear subspace L is 


sion of D. y 
et. — D to denote the dimension of the 


ace L and the notation “nullity q" to denote 
утте the linear transformation р. Prove that the 
dimensions of the image and the total pre-image of the 
subspace Æ of the space R, under the transformation q 
satisfy the inequalities 
(a) dim L — nullity p < dim ọL < dim L; 


(b) dim L < dim pL < dim L + nullity q. 


*1492, Use the preceding problem to prove the Sylveste 
inequality for the rank of a product of two square matrices A 
and B of order nm: ra +rg —N<rag<min (ry, rz) 
(see problem 931). 

1493. Prove that 


(a) rank (p +) < rank p + rank ip; 
(b) nullity (pp) < nullity @ + nullity p for any linear 


transformations p and 1p of the space R,. 

1494. Find the eigenvalues and the eigenvectors of the 
linear transformation @ specified in the basis а а аза, 
by the matrix t 








1497. Prove that the set of all eigenvectors of lings 
transformation associated, with one and the sam T 
value Ay (together with the zero vector) ix a linear 
space that is invariant under q. 

1498. Prove that all nonzero vectors of a space are ¢ 
vectors of the linear transformation if and only if | 
a similarity transformation, that is, qu ax with th, 
same c for any vector a. 

1499. Prove that any subspace L that is invariant und 
a nonsingular linear transformation p will also be invaria 
under the inverse transformation q-!. 

1500. Prove that (a) the image q L and (b) the total pre 
image q-'L of the linear subspace L, which is invi 
under the linear transformation p, are themselves invariant 
under @. 

1501. Find all the linear subspaces of the space of poly- 
nomials in one unknown of degree <n with real coefficients, 
which subspaces are invariant under the transformation р 
that carries any polynomial into its derivative. 

1502. Prove that the matrix of the linear transformation 9 
of n-dimensional space in the basis Gy, By, .. ., ay is 
a semidisintegrated block matrix of the form 

(a) (2 ий where A, is a square matrix of order 
k<n if and a if the linear subspace spanned by the 
first k vectors of the basis а, ..., ay is invariant under 9; 

A, 0 е E 

(b) (2 4) » where A, is a square matrix of order 
k<n if and only if the linear subspace spanned by the 
last n — ke vectors of the basis Oye, а, із іпуамалі 
under Фф; 

(с) the matrix is a disintegrated block matrix of the 


A } 
form (7 9). where Aj is a square matrix of order / 


2 
if and only if the subspace spanned by the vectors a, . 
>: аъ and also the subspace spanned by the vectors 
ang 12, 4, are invariant under Ф. 
1503. Let the linear transformation «р of the n-dimen 
sional space ft, in the basis p, d, have a diagonal 
matrix with distinct elements on the díagonal. Find all 
the дег subspaces that are invariant under р and deter- 
their number, 
1504. Find all the subspaces of three-dimensional space 
that are invariant under a linear transformation specified 


2m 

























order over the entire number line, with ordinary addition 
of functions and ordinary multiplication of a function by 
a scalar; and suppose ф is a transformation that carries 
any function into its derivative, 

Find: (a) all eigenvalues and eigenvectors, (b) all root 
subspaces of tho transformation «р, 

1516. A spaco R, is said to bo a cyclic space relative 
to à linear transformation ф И R, has n cyclic basis, that 


4 —29 
(_: 02|. 
я —1 41 


‘Find all the subspaces of three-dj 
1 ant. simultaneously under pnenslonal Space 


ns given by the matrices two linear trang 





t 5 —1 —1 —6 23 i is, a basis a, ap, >s an for which 
E: 5 —1] ona | 2—36 фа = амы (й=1,9,...,п—1) 
-1 — 5 3 62 Provo that if Ra is a cyclic spaco under p ond dy, Gy, <- 


+ ++ dy is a cyclic basis, then 

(a) the minimal polynomial "¢(A)' of the transformation” o 
is of degree m; 

(b) the minimal polynomial of the whole space coincides 
with the minimal polynomial of the vector a; 


that any two permutable lin 
ear trans А 
n have a common UE m 
5, any set (even infinite) of pairwise 
formations of the complex space №, 





ctor for all transf (c) if == ciay F Cala F: o H Cna еп tho mini- 
ürmattos of tio given mal — of the transformation q is defined by 
t all root vectors of distinct eigenvalues QU) = Л — ам — Cpe Met oo = e 










dent. 


and the root subspaces of the linear 
| dn some basis by the following 


1517. Prove that if the degree of the minimal polynomial 
g (A) of a linear transformation @ of the space ff, is n and 
(a) is the. degree оѓ а polynomial that is irreducible over 
the field over which the space ff, is considered, that is, 
in the case of a complex e g(r) = A — a)", then 
ae 8d (a) H, is not decomposable into a direct sum of two sub- 
14—78]. ne jus саами under q; 
Д8 cyclic under q. 
t hieu d» form of tho matrix of the transformation q 
in a cyclic basis? 
1518. Suppose the minimal polynomial of a linear trans- 
formation q of the space. f, is form (А a)". Prove 
that there is a vector æ such that the vectors (q — ae)! a, 
а (р ав) а, а, эћего в is the identical 
‘basis of the space. W А deem 





























ON 


is i i S i les, that this 
that is invariant under q. Show, using examples, t 
assertion doos notJhold for a subspace of even dimension. 
L contain a straight line, all 


Under“ what conditions, does n 
points of which remain fixed under the transformation q? 


1521. Prove that a complex space containing only one 
straight line invariant under the linear transformation ф 
is not decomposable into a direct sum of two nonzero sub- 
spaces that are invariant under Ф. 3 

1522. Prove that under a linear transformation q the 
complex space R, decomposes into a direct sum of one or 
several invariant linear subspaces, each of which contains 
only one invariant straight line and, hence (by the pre- 
ceding problem), cannot be decomposed further. 

*1523, Let p be a linear transformation of the space R, 
and let g (A) be the minimal polynomial of ọ. Prove that 

(a) if g (4) = h (A) k (A) and the polynomials A (A) and 
k (À) are coprime, then the space R, is a direct sum of the 
subspaces Z,, which consists of all vectors z such that 
h(gy)z — 0, and L,, which consists of all vectors cz such 
i K (9) vi = 0; 

1 & (A) = hy (A) №, (А)... №, (А) апі the polyno- 
mials ҺА), hy), ..., A) are ie a unn then 
A, is a direct sum of the subspaces L(—1,2,.. ^8) 


where L, consists of all vectors z such that h,(q) 
"1524. A linear transformation @ is give пате 
basis e, ej, es by the matrix RRA, fo) the 


100 
tai), 
—101 





1526. A linear transformation (р of the Euclidean 


unitary) space Ry, is given by фа (m, a) a. for aj, 
сш В: а Ва given nonzero vector. Find the minim) 
polynomial g (À) of the transformation and the decompo 
tion of the space into a direct. sum, the. decompositj; 
corresponding to the decomposition of g (À) into соргу 
degrees of irreducible polynomials with real coeifficjen, 
(or polynomials of the form A — œ in the case of a unitary 
space). 


1527. Find the Jordan form of the matrix of a lino 
transformation of the complex space H, if q has, up to 
a numerical factor, only one eigenvector. 

1528. Prove that the number of linearly independent 
eigenvectors of a linear transformation that belong t, 
one and the same eigenvalue A, is equal to the number of 
blocks we diagonal element A, in the Jordan form of thy 
matrix of Ф. 

*1529. Prove that the basis in which the matrix of the 
linear transformation q of the complex vector space В, 
has Jordan form can be constructed in the following manner 

(A) If not allj eigenvalues of q are equal and the charac- 
teristic polynomial is of the form 
ВО) = (А)... (А А) (Ap Ay for ize 
then we construct a basis of the subspace P, of all vectors z 
— ma Q — gh 5 7 0 (e is the identical transforma 

АДА уны н 

The space R, will be a direct sum of the subspaces P 
They are invariant under P; pin P; has one eigenvalue hi 
E — he) e = 0 for any vector x in Pi. їп this con 
oh abatari palyan LE te 
the exponents i, polynomial /(4) but this may lower 

(В) Let p in R, ha 
De the smallest positive — p Я te e à 

р = ф — а клм 7 
Y that apr i height of the vector a is the smallest ) 
ventana. oE helene t o denote iy В, the subspace of all | 
; height < —— ты only the 

e h the entire space. 

‘ te it to the basis of Ps, 
0 on, until the basis of 
‘these bases the initial 
kof initial; basis of /^ 


ie m 





















we construct a series of ve 
initial vector f. We then гае Ru M P Vis. 
tial basis) and vectors of height eran Pf Ra -a (say the ini- 
. Taken together, these vectors е посиігчојай 
dent. Now, using any vectors (say, fr are linearly indepen- 
Biichniplatsithen up fo the s om the initial basis of 
the supplemental vectors f (if they Е ье, Гоз овор. ої 
EU Lom, ess VUA, aid a йу construct a new 
Suppose that, at a certain stage, cert; үү 
constructed in which the vectors of h TAS PASSEN e 
Uer (say, the initial) basis of R, s Жү Ше: 
№ vectors of any (say, the initial) ESI б и ы, 
NS vectors of height A of the constru ted АИ 
li arly independent. We complete the; te ay ho 
ate any vectors (say, from the initial bi de as oh Hs 
E additionally taken vector f (if such ШОШ For 
new series fh Vi Who Pf — we construct 
ion until the vectors of all the Е Торре ta В 
basis of the entire space. Writing Hw fa о 
after another so that in each — the Cen 
in reverse order (the initial vector of RN 
E es e of a series is last 
E 2 get the desired basis in which 
the transformation єр їз of Jordan fori ue Me 
j basis whose construction is given in (A) and (B 
uniquely. Prove the uniqueness (up to e 
gement of the Jordan КЫЛДА ions) of ds 
Ат which is similar to the given s ao 
hence, the uniqueness of the ТУДЫН диш 
the given linear transformation q). Namel 
! Jordan form A, of the matrix A of —— 
follows. Let be the highest order of the 
of the matrix Ay with the number A, 
67 be the number of such submatrices 
deny hk), B= A — AoE, and let r, be 
(= 0, 1,2, .... 6 Е 1). 
given by the formulas 
ai Noo Ry (о) 


+ WY with 










































м“ 


du in the basis 
ind the basis fi, + + + 





su fa dn which the matrix of the transformation H 
the Jordan form A, and find this Jordan form (the desired 
basis is not defined uniquely). 


EI 

1530. gia m9 1531. 1 1—1 
A-|410 —12|. Ае 118856507 

3.6 —7 mo m WE 


1532. 0 3 3\ 1533. 66—15 
A=| -1 8 6). a-(ts 4 
\1 2 —2 


2 —14 —10 
1534. 01 —11\ 1535. 6 —9 54 
—12 —11 7 —18 87 
A= ў = 
=» Аб Е а тие ре 
M01 4..—92 43 
010...0 
001...0 


1536. A= B?, where B= 
0 


is a Jordan submatrix of order n. 

+1537. A linear transformation of the space R, is said 
to be an involutory transformation if g* = £ where s is 
the identical transformation. Determine the geometrical 
meaning of an involutory transformation. 

+4538. A linear transformation @ of the space Ft, is said 
to be idempotent if q^ — q. Determine the geometrical 
meaning of an idem) otent transformation. 

1539. Give examples of a linear transformation 9 of 


three-dimensional space for which i 
(a) the space is not a direct sum of the domain of values 
of L, and of the kernel of L, of the transformation @ (the 


L, and. 
definition is given in — 

(b) the s а isa. ires “sum of the domain of values 
of L, and of the kernel of Ly for P, hut @ is not a projection 
on L, parallel to La 
235 


Sec. 19. Linear Transformations 4 * ü за оі под. а 
—— — а Е 10 орви саад | 
era 2 — Ls! g* is the conjugate transformatior 
1540. Prove that the operation of passing from a linear Prove that B, = Lf + Lf and that g* is s» pr 
transformation Фф of unitary (or Euclidean) space to the of R, on Lf parallel to Lf. 
conjùgate transformation q* has the following properties: 1546. Prove that if the subspace L of a unitary (or Е 
( *)* = ean) space is invariant under a linear trans 
AN T а . then the orthogonal complement L* is inv 
9) (e-- 9* —e* t v*, the conjugate transformation q*. 
(e) (Pht = pg", *1547. Prove that the linear transformation » sf | 
@) laq)" = agt, 


unitary space R, has an invariant subspace of 
(e) if ¢ is nonsingular, then (q71)* — (9*)-1, 


of dimensions from zero to n. 
*1548. Prove that for any linear transformati 
1541. Suppose e, and e, constitute an orthonormal basis 
of a plane and the linear transformation @ in the basis 


= ¢» fr =e +e, has the matrix (1?) . Find the 
matrix of the conjugate transformation $* in the same 


























unitary space there is an orthonormal basis in which th. 
matrix of that transformation has triangular form (Schur 
theorem). 

1549. Write down the equation of a plane invariant 
under a linear transformation @ specified in some orthonor- 
mal basis by the matrix 


4 —23 17 
( 8). 
15 — 54 37 


1550. Prove that if one and the same vector z is an eigen- 
vector for the linear transformation q with the eigenvalue 1 
and for the conjugate transformation’ @* with the eiges 


u fe 

. А linear transformation « of Euclidean s, ace i 
a basis made up of the vectors f, — (1, 2, 1), f, — E 1, 2), 
fa = (4, 1, 0) is given by the matrix 


жЕ з 
(5-7. 
ON gree 

















te transformation @* in the value he, then 2, =2,. 
Coordinates of the vectors 1551. Prove that if a linear transformation f the 
orthonormal basis, unitary space R, has the eigenvalues aM. dem thes 


the eigenvalues of the conjugate transformation g'an 
numbers у, А, ..., 2. 
coefficients of th 


linear transformation 






г in the reciprocs! 
„ һауе the matrix B. | 






















ix U is the Gram matrix of the vectors of the basis) 


е that the matrix A of the linear transf i 
"d the matrix A, of the conjugate t ormation p 
m basis are related fuus penstormation qe in 


(a) TES U-A'U for Euclidean space; 
b) А; = ОЗА" for unitary space. 
‘Sup that in some basis the scalar i 
у е ргойисї i 
form f and the linear аана 


by the matrix A. Find the matrix A, of t : 
tion g* in the same basis: 1 of the conjugate 


‚= жид + Stays + zaya + луз d- 22a, -- Заух-- 


\ 0 1—2 
A=|2 0—1 
3—2 0 


E F TaYa F 22y + 22y, + Tiya + 
Р 


‚Р! 
—1—3 1 
2 —1 


f some basis and let A be the 
5 ation p. Find the matrix A; 
tion p* in the same basis: 

420 
42|203]|. 

013 

1 2—3 
a-(2 —9 4]. 

3 2-1 









1561. Prove that if a linear transformation q of a unitary 
(or Euclidean) space preserves the lengths of all vectors 
then it is unitary (or, respectively, orthogonal). f 

*1562. Given in a unitary (or Euclidean) space some 
transformation q under which each vector z is associated 
with a unique vector qz. Prove that if the transformation p 
preserves the scalar product, that is (px, gy) = (=, y) 
for any vectors 2, y of the space, then will be a linear 
and, hence unitary (or, respectively, orthogonal) transfor- 
mation. Use examples to show that preservation of the'scalar 
squares of all vectors is not sufficient for the linearity of 9. 

1563. Suppose the scalar multiplication of the vectors 
of the space Ft, is given by the Gram matrix U of the vectors 
of some basis. Find the condition that is necessary and 
sufficient for the linear transformation q specified in the 
same basis by the matrix A to be 

(a) an orthogonal transformation of Euclidean space; 

(b) a unitary transformation of unitary space. 

1564. Prove that if two vectors c and y of Euclidean 
(or unitary) space have the same length, then there is an 
orthogonal (or, respectively, unitary) transformation ф that 
carries æ into y. 

1565. Prove that if two pairs of vectors z;, 7s and yi, Ja 
of Euclidean (or unitary) space have the properties | z, | = 
= [ш 1, 1а | = | Уз | and the angle between z, and z, 
is equal to the angle between y; and y+, then there is an 
orthogonal (respectively, unitary) transformation Фф such 
that qz, — Ji Qf» = Yr 

*1566. Given two sets of Vectors Tr, -= Tr and Yy, <- 
ss, ya of Euclidean (or unitary) space. Prove the following: 
for an orthogonal (or, respectively, unitary) transforma- 
tion q to exist such that pz; = y: (È = 12n k), it is 
necessary and sufficient for the Gram matrices of the sets 
of vectors to coincide: 


(ть € — (9o УЛ 


*1567. Let @ be a unitary (or orthogonal) transformation 
of the unitary (or, respectively, Euclidean) space Rn. Prove 
that the orthogonal complement L* of the linear subspace L, 
which is invariant under 9, is also invariant under p. 

"4568. Prove that two permutable unitary transformations 
of unitary space have a common orthonormal basis of 
e р 

239 


d | 
4569. Prove that for a unitary transformation @ of | 1571. 
unitary space es 1 i 
(a) the eigenvalues are equal to unity in modulus (and, 
hence, the eigenvalues of the unitary and, in particular, 
real orthogonal, matrix are equal to unity in modulus); = 
) the eigenvectors associated with’ two distinct eigen- | 
values are orthogonal; 1572. 
(c) if in a certain basis the matrix A of the transforma- 
tion q is real and the eigen vector associated with the complex 
eigenvalue g -+ pi (P0) is represented as æ + yi, where 
the vectors x and y have real coordinates (components), 
then z and y are orthogonal and have the same length; 
also note that 
qr—ar—py; gy = fr + ay; (1) 
(d) an orthogonal transformation of Euclidean space al- 
ways has a one-dimensional or two-dimensional invariant 


ај әјә les 
ајә әј әјә 
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aie Prove that { Н 

for any unitary transformation @ of the unitary space 
R, there is an orthonormal basis consisting of eigenvectors 
of the transformation ф. In this basis, the matrix of q is 


оз] <] => һә] ы әјә һј 


=|— әјә 
wje ej ы 






Find the canonical form B of the orthogonal matrix 4 
and the orthogonal matrix Q such that B — Q-'4Q: 









diagonal with diagonal elements equal to unity in absolute 1574. 2 1 2 
ый of unitary matrices follows from this a a їл 
n rr 5 em 

for any orthogonal transformation q of Euclidean im Dies 
thonormal basis in which the matrix Р 2 
: 3 3 






е M oi diagonal has 





s= sjo sja 































Sed и 1 

f Bae 7 ES (3) ф is an involutory transformation, that is, ф? = в 
44 4 4 (e is the identical transformation), then it has the third 
а => property as well. Find all types of transformations possess- 

A= daa í i ing all these properties. 
+ авага > Find the orthonormal basis of eigenvectors and the matrix 
К es ү { B in that basis for a linear transformation specified in 
ir m u E) some orthonormal basis by the matrix A (the desired basis 

is not defined uniquely): 


н 1585. 11 2 —8\ 1586. п —8 4 
4i , —6— 9i ^-( pog о). s 17 =), 
ЯЗ 2-61 MES qoe 


| Ei 1 1587. 3.10 
i matrix B and a unitary matrix Q such a-f; 3 o). 
в = 0740. ena 
For a given matrix A find the diagonal matrix B and the 


ра linear combination of self-conj i i E 
= е jugate unitary matrix C such that B — C TAC, 
th real coefficients (in particular, the sum isa. ia 3 2i 
transformations) is a self-conjugate $ a=( ү М 
е Боша, у" 


e product qi of two self-conjugate 1 i 
T 89. 2— 
lf-conjugate if and only ії Ф 398 a=( а А 
* йо Т 
аге self-conjugate transfor- *1590. Consider an n2-dimensional space of all complex 
ə following be self-conjugate: square matrices of order 7 with the ordinary operations of 
trix by a scalar. 


adding matrices and multiplying a ma 
Turn that space into a unitary space, assuming that the 
scalar product of two matrices A = (ai,)t and В = (бї 
n 
is given by the equation (AB) = D аб 
a= 
Prove that. 
(a) the. premultiplication of all matrices by one and the 
8: таа! С їз а linear transformation; 4 
s have, as vectors of the indicated 
of all matrices by the conju- 
rates conjugate transforma- 


matrix C generates 


243 


(o) multiplying by a Hermitian matrix generates a self- 


conjugate transformation; A А . 

(f) multiplying by a skew-Hermitian matrix generates 
a skew-symmetric transformation. 

1591. Suppose a scalar multiplication of vectors of the 
space Jt, is given by the Gram matrix U of à certain basis. 
Find the necessary and sufficient condition Tor the linear 
transformation p specified in the same basis by the matrix 
A to be self-conjugate in the case of (a) a Euclidean space, 
and (b) a unitary space. 

*1592. Prove that two self-conjugate transformations @ 
and Wp of the unitary (or Euclidean) space /?j has a common 
orthonormal basis of eigenvectors of both transformations 
if and only if the transformations commute. What property 
of quadratic forms and second-degree surfaces follow from 
this fact? 

1593. Let R be a Euclidean space of dimension n? whose 
vectors are all real matrices of order n with ordinary addi- 
tion of matrices and ordinary multiplication of a matrix 
by a scalar, and let the scalar product of the matrices A = 

n 


= (au) and B = (bi) be given by (АВ) = У) аур. 
„= 
Eun) let P and Q be real symmetric E of 


n, 
that the linear transformations QX — PX and 
(X is matrix of the space R) А permutable 
а! the space Ht, and determine 
mmon orthonormal basis of 
and ip and the ortho- 
matrices P and Q. 
lion q of the 
e positive defi- 























*1595. Prove that if q — py or q — yp, where and , 
are self-conjugate linear transformations with positiy, 
eigenvalues and y is a unitary transformation, then q ў 
and x is an identical transformation (see problem 1276, 

*1596. Prove that any nonsingular linear transformation , 
of unitary (or Euclidean) space can be expressed in the form 











p = pi% and also in the form p = apa, where ар, ар, а 
sell-conjugate transformations with positive eigenvalue 
and %, % are unitary (or, respectively, orthogonal) tran 
formations; note that both the indicated representation 
are unique. 


1597. Explain why the equalities 


(i | А. ү 1 1.0 12 Ü 1 
4-2] - d ; 0 | b jJ o] 
are not in contradiction with the uniqueness of representa 


tion given in the preceding problem. 


Represent the following matrices as products of a sym 
metric matrix with positive eigenvalues into an orthogonal 
matrix: 


1598. е 2) 1599. |1 —4 
ZEN (; ne 


1600. — 4—2 2 
| 4 "4 4) 

EMI 4 5 
1601. Prove that the se 





i 6 t lf-conjugate li fon 
qs. positivo definite if and only if tho coefficients of 1^ 
| aracteristic polynomial A" ++ cA"! 4. 4 e, are all 
sre cou have alternating signs, and oun 
coefficients e ——— eigenvalues) if and only if the 
alternating signs cat a) - ++, Cy are nonzero and have 
any number from 0 — +++) , are zero. Here, k i 

Ye that if and 3 are self-conjugate tran- 
t AM then the" eigenvalue 


te trans- 
which is 







































(И) п skownymmatrio transformation of Puelidean apace 
always has a one dimenstonal or. two-dimenstonal invariant 


, Prove that the o ov 
EL op Кк (me proe nonnogativo and have the aame length, and 
в (к Мот 1504) {н 
a nonnegative self-conjugate transformation, укый „д qo = ws quo Dos (1) 
subspace! 






me transformations of rank. d. 
#1606, Prove that a linoar transformation @ of the uni 






4605. Prove that a nonnegative self 
* conjugate trans 
n of rank r is tho sum of r nonnopativo self sons 
“1611, Prove that 
(п) for any nkew-nymmotelo transformation q of the unt 


tary apace №, thoro exista an orthonormal basta consisting 
of algonvecton of the transformation 0р In thia baala, tho 
matrix of М diagonal with purely Imaginary elements 
on the diagonal (nome of those elements may ho vero), What 
property of complox skow THormitian matricos doon this 
imply? 

(b) for any skow-aymmotrte transformation m of the 
Buclldoan space M, there exists nn orthonormal basia, In 
whieh tho matrix hau tho following onnonleal form: on the 


apace М, having rank unity is a nonnogativo ne 
noo if and only if in еони 
Me minum. К represented as Х'Х, whore X in 
‘Prove that if tho matricos A = (a 
aro Hermitian and nonnegative (а 
wigenvalues), then the matrix C = (et 
wy (ly fom 4,2, 0.4, n) is Hormitian and 
(compare ae problem 1220), 
ansformation p of tho Euclid r 
Ra is said to bo skow-symmotric if нА —* 


ee ato of q. Provo that 
$ рна q of Muclidoan space to 







үй and H 
ihat ta, havo 








































op 
main diagonal are second-order blocks of the form ( б {| y 


where. fh s/« 0, and. first-ordor zero blocks (one of the two 
typos of block may be absont), What is the goomotrion! 
moaning of tho transformation? What property of ronl 
nkow-symmotrio matricos doos thia imply? 

1612, Prove that if p ia a solf-conjugate transformation 
of a unitary spaca, then the transformation ip = fp i akow 
symmotrlo, Conversely, 1f q ls akow-nymmetrle, hen с обр 
{ao solf-conjugate tranwformatton. 

1613, Prove that ff q in a nolf-oonjugato transformation 
of! a unitary space, thon the transformation 4р 
we (em EX) Mp oe te), Whore & ia tho idontion) transfor 
mation, oxinta and in unitary, 

ШИЙ Prove that tho skow-asymmetrio and unitary trana 
eae ot ie в un AD^ д вое у, dhe shaw 
i metrio and orl а naformations of a (пеон 
1 Spano) iaro төнө! ол, if in the equation 


Mr t cwm Qc 9) de ms (0 
n) № влом ву 
transformation 
nversoly, tf in 


1 
я ation devoid 
нь trans 


is nocossary and sulficiont that its 
rthonormal basis bo skew-symmetric, 


1 of unitary space to be 
ату ап sufficient for itu matrix 
a any orthonormal basis, that 
dev 
| ent. L^ ol the 


Ex. which 






transfor 
















formation. The equation (1) defines a reciprocal one-to-one 
mapping of all skew-symmetric transformations into all 
unitary transformations devoid of the eigenvalue —1. There 
a similar relationship between skew-symmetric and 
orthogonal равная of Euclidean space. What 
properties of matrices does this im ly? 

1615. Show that the equation (1) of the preceding problem 
a one-to-one correspondence, firstly, between all 
nonsingular skew-symmetric transformations and all uni- 
tary (or, respectively, orthogonal) transformations devoid 
of eigenvalues +1, and, secondly, between all singular 
skew-symmetric transformations and all unitary (orthogo- 
mal) transformations having as eigenvalues +1 and not 
having as eigenvalues —1. 
1616. Prove that if p is a skew-symmetric transformation 
of a unitary (or Euclidean) space, then the transformation 
e® is unitary (respectively, orthogonal). What property of 
‘matrices does this imply? 
__*4617. Proye that the function e? generates a one-to-one 
map] 

(or 



























« of all self-conjugate transformations of a unitary 
Euclidean) space onto all positive definite transforma- 

у is, such that are self-conjugate with positive 
nes) 

r transformation q of a unitary (or Euclid- 
said to be normal if it is permutable with 
ation p*. Verify that self-conjugate, 
, and unitary (or orthogonal) transforma. 
à transformation of a unitary 


self-conjugate if and only if all 
nt the of its лыш 





























njugate transformation and x is an unitary transform 
со! 9 


tion and these Стани commute, 
J at 

rite transformation q can be uniquely 

(а) as ф = Фф + Ph where q, is a self-conjugate tra; 
а and qs is a skew-symmetric transformatio; 
for) for a transformation @ to be normal, it is necess, 
and sufficient that the transformations q, and q, in tj. 
preceding representation be permutable. 

1624. Prove that 

(a) every linear transformation q of a unitary space ca; 
be uniquely represented in the form «р = (р, + ipy, wher: 
p and p, are self-conjugate transformations; 

(b) for the transformation q to be normal, it is necessary 
and sufficient for the transformations q, and Pa in the 
preceding representation to be permutable. 

*1625. Prove that for any (finite or infinite) collection 
of pairwise permutable normal transformations of the 
unitary space R, there is an orthonormal basis whose vec- 
tors are eigenvectors for all transformations of the given 
collection. 

1626. Prove that it is possible, relative to any normal 
transformation @ of the unitary space R,, to take the kth 
root for any natural number / in the domain of normal 
transformations, РЫ — of distinct normal trans 
formations sp such that = Ф. 

*1627. Prove that if z is an eigenvector of the normal 
transformation @ of a unitary (or Euelidean) space, which 
eigenvector is associated with the eigenvalue A, then z 
15 an eigenvector of the conjugate transformation *, which 
eigenvector is associated with the conjugate (respectively, 
very same) eigenvalue X. 

“1628. Prove that the eigenvectors of a normal trans 
— ЫШ are associated with two distinct eigenvalues 


Let e be the vector of a normal transformi- 
Б t the L g of all vectors 
to e are invariant under 9. 


“normality in the lineo 
зра | is necessary and 


are o 










ve that any subspace L of the uni 

unita; 
invariant under the normal ТЫЙЫМ Ө, 
basis consisting of the eigenvectors of 


ar tra 
ar transformation q of the unitary (or Eucli 
is said to have a normal DU it на: 
lement L* of every subspace L, which is 
Фф, is itselffinvariant under". Prove the 
for a linear transformation q of a uni- 
space to be normal, it is necessary and 
ive the normal property. 
$ for normality of a linear transforma- 
pi Em) spaco e is necessary and Sec. 20. Groups 
a vi 
q* as well. acd" 1634. Determine whether each of the following sets forms 
M a group under the indicated operation on the elements of 
м the set: 
Nm r (1) the integers under addition; 
И 9) even numbers under addition; 
3) the integers that are multiples of a given natural 
number n under addition; 
(4) the powers of a given real number a, 2 #0, +1 with 
integral exponents under multiplication, 
(5) nonnegative integers under addition; 
(6) odd integers under addition; 
6 the integers under subtractionjl 





















Supplement 






the rational numbers under addition; 
the rational numbers under multiplication; 
0) the nonzero rationals under multiplication; 
(11) the positive rationals under multiplication; 
2) the positive rationals under division; = 
ШЫ adic-rational numbers, that is, rational num- 
s ar jwers of he number 2 with 
under addition; 
‘denominators are equal 
the given set M (finite or 
exponents (only a finite 
am addition; 
and complex roots), 


M integral powers, 
is, under multi- 







| 
(35) real polynomials of degree m in the 


(18) nonsingular nth-order matrices with real elements, 
under addition; 
(36) real polynomials of any degrees. (ineludin 









under multiplication; адин inda 
trices with integral elements, inj 
аа NET : the unknown z, under addition, y 4 
(20) nth-order matrices with integral elements and with 1635. Prove that a finite set G in which an associa 
40D; alge i р a : ‹ e equati 
determinant unity, under multiplication;", Igebraic operation is defined and each of th 
ar — b and ya — b for arbitrary a and b in G has, i 


(21) nth-order matrices with integral elements and deter- 
minant equal to +1, under multiplication;! 
(22) nth-order matrices with real elements, under addi- 






at most one solution is a group. 
1636. Prove that if a? = e for any element a of the 
G, then it is an Abelian group. 
















tion; 
23) substitutions of the numbers 1, 2, ..., m, under *1637, Prove that, the, group of nth roots of unity i 
tiplication; unique multiplicative group of the nth order with numerics 
(24) even substitutions of the numbers 1, 2,..., n, elements. 


*1638. Find all groups (up to within an isomorphism) o 
order (a) 3, (b) 4, (c) 6. Write-a multiplication table » 
these groups and represent them in the form of substitutio: 
groups. 
*1639. Show that the rotations of each of five regul 
polyhedrons about the centre, which rotations brin 
— the о with itself, form a group if fo 
= ransformations ihe multiplication (composition) of two rotations we tal 
En, — я ae ее the rotations in succession. Find the orders ol an bn 
ала. Ё ө бака thi product of 1640. Prove that the groups (1) to (4) in problem 163i 
ВЕ о st, are isomorphic. 
аас г 1641. Prove that 
ensional linear space moder eh infinite cyclic groups are isomorphic among them 
ensional spaco R (b) all finite cyclic groups of a given order n are isomor 
S 1 phic among themselves, 
ewe take their — Prove that 
space R about a given | _ (a) the group of positive real numbers under multiplica 
sandy Mie | —— with the group of all real numbers under 
, ; 
aoe — pete 5 numbers under multi- 
not isomorphic with the f all rational 
numbers under addition, Ec 
“1643. Prove that 
i up of order n is isomorphic with a ce 
elements; 


the group of certain 


under multiplication; 

(25) odd substitutions of the numbers 1,2, .. ., n, under 
m et 

3) one-to-one mappings of the set V = {1,2,3,... 
of positive integers onto itself, each т Tu 
a finite number of numbers if for the product of mappings s 
ud t we assume the mapping st, which is obtained when 
ings s and f are carried out in succession; 















































of the group 











(a) the elements ab and ba are of the same ; 
(b) the elements abc, bea and cab are of tho — 

1645. Prove that if e is unity and a is an element of order 
nof a group G, then| а" — e if and only if X is divisible 






by n. 
Eno. the generating elements of the additive 
Prov at ^ = {a} be acyclic group of order n and b. — a^. 
- (a) the element b is a generator of the gr i 
‘if the numbers m and / are coprime; EU Qe opi 


oq) the order of the element. b is equal to + , Where d is 


greatest common divisor of n and k; 


if n and k are coprime, then there is a root Ма 1 
h оо! а іп 
, ais the kth power of some element of G 0 соп- 


1 ens are squares in a group of odd order. 
the following assertions: 
| elements a and b of a group G are permutable, 























— ab = ba у (1) 
i coprime orders r and s, then their product 





ts a and b of a group G are permutable 
T and s and the intersection of their cyclic 
unit element e alone, that is 








(2) 













1650. Show that 
(a) if H is a finite sot of elements of a group G and the 


product of any two elements of H again lies in H, then 
H is a subgroup of G; 

(b) if all the elements of the set H of a group G have finite 
orders and the product of any two elements of H lies in H, 
then Z/ is a subgroup of G. 

1651. Prove that in any substitution group containing 
at least one odd substitution 

(a) the number of even substitutions is equal to the num- 
ber of odd ones, 

(b) the even substitutions form a normal divisor, 

(c) all simple substitution groups of n elements (where 
n > 2) are contained in the alternating group An (a simple 
group is one that does not contain any normal divisors 
except itself and the unit subgroup). 

1652. Prove that any infinite group has an infinity of 
subgroups. 

1653. Up to within an isomorphism, find all groups each 
of which is isomorphic to any one of its nonunit subgroups. 

1654. Find all the subgroups: 

(a) of the cyclic group of order 6; 

(b) of the cyclic group; of order 24; 

(c) of the fourth group (problem 1638); 

(d) of the symmetric group Sa. 

(e) Which of the subgroups of the group S, are normal 
divisors? 

(f) Prove that the alternating group of fourth degree A, 
has no subgroup of order six. Thus, the group G of order n 
may not have any subgroups of order Ё for certain k that 
divide n. 

1655. Find all subgroups of the group @ of order 8, all 
elements of which, except unity e, are of order 2. 

1656. Let G — (a) be a finite cyclie group of order n. 
Prove the following assertions: 
- (a) the order of any subgroup of group G divides the order 


the number n there is a unique 
К URN j^ generators, all 

i ular, п 08). 

Us а 








* у id all subgroups of the primary cyclic group, 
Sat ol the SE group G = {a} ol order p", where р 
is prime. 

b the following statements: 
NOS арм» group Sa for n > 1 is generated by the 
transpositions (i, j); | 
T ie tenis group SS for n 2» 1 is generated by 
the transpositions: (1,2), (1,3), ..., (1, n); 
(c) the alternating group A, for n> 2 is generated by 
the set of all triple cycles (i j k); ; 

(d) the alternating group 4, for n — 2 is generated by 

the triple cycles: (1 2 3), (1 2 4, ..., (12 n). 
1659. Find the cosets: 
of the additive group of integers with respect to the 
" of numbers that are multiples of a given natural 


"y additive group of real numbers with respect 


— of integers; 


(c) of the additive group of complex numbers with E 


t t oup of Gaussian integers, that is, the numbers 
jr qim Ta b eens ee 
h itive group of vectors in the plane (vectors 
the coordinate origin) with е the 
i on ie a is * — Ox; 
up of complex numbers dif- 
he subgroup of numbers 


of complex numbers dil- 
Subgroup of positive 











































Give an example of a finite group that contain 
subgroups of index two, 

*1662. Prove that 

(a) the group of a tetrahedron is isomorphie to the "oup 
ol even substitutions of four elements; 

(b) the groups of a cube and an octahedron are isomorphic 
to the group of all substitutions of four element 

(c) the groups of the dodecahedron and icosahedron ar 
isomorphic to the group of even substitutions of five ply 
ments, For the definition of polyhedron groups see prol 
lem 1639, 

1663. Prove that any subgroup of index two is a normal 
divisor. 

1664. Prove that the set Z of all elements of a group ( 
each of which is permutable with all elements of that group 
is a normal divisor (the centre of the group 6) 

1665. Тһе olement aba-!b-! is termed a commulator of the 
elements a and b of a group G. Prove that all commutator 
and their products (with any finite number of factors) form 
a normal divisor K of the group G (the commutant of the 
given group). 

1666. Prove that in the group of all motions of three 
dimensional space the element zaz, that is conjugate to 
the rotation a about а point P, is a rotation about that 
point Q into which P passes under the motion т. 

1667. Prove that the substitution zax, which is conju 
gate to the substitution a in the substitution group, i 
obtained by applying a transforming substitution x to all 
numbers in the expansion of the Substitution a into inde 
pendent cycles, 

"1668. Prove that 

(a) the four-group V (problem 1638) is a normal divisor 
of symmetric group $,; 

« oe, factor group Sv is isomorphic to the Symmetric 
) Эз. 

Using problem 1667, find the number of substitu 
tric group S, that are permutable wit 





G contains only the unit e, then 
ble with any element h, £ Hp 

ai 

ыы 291 

















(a) the elements оѓ а group G that aro permutablo with tho 

wen element a form a subgroup V(a) of the group G (the 
pormalizer æ in G) that contains tho cyclic subgroup {a} 
as a normal divisor; 

(b) tho numbor of olomonts of tho group G that aro conju- 

te to a is equal to the. index of the normalizer N(a) in G. 

1672. Prove that 

(a) the elements of the group G that are permutable with 
the given subgroup // (but not necessarily with the olo- 
ments of H) form a subgroup M(H) of tho group G (the 
pormalizor of tho subgroup Æ in G) that contains the sub- 
group H as a normal divisor; 
- 4b) te number of subgroups of tho group G that aro con- 

ugate to 77 is equal to the index of the normalizer N(//) 
dors. Prove that] 
(a) tho number of elements in tho group G that aro con- 
to the з element divides the order of G; 

number of subgroups of the group G that are con- 
to the given subgroup divides the order of the group G. 

Use the problems 1609 and 1671 to find the number 
ions of tho symmetric group Sn that are conju- 
0 the given substitution s. 

ove that the centre ol a group G of order p", 
contains more than one element. 
any normal divisor Æ of the alternating 
|n 2» 5, which divisor contains at least 
with 




















1 An: 
| conjugate elements of tho 


9); (b) prove that the ico- 
, у, 
































1681, Find all the homomorphie mappings: 
(a) of a cyclic group (a) of order n into itself; 








(b) of a cyclic group {a} of order 6 into a cyclic gn 
{b} of order 18; o a cyclic group 
(c) of a ic 


yelic group {a} of order 18 into n cyclic group 
(b) of order 6; Е 

(d) of a cyclic group {a} of order 12 into a cyclic group 
{b} of order 15; À 5 

(e) of a cyclic group (a) of order 6 into a cyclie group 
{6} of order 25, 

1682, Prove that the additive group of rational numbers 
cannot be homomorphically mapped onto the additive 
group of integers. 

1683. An isomorphic mapping of a group G onto itself 
is termed an automorphism, and à homomorphie mapping 
into itself is termed an endomorphism of that group. An auto- 
morphism «р is said to be internal if there is an element z 
in G such that ap = zax for any a in G, and it is said 
to be external otherwise. All automorphisms of G them 
selves form a group if a product of automorphisms is defined 
as the automorphisms taken in succession: a(qup) — (aq) y 
Al endomorphisms of an Abelian groupe G lorm a ring if 
the addition of endomorphisms is defined by the equality 
a(p + 1p) = ap +> arp, and multiplication is defined in the 
same way as for automorphisms, Find the group of auto 
morphisms of a cyclic group (a) of order (a) 5 and (b) 6. 

(c) Prove that the symmetric group Sy has six internal 
automorphisms and nol a single external one, and the group 
of automorphisms is isomorphic to Sy. 

(d) The four-group V (problem 1638) has one internal 
AU EA (identical) and five external ones, and the 
group of automorphisms is isomorphic to Sy. 
Find the ring of endomorphisms of the cyclic group {а} 
of order (o) 5, (I) 6, (g) n. 
1684. Prove that the factor group of a symmetric group 
S, with respect to an alternating group An is isomorphic 
ho fa group of tho additivo group of integers with 
tho oup of even numbers. 
actor groups: 
litive group of integers with respect to the 
nultiples of the given — Su m 
vo of integers that are multiples 
to ЖИ nn к multiples of 15; 








259 


TT | 


oup of integers that are creas 
ED ES i E the. group of real matrices wit 
of 4 with respect to the subgroup i этер? (c) the factor group of the group of г wi 
(4) of the multiplicative group of E nha. respect to the subgroup of matrices with positive determ 
Ee et ЕА of an n-dimen- nants is a cyclic group Өй s second es | 
) ex : 
1686. Let Gn be t eid let H, be the subgroup of vectors (d) the factor group o И ари matri 
— — <k<n. Prove that the with respect to the subgroup of matrices with determinan: 
а E. и to 6 А equal to unity in absolute value is isomorphic to the mult) 
is “he ‘cath siti 8; 
ir ades the multiplicative group of all complex T o the Bs E o ML of complex mat 
б е) the factor о omple atrice 
numbers different from zero and let H be the set of all р орно Е сари i 
umbers i imaginary axes. with respect to the subgroup of matrices with positiv. 
B Dave ab Ea DI dà rob. d. determinants is isomorphic to the multiplicative group of 
р d the cosets of the group G with respect to the complex numbers equal to unity in absolute value 
1690. Let G be the group of all motions of three-dimen 


to 1 is isomorphic to the multiplicative group of positis, 
| numbers; 


(c) of the additive gr 



























Ms that the factor group G/H is isomorphic to sional space, H the subgroup of parallel translations, and X 
tive group U of all complex numbers equal the subgroup of rotations about a given point 0. Prow 
that 






bsolute value. 

G be the multiplicative group of complex 
ent from zero and let H be the set of numbers 
! on. » rays issuing from zero at equal angles, 
coinciding with the positive real axis; 





(a) H is the normal divisor of the group G and K is not 

(b) the factor group G/H is isomorphic to K. 

1691. Prove that the normal divisor H of the group ( 
having the finite index j contains all elements of the group 
‘ive group of all real numbers, Z be the G, the orders of which are prime to j. Show, using an exam 
D the multiplicative group of ple, that the statement may not be true for the subgroup 

tiplicative group of complex H that is not a normal divisor. 

solute value, and U, the 1692. Prove that the factor group G/H is commutativ 

th roots of unity. Prove that if and only if H contains the commutant K of the group 6 

Ый а, (problem 1665). 

» ы! ) *1693. Prove that the factor group of a noncommutativ 
group G with respect to its centre Z (problem 1664) cannot 
be cyclic. 

Г *1694. Prove that if the order of a finite group G is divis 
ible by the prime number р, then G contains an elemen! 
of order p (Cauchy's theorem). 

*1695. Let p be a prime. The group G is callod a p-group 
(in the commutative Case, a primary group) if the orders of 
ements are finite and are equal to certain power 
ber p. Prove that the finite group G is a p-group 

its order is equal to the power of the number p. 
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vectors of n-dimensional line! 
groups of the vectors of one 
р the veetors of any basis o! 







































the additive group of complex numbers i i 
the н ч real numbers and aie 
ar Eee group of real numbers is a direct 
HE ad of positive numbers and the sub- 
he multiplicative group of complex numbers is th 
roduct of the. subgroups of positive Sra ой 
equal to unity in absolute value. 
Prove that if G = A + B, = A + B, are direct 
— the Abelian group G and if B, contains 
= By. 
0 the subgroup H of the Abeli 
and Ek e direct decomposition G D 
a homomorphic mapping of G 
i of H fixed. eee A A 
'G = A + B is a direct decomposition 
G, then the factor group G/A is ние to B. 
t G =A, +A, +... +A, be a decomposi- 
A group G into a direct sum of the sub- 


T Fas EAn LA as 
osition of the element x into 
order 


n if and only if each 
i-i, ZA SI and 


r p if and only if each 
= 


а-а 





*1703. Let G be a nonzero finite Abelian group (with 
additive notation for the group operation). Prove the fol- 
lowing statements: 

(a) if the orders of all elements of G divide the product 
pq of coprime numbers p and q, then G can be decomposed 
into a direct sum of subgroups A and B, where the orders 
of all elements of A divide p, and those of B divide q; note 
that one of the subgroups, A or B, may prove to be zero; 

(b) for the group G we have the decomposition G = 
= Á; +A, +... +4, into a direct sum of (nonzero) 
primary subgroups that refer appropriately to distinct 
primes Pı pa y... D. These subgroups A; are called 
primary components of the group G; 

(c) the primary component A; which refers to the prime 
number p; consists of all elements of the group G whose 
orders are equal to the powers of the number p;, which 
fact uniquely determines the decomposition of the group 
G into primary components; 

(d) the decomposition, into primary components, of the 
nonzero subgroup H of the group G is of the form /[ — 
= B, HBa +- -+ Ba where B; = H fN Ani = 1,2,... 
‚.., 8 the zero subgroups B; in the decomposition of H 
are omitted. 

4704. Denote by G (m, ma, ..., ",) the direct sum of 


the cyclic groups of orders ny, т, .. ., п, respectively 
From the theory of finite Abelian groups we know that 
each such group can be uniquely (up to an isomorphism) 
represented in the form G (1%, M2, +++; n,, where the 


numbers n; are equal to the powers of prime numbers (not 
necessarily distinct). Apply this notation to find all Abelian 
groups of the following orders: (a) 3, (b) 4, (c) 6, (4) 8, 
(e) 9, (£) 12, (g) 16; (h) 24, (i) 30, 0) 36, (k) 48, (1) 60, 
(m) 63, (n) 72, (o) 100. 

1705. Decompose, into a direct sum of primary cyclic 
and infinite cyclic subgroups, the factor group G/M, where 
Gis a free Abelian group with basis x, #2, £a and H is a sub 
group with the generators: 


Siz, + 3255 


(ауу = 7 + 22. + За, (5) и = 42: + 
уз = 242, F 8t, + Itay Yo = 5a, + br, + Sty, 
Mac 5z, — 42, + 325; Vs 


y 


Bz, + Tr, + Izy; 


ї 


= 5х. 4- 223, (0) и = бау + 52a t Tta, 
Sees tay ty Ter ta, 
Уз = 172, + 5x, + 8x5; Ys = 6x, + Say + 1125, 
(e) y — 4x, d- 5z. F ту, (f) yy = 2ncb бхз — 213, 
Yn = 82, + 92, + 25, Yo = 2a, + 81: — 4т., 
A Ya = åt, +. бл, + 2л; Уз = 42, + 121, — 4ту; 
AB) ty = Gx, + Sry + 4x5, (h) y, = T, + 2t 4 33, 
= Te + Br 4 85, qi Djs 
Wy = 5 + 4p — 4g; уа = Зу; 
— Фил Tub 35s) ym 2 з, b ny 
Ye = 2a + Bry + 2r, у, = бы + ба, + Gry, 
* 102, + 525; Уз = 22: + 6х, + 9х.. 
Prove that id finite Abelian group G is cyclic 




















See. 21. Rings and Fields 


Determine which of the following sets are ring - 
fields) and which are fields with respect to the indicit) 
operations. (If the operations are not indicated, they 
assume addition and multiplication of the numb: 

1709. The integers. 

1710. The even numbers 

1714. Integers that are multiples of n (consid 
instance, the case л = 0). 

1712. The rational numbers, 

1713. The real numbers. 

1714. The complex numbers. 

1715. Numbers of the form a +b V2, where a and 
are integers, 

1716. Numbers of the form a -- b V 3, where a and 
are rational. 

1717. Complex numbers of the form a | bi, when 
and b are integers. 

1718. Complex numbers of the form a bi, when 
and b are rational. 

1719. Matrices of order n with integral elements, unde 
addition and multiplication of matrices. 

1720. Matrices of order n with real elements, under adii 
tion and multiplication of matrices. 

1721. Functions with real values that are continuous on 
the interval [—1; +1], under ordinary addition and mu 
tiplication of functions. 

1722. Polynomials in the Single unknown z with integral 
coefficients, under the ordinary operations of addition and 
multiplication. 

1723. Polynomials in one unknown z with real coel 
ficients, under the ordinary operations of addition an 
multiplication, 





б $ 
_ 1724. АП matrices of the form bas .] with rational 


a 


and b, under the ordinary operations of additio: 
1 of matrices, 
the set fof all trigonometric polynomials 


0S | - b, Sin kz) with real coefficients [orm 
be 


Ќ 
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mine whether t. i 
a ring? Deteri — he same is true for polyno- 1732. Give examples of zero divisors in the ring of func- 


tions continuous on the interval [—1, -++4]. 

1733. Prove that in the ring of square matrices of order n 
with elements taken from some field, nonsingular matrices, 
and they alone, are divisors of zero. 

1734. Show that the pairs of integers (a, b) with the 
operations given by the equalities 

(as, b1) + (ag, Ba) = (а + ag, bi + ba), 
(ar, bi) (aa, ba) = (mas, bibs) 
form a ring, and find all zero divisors of that ring. 

1735. Prove that a field does not have divisors of zero 

1736. Prove that the equality az — ay for a given ele- 
ment a and for any elements z and y of a ring implies the 
equality z = y if and only if a is not a left divisor of zero, 

1737. Show that matrices of ordern 2 2 with elements 
taken from a certain field, in which matrices all rows from 
the second onwards consist of zeros, form a ring, and that 
in the ring any nonzero element will be a right divisor of 
zero. What matrices in the ring are not left divisors of zero? 

*1738. Show that in a ring with unity e the commutativity 
of addition follows from the other axioms of the ring. 

1739. Having verified that the property of zero and zero 
divisors can be proved without making use of the commuta- 
tivity of addition, prove that in a ring containing at least 
one element c that is not a zero divisor, the commutativity 
of addition follows from the other axioms of the ring. 
1740. Give examples of rings of matrices of a special 
kind that have several right or several left units. 

1744. Given an integer n > 0. Two integers a and b are said 
to be congruent modulo n [in symbols: a= b (mod n)], if their 
difference a — b is divisible by n (for n = 0 this means 
that a = b; for n œ> 0, this means that when a and b are 
divided by т, they yield the same remainder called the 
residue modulo n). Show that the set of all integers Z can be 
split into classes of congruent numbers that do not have 
any elements in common. Let us define the addition and 
‘multiplication of classes in terms of the appropriate opera- 
tions on their representatives, that is, if the numbers a, 
a+ band ab belong, respectively, to the classes A, В, С 

then we set A + B = C and AB = D. 

under such operations the set of classes is 
g of residues Z, modulo n). 












T i 5 Ў 
mials in cosines alone: а+ 5 @,coskz, and sines alone: 


n 
5 b, sin kx. 
кі 


*1728. Is a ring formed by numbers of the form a + b vy. 
where a and 5 are rational, under the ordinary operations 
(for the sake of definiteness, take the real value of the root)? 

*1727. Show that numbers of the form a + b 39/2 W 4. 
where a, b and c are rational, form a field, n — 
each element of the field in the indicated form can be терге- 
sented uniquely. Find the inverse of the number 1 — E 
+ 2\/4 (we assume the real value of the root). 

1728, Prove that numbers of the form a + b 3/5 +c 35 
with rational a, b and c form a field; ind D c of 
z=2+43,/5—,/%5 in that field. 

*1729. Let œ be a root of the polynomial f (x) of degree 
n> 1 with rational coefficients, the polynomial not being 

over the field of rationals. Prove that numbers 
of the form a + ma + ag? +... + ав 0"! with ra- 

Jp My, 25, -. -, 0,1 form a field, each element of 
fi capable of being written down uniquely in the 
d form. We say that this field is obtained by adjoin- 
number æ to the field of rational numbers. 

the field obtained by adjoining the root « of 
f(z) = z? + 4z? + 2x — 6 (problem 1729) 
numbers, find the inverse ої В = 


matrices, that is, matrices 


+k 
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+1742, Prove that a finite commutative ring without 
zero divisors and containing only one element is a field. 
#4743. Show that the ring of residues modulo n (problem 


Td a field if and only if лп is prime. 2 
4744. A square matrix is said to be a scalar matrix if 


its elements on the main diagonal are equal and the ele- 
gan off the diagonal are zero. Show that scalar matrices 
‘of order n with real elements under ordinary operations form 
‘a field that is isomorphic to the field of real бираз; 
а 

1745. Show that matrices of the form s à , where 
and b are real numbers, form a field that is isomorphic 
field of complex numbers. К 

ү а 
ye that the field of matrices of the form | — ) 


a and b (problem 1724) is isomorphic to the 
of the form a + b 2 also with rational 


the algebra of real matrices of the form 




























*1752. Prove that an identical mapping is the sole i 
morphic mapping of the field of real numbers into 

1753. Use problem 1752 to find all isomorphic mappi 
of the field of complex numbers into itself, which mappin 
carry the real numbers into real numbers 








1754. Prove that the minimal subfield of any field oj 
characteristic zero is isomorphic to the field of rational 
numbers. 


1755. Prove that the minimal subfield of any field wit) 
characteristic p is isomorphic to the field of residues modu 
lo p. 

1756. Solve the system of equations 


4-221, у 22 = 2, 22 2 1 


in the field of residues modulo 3 and modulo 5 
1757. Solve the system of equations 


= РУ 22 =1, 2+ 2y-+32=1, 4c + By + 22 =1 


in the field of residues modulo 5 and modulo 7. 
1758. Find the largest common divisor of the polynomial 


fey aa ae + Oe + 2, g(t) = Пат! 


(a) over the field of residues modulo 3; 
h) over the field of rational numbers, 
759. Find the largest common divisor of the polynomial 


f) = S28 + 2? +5244, g(x) = 5a? + 2r 4 


(a) over the field of residues modulo 5 (here, each coel 
ficient æ is to be understood as the multiple ae of the unite 
of the indicated field or the coefficients are to be replaced 
by their smallest nonnegative residues modulo 5); 

(b) over the field of rational numbers. 
1760. Find the largest common divisor of the polynomial 


fe =i, ga =r 


of residues modulo (a) 3, (b) 5. 

Prove that if the polynomials f(x) and g (z) 
о nts are relatively prime over the held 

respect to the prime modulus p, and 
ding coefficients is not divisible by P 
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then these polynomials are relatively prime over the field 
of rational numbers. 

(b) Show by way of an example that for any prime p the 
converse assertion does not hold. 

*1762. Prove that the polynomials f(z) and g(x) with 
integer coefficients are relatively prime over the field of 
rational numbers if and only if they are relatively prime 
over the field of residues modulo p, where p is any prime, 
with the possible exception of a finite set of such numbers. 

1763. Factor the polynomial 2° +- x + z? + 4 into irre- 
ducible factors over the field of residues modulo 2. 

4764, Factor the polynomial z? + 2z? + 4r + 1 into 
irreducible factors over the field of residues modulo 5. 
4765. Factor the polynomial z! + zè? + æ + 2 into irre- 
ducible factors over the field of residues modulo 3. 

4766. Factor the polynomial z! + 323 - 22° + r + 4 
into irreducible factors over the field of residues modulo 5. 
1767. Factor all polynomials of degree two in z into 
lueible factors over the field of residues modulo 2. 
actor all third-degree polynomials in z into irre- 
rs over the field of residues modulo 2. 
all second-degree polynomials in z with leading 
4 that are irreducible over the field of residues 





d-degree polynomials in z with lead- 
are irreducible over the field of residues 
rs 


olynomial f(x) with integer 
the field of rational numbers, 


Prove that such, for example, is the polynomial f(z) = 
=z! — 10z*-+ 1. This polynomial is a polynomial of 
least degree with integer coefficients that has the root 
a=V2+YV3. 

*1774. Prove that if all the elements of a commutative 
ring R have a common divisor a, then the ring has a unit 
element. 

1775. Indicate a commutative ring with unity that con- 
tains the element a 0 with one of the following proper- 
ties: 

(a) a? = 0, (b) for a given integer n — 1 the following 
conditions hold: a" — 0, a* 40 if0<k<n. к 

1776. Let R be a commutative ring with unity e. Prove 
that (a) the multiplicative inverse (that is, the divisor 
of unity) cannot be a divisor of zero; 

(b) the multiplicative inverse has a unique inverse ele- 
ment; 

(c) if 8, © are inversible, then a is divisible by b if and 
only if að is divisible by be: 

(d) the principal ideal (a) of element a in RH is different 
from R if and only if a is not inversible. 

1777. Let R be a commutative ring with unity e and 
without divisors of zero. Prove that 

(a) the elements a and b are associated if and only if 
each of them is divisible by the other; 

(b) the principal ideals (a) and (b) coincide if and only 
if a and b are associated (the definition of a principal ideal 
is given in problem 1783). 

4778. Let R be a commutative ring with unity e and 


— 


ips 


let R (x) be the set of all formal power series 


ER { | 
We introduce the ordinary operations of addition and 
multiplication of series: 


У аа" Х Ва" = Х (а, Ва) =", 
n=0 n=0 n=0 


(3i ana") ( Baa") = "1 Yat”, 


" 
where Yn = à [S 
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at E ү б? 
eng is a commutative ring with unity; 


i subring isomorphic to Ri 
bs] ER eain we on divisors, then it also holds 


for Rix); А Nor 

(d) if R is a field, then gee NATL 

verse he ring A(x) if and only if a н 
— set of all numbers of the form a + 
ФИ —3, where a and b are rational integers. Show that 
Risa ring with unity in which factorization into prime 
factors exists but is not unique. In particular, show that 
in the two factorizations 


4—92.3—(14-V —3)1—V —3) 
tors are prime, and 2 is not associated with 1 


Prove that all finite sums Ха: with real a; 
ative dyadic-rational r; with respect to the 
operations of addition and multiplication of func- 
п ative ring with unity and without 
which ring there are no prime elements, 
ug sets be subgroups of the additive 
f the rings indicated below: 
iat are multiples of n> 1, 


ting Z [z] of integral poly- 
Ман. i 


ts Z; 


tho rg 2 [ol of intense 



























(i) the set J of polynomials not containing terms invo] 
ing a for all k<n, where n>1, in the ring Z [z] ol 
intogral polynomials; 


(j) the set J of polynomials with even constant term 
in the ring Z [z] of integral polynomials; 
(k) the set Z of polynomials with even leading coefficient 


in the ring Z [2] ol integral polynomials. 

1782. Prove that the intersection of any set of ideals of 
a commutative ring FR is an ideal, 

1783. The principal ideal (a) generated by an element a oj 
a commutative ring R is a minimal ideal containing a 
Prove that the ideal (a) exists for any element a € and 
consists of all the elements of the form 

(a) ra, where г їз апу element in R if R has unity; 

(b) ra + na, where r is any element in R and n is any 
integer if R does not have a unit element. 

1784. A minimal ideal containing M is called the ideal 
(M) generated by the set M of a commutative ring R. If the 
set M consists of a finite number of elements ПИ и, 
then the ideal (M) is also denoted as (a, ..., a,). Prove 
that the ideal (M) exists for any nonempty set M € R and 
consists of all finite sums of the form 

(a) Ži Titi rj€R, a,€ M if R has a unit element; 

(b) Drim + X nag; ri € a; € M; my are integers it A 
does not have a unit element. 

*1785. A ring of principal ideals is a commutative ring 
with unity and without zero divisors, in which ring each 
ideal is a principal ideal (see problem 1783). Prove that 
each of the following rings is a ring of principal ideals 

(a) the ring of integers, 7; 

(b) the ring P [z] of polynomials in the single unknown 
z over the field P; 

(c) the ring A of Gaussian integers. 

1786. The sum of ideals Jis Ia <, Ly of a commutative 
—— the set / of all elements z in R that can be repre 

as 


=. +, + Ы apet: ifm 4,2,..., & 
ФА... 1. И for any x in / the 
entation is unique, then the sum / is called 


n this case we write / — /, - 
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ve that 
i the sum of any finite number of ideals is an ideal; 
the sum of two ideals is a direct sum if and only 
intersection contains zero alone. 


Prove that if 7 — TA I, is a direct sum of the 
eals J}, 7,, then the product of any element of 7, by any 
ement of J, is equal to zero. 


Let R = I, + I, be a decomposition of a commuta- 
g R with unit e into a direct sum of nonzero ideals 


that if e = e, +e» e€, е. Є/,, then e, е, 
unit elements, respectively, in J,, J, but not in R. 
|. Prove that the factor ring of the ring D [z] of poly- 
th real coefficients with respect to the ideal of 
divisible by z* + 1 is isomorphic to the field 

a + bi with the operations of addition 

vation defined by the familiar school-textbook 


that any homomorphic mapping of a field P 
either an isomorphic mapping onto some 
rs into R as a subring (a so-called embedding 
mapping of all elements of P into the zero 


integers and let R be any ring 
that the mapping q, for 
орд: Z into R. 

i omorphism. 

ks and let T 

b; (a) pipe 





(а) 7 15 an ideal but is not a principal ideal; 

(b) the factor ring P [z, yl/7 is isomorphic to the field P 

1796. Let I — (z,2) be an ideal, generated by a set 
of two elements z and 2, in the ring of integral polynomials 
Z [z]. Prove that 

(а) the ideal J consists of al! polynomials with even 
constant terms; 

(b) the ideal 7 is not a prin: 

(c) the factor ring Z [z]/I is 
residues modulo 2. 

1797. Let (n) be an ideal generated by the integer n — 1 
in the ring of integral polynomials Z [z]. Prove that the 
factor ring Z [x]/(n) is isomorphic to the ring Z, [z] of poly- 
nomials over the ring of residues modulo r. 

1798. Let R be the ring of all real functions f (x) defined 
on the whole number line under the ordinary operations 
of addition and multiplication and let c be a real number. 
Prove that 

(a) the mapping 9 [f (z)] = f (c) is a homomorphic map- 
ping of the ring R onto the field D of real numbers; 

(b) the kernel of a homomorphism Ф, that is, the set 7 
of all elements of the ring R that are mapped into the num- 
ber 0, is an ideal in R; М 

(c) the factor ring R/T is isomorphic to the ñeld of real 
numbers D. 

1799. Let Zp be a field of residues with respect to the 
prime modulus p and let f(x) be a polynomial of degree n 
in the ring Z, [z] that is irreducible over the field Zp (from 
field theory we know that such a polynomial exists for 
any prime p and for any natural п), let J be a principal 
ideal generated by the polynomial f(z) in the ring Z, lz]. 
Prove that the factor ring Žp [z}/Z is a finite field and find 
the number of its elements. 

Sec. 22. Modules 

dule over a ring Ris an Abelian group M (usually 
Жк additively) for the elements of which dite 
multiplication by elements of R so that Aa € M fac ан т 
AER, a €M, and the following conditions hold ( e zm 
"similar to the properties : multiplication of a vector by 

for a linear space): 
ih Wia-+ b) =Aa+ Ab, 2 (A+ pha = ла + на, 
3. A (ра) = (Ан) а, 


IL 








val ideal; 
morphic to the field of 


. R, a, b € M. 
Ua de line В Ваз а unit element è and 
4. ea — a, a € M, 


then M is called a unital left module over R. i 

A submodule of a left module M over a ring R is a sub- 
group A of the group: M for which Aa € A for arbitrary 
А ‚ @ЕА. 

и «of the left module M onto the left module 
M" over one and the same ring R is said to be homomorphic 
if p (a + b) = pa + qb, ф (Аа) = Ара for arbitrary a, b € 
€ M, X € R. ^ t 

‘A reciprocal one-to-one and homomorphic mapping of 
a module M onto a module M’ (over the same ring) is said 
to be isomorphic (or an isomorphism) and the modules M 
and M’ are termed isomorphic. 

A jactor module M/A of a left module M over a ring R 
with respect to the submodule A is the factor group M/A 
with ordinary multiplication by the elements of the ring R: 
A E +4) = А + А. 

‘The order O(a) lor the annihilator Ann (a)] of an element 

a of the left module M over a ring R is the set of all elements 

AER for which Aa = 0. If the order of the element a con- 

is only zero of the ring R, then a is termed the free ele- 

1 (ог the element of order zero), Otherwise a is termed 
poe element (or an element of nonzero order). 

similarly | right modules M over a ring R with 

ЄМ, a € M, X€ R, and the associated 


g Problems of a module M 
> sake of definiteness, to be 
if oe the correspond- 




























jsed into a direct sum of submodules: M V, M 


compe г es ' 
— M, is unital and M, is trivial, M, containing al] 
the elements a € M for which ea =a and My containin 
all elements a € M for which ea 0 


1803. Verify that 

(a) if a commutative ring R is regarded as a left mod 
over itself, then tho submodules of this module coincid 
with the ideals of the ring R; 

(b) if a noncommutative ring R is regarded as a left 
right) module over itself, then the sub nodules of 
module coincide with the left (or right) ideals of the ring R 

*{804. Show that an Abelian group G that is primary 
with respect to the prime number p (problem 1695) may be 
regarded as a unital module over the ring A of rational 
numbers whose denominators are not divisible by p 

1805. A cyclic submodule generated by an element a i 
the left module M over a ring R is a minimal submodule {a 
containing a. Prove that for any a € M the cyclic submodule 
{a} exists and consists of all elements of the module 1/ 
having the form: 

9 Ха, where A € R if M is a unital module; 

(b) Aa + na, where 1 € R and n is an integer if M is 
any module, 

1806. Prove that an n-dimensional linear space over 
a field P is (under the same operations) a unital module 
over P and this module can be decomposed into a direct 
"n hu еуен оби, 

. Let e a unital module over a commutative 
ting R with unit element e, let (a) and (b) be cyclic mo- 
dules, and let O(a) and O(b) be the orders, respectively, 


of a i b. » 

à) Prove that if {a} = {b}, then O(a) — O(b); 

ре an example ints that ae e iun O(a) = 
= O(b) are insufficient for the equality {a 

(c) prove that for the equality {a} = 
a | sufficient that b = qa, a = Bb, whore 





if 
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. Prove that any submodul 
a e A of i 
5 {a} over the ring of principal ideals: fain ten 


К 1809. Let R be the set of all infin 


ite s i 
(а, 4. ...) With addition and multiplication eere 


lo components. Verify that Ri 

] f + 1з i 

with ims that is, a cyclic module Dyer е 
d submodule that does not have a finite 

п generators. This shows that the submodul; 

с module need not be cyclic, aa 


and the sub 
nitely generated module need not be еа 


—— 


. Lett M b 
x e a module over the commutative 


- (a) Prove that if A does not have zero divi 
» м of all periodic elements is a aimee св 


L 
use examples to show that for a ring R with z 
S preceding statement may be аи к. 
"1811. Let M be a module over the ring R of principal 
and let a and b be periodic elements of M of orders 
(a), O(b) = (B) and let 8 be the greatest common 
of a and p. Prove that the element a +b is also 


of order O(a + b) = (y), and (a) y divides 5e 


а 4 














be satisfied: any increasing sequence of submodules (not 
necessarily distinct) M, = M, = ... becomes stabilized 
at a finite stage. In particular, this holds for ideals of the 
ring R if it is regarded as a module over itself 

1814. Prove that if {a} and {5} are unital cyclic mody 
over one and the same ring R and the orders of a and ^ 
related by the inclusion O(a) c O(b), then there exists 
a homomorphic mapping of {a} onto {5}. 

1815. Let M — (a) be a unital cyclic module over a com- 
mutative ring R with unit element e. Prove that 

(a) the order O(a) of the element a is an ideal in R: 

(b) the factor ring R/O(a), regarded as a module over 
R with ordinary multiplication defined by multiplication 
in В, is isomorphic to the module М! 


1816. Let M = A +B be a decomposition of a module M 
over a ring R into a direct sum of submodules A and B 
Prove that the factor module M/A is isomorphic, as a module 
over R, to the module B. 

1817. A module M is said to be an eztension of a module 
A with the aid of a module B if A is a submodule of M and 
the factor-module M/A is isomorphic to B (M, A, B are 
modules over one and the same ring A). Prove that the 
extension of a finitely generated module with the aid of 
a finitely generated module is a finitely generated mod- 
ule. ar: 
1818. Prove that if the condition of maximality for 
submodules is fulfilled in a module M (see problem 1515), 
then this condition is fulfilled in the factor module M/A 
of the module M with respect to any submodule 4. 

*1819. Теё А, В be submodules of a module™ M over 
а ring A. Prove the following theorem on isomorphism: 


(A 4- BA = В/(А f) B). 









ital module with a finite number of 
st se BS over a commutativa ring R 


e — if the condition of maximal- 
for ideals in the ring А, then it is fulfilled 
the module M (this theorem can be gen- 


i lity 
mutative ri with the maximality 
ar right йор). 
' 















йй, ОА ера т; 
See, 23. Linear Spaces and Linear Transformations t ii s Rude bine TS. 
EN (Appendices to Sections 10, 16-19) | 


i endence » following 
1828. Prove the linear dependence of the following ony 
SNP that for the equality «w+ py = Pw + ays ane? 
— фаг. К аы and 4 y are vectors, to be fulfilled» a rbv recom, Silty. CORE, os oy зїп”, со 
it is necessary and sufficient that either œ = B or z = y Ба 
hold. А і sz, sin*z, cos'z, ..., sin" z, cos" z [s 
*1822, (a) Without using the commutativity of addition ы — Же НО ш, каН фу CORD p cos x for 
е" a ОА аана *1829, Verify that all homogeneous pun of degree 
will be left as well; ! i ith real coefficients | 
ing i ivi i k in n unknowns zi, ty, ..., М its (or 
(b) using item (a), prove mar и — with coefficients taken "from any field) together with zer 
Sed кс йа онг аш, ОГ d linear under ordinary operations form a linear space; find tho 
1823. Let D be the field of real numbers and V^ the set dimension of the space. 


of all functions specified and assuming positive values on 
the interval [a, b]. We define the addition of two functions 
and the multiplication of a function by a scalar by the 
following equalities: 


ТӨ =}, «Of-f, heey, & € D. 


(a) Verify that under the indicated operations, F is a 
space over the field D; 


*1830. Verify that all polynomials of degree <k in n 
unknowns 21, £a, ..., Za with real coefficients (or сое. 
cients from any field) together with zero form a linear space 
under ordinary operations; find the dimension of that Space, 

1831. Let V be a linear space ol all polynomials in z 
of degree «n, n — 1, with real coefficients.! 

(a) Prove that the set L of all polynomials in V having 
the given real root c is a subspace of V; 

(b) find the dimension of Lj 

(c) the same for the set Тл, 1 < k € n, of all polynomials 
in V having k distinct real roots Cy, +» «5 Cy (not counting 
multiplicity); 

(d) is the set L’ of all polynomials in V having the simple 
real root c a subspace?! 

*1832. Prove the theorem: for two linearly independent 
Systems with the same number of vectors, 


fiy sy By (1) 
Wy n Un (2) 
n-d onal space V, to be equivalent (or to rate 

same subspace), it ist RT sufficient 


à basis the respective minors of the matrices A 
up of the coordinate rows of the vectors of the 
л. -— c мл : 











(b) prove that the space V is isomorphic to the space V* 
of К real functions specified on the interval (а, 0 under 
ШО т operations of addition of functions and multi- 
plication of a function by a real number; 
find the dimension of the зрасе Г. 

» Prove the beer independence of the set of func. 
» Where À,... А, ага {pairwise 


ie linear independence of the set of func. 
S (My ++) Oy are pairwise dis- 


‘Haoar independence of the following 

















































wo that am 

































if q, and qs are projections defined in item (b) and the 


1835. dM that dE m x the pairwise distinct eigen: 
ral „Л... А Of a linea i Es 
a linearly independent Roatan. а T | condition (3) holds, then p = PıẸı is a projection on L 
— containing all the vectors taken is ШУ | = LfN L, parallel to M = M, + M, (here the sum need 
n A bo areni ii y not necessarily be a direct sum). Use an example to show 
in i \ iti i г 
e a itaniti i diferent from. two) and CE Eee cii wa fo tumet 
$ . om two) and 1 s 1 Б 
= L+ M be a decompositi М #4837. Prove that if for the transformation «p of Euclidean 
position of the space V into space V into itself there exists a conjugate transformation 


hat is a transformation with the property (qz, y) — 
ctors æ, y in V, then @ and ф* аге 
symmetric and skew-symmetric trans 


sum of the subspaces L and M. Th 
uniquely represented) in the form a oe ay фу) for any ve 
linear. In particular, 


es. i be defined 1 і 
ormations can be de'nec, respectively, by the equalities 
pees q defined by the condition qz — y (px, y) = (2, ФУ) and (pæ, y) = — (©, ФУ) without the 
Е т a the space V on L parallel to M. requirement of linearity. 
problem 1538, projections coincide with idem- 1838. Find the distance between two planes Py: T - 
= ay + ha, + tala and Рух =, БАр tab), where 


ormations, that is with linear transformations =a 
тэт, 1б, 4), а, = (1, {, 1,1), а, = (1,0,0, 1, в = 


— q? — q. Using this fact, prove the NEM 
M а, em (1,1, 0, 2 = 0, 412, 3), and 
n on L parallel to M and e is the the coordinates of the vectors are given in an orthonormal 

, then e — q is a projection on М basis. 
т 9 1839. A Hilbert space is a set V of all infinite sequences 
of the real numbers æ = (ty 42, + .) for which the series 


Е фа of two projections q, and 
1 i and suffici 

» У йа of squares уа converges. Such sequences are called vectors 

(1) (or points) of the space V. Addition of vectors, multiplica- 

and p, are respec- tion of a vector by a scalar, and scalar multiplication of 

L, paral- vectors are defined in the usual fashion. Namely, ifz= 
Фе Фф + Ф = (д.а. 5) and y = (by, Ба ++ +) аге vectors and c is 
i Е a scalar, then 


ху = (а, а, way C= (Cay, ба 
в 

bag a wd teme н У A 

ыны зра чоне зан, 


thi 


Бу а 


[ 


ees 






















1840. Let Vp = L, 4. D, be a decomposition of an n-di- 
mensional Euclidean space into a direct sum of two sub- 
spaces: Lf and L7, which are orthogonal complements of 
L, and L, respectively, and let p he a reflection of Vj, in 
Ly, parallel to Ly. Prove that the transformation q*, the 
conjugate of ү, is a reflection of V, in / parallel to 1, 

{841. Find all isometric (or orthogonal) transformations 
that hold the zero vector fixed; (a) in the plane; (b) in three- 
dimensional space. 

*1842, Find the geometric meaning of a linear transforma- 
tion q of three-dimensional Euclidean space specified in 
the orthonormal basis ej, eg, €s by the matrix 


— ив) 

4 4 4 

1 3 ув 

LS C RA culos Ge 
Уб v5 1 

Ж бё z J 


_ *41843. Determine the geometric meaning of a skew-sym- 

> tran — of И а for the к: 

it line; of a plane; (c) of t| e-dimensional 

that in three-dimensional space, q reduces 

is e all vectors by one and 
у gz =a X я. 

wing assertion: for a linear trans- 

| (not necessarily finite- 
o, it is 
















bla, uv) = h (æ) la(y), where h(x) 


= 
By ; 
=$ ewn i 

1847. Prove that the bilinear form b(æ, y) given in a real 
n-dimensional space (or in an n-dimensional space ove 
a field with characteristic not equal to two) is symmetric 
if and only if it has a canonical ba in which it can be 
written by a bilinear form of canonical aspect: b(r, y) 
= MTY F Aaaa +H =- + nnn 

*1848. Prove that if the product of two linear function 
specified on a linear space V (not necessarily finite-dimen 
sional) is identically zero, that is, 1(2)1.(2) = 0 for any 
x € V, then at least one of the functions is identically zero 

#1849. Prove that if the symmetric bilinear function 
b(a, y) specified in a linear space V (not necessarily finite- 
dimensional) decomposes into two linear functions (т, y) 
= 1(a) 1,(y), then it can be expressed as b(r, y)- 
= M(r)(y), where A is a nonzero number and U(x) is 
a linear function. 

*1850. Prove that a bilinear function in an n-dimensional 
real space is of rank 1 if and only if, in some basis, it can 
be written as a form with the aspect 

ie Етүу if the function is symmetric; 

b) z,y, if the function is nonsymmotric. 

*1851. Prove that a nonzero skew-symmetric function on 
a linear space V (not necessarily finite-dimensional) cannot 
decompose into a product of two linear functions. 

*1852. Let l(r) be a nonzero linear function on a linear 
space V (not necessarily finite-dimensional). Prove that 

(a) the kernel S of the function l(z), that is, the sot of all 


f and only if its rank is equal to unity, 














vectors z € V for which /(z) = 0, is a maximal linear 
"su » that is, S is not contained in a subspace 7’ ditler 


А] 1 
"vector a not in S, any vector æ can bo uniquely 
ass= y + aa, ES. 


















dimensional space: 
is taken to be equal to. —1): 


а) 21 + 22 —2 +2 
dco nr Pt e D: (a) z-Lai—a$— 1 (hyperboloid of one sheet); 
(b) zi + 25 + 2x2, + 22,23 H 22, 4+ 4 ДУЛ уну +, < 
s 3 1 = 0. (Б) 22—202 — 253—1 (hyperboloid of two sheets); 
1855. Prove that if a quadratic form with matrix A i (с) —ж—=0; 
positive definite, then so is the quadratic form x A is E 1 7 3 = 0; 
Tyl,= 1; 


(a) with inverse matrix A-!; 


(b) with the adjoint А. (e) z,24—1 (in three-dimensional space); 


*1856. Let i Р 
E ааш пров on an n-dimen- (f) 225— 0; 
vector if (хо) = 0. Prova th ector wp is said to be a null (8) 211—0 (іп n-dimensional space); 
e E e that if the function f(z) is an 172 5 space); 
ya — nction, that is, there exist vectors æ, z (Б) 22—21= 1; 
Has) > 0, f(s) <0, then there is a basis соп. (). аё—44—...—ж=1; 


of null vectors, Suggest a method for constructing 


a hasis, (0) zt. ami 








_ "1897. A null cone of a quadratic ti т 6 
giall mull vectors (problem 1880). — ваных Nie eii ada. 
EU A f) од fe n-dimensional real space a) 2 (—1y-t 24-4. 


ы (х) is t i е 
h t is, either f(x) >0 for i }, ез. гаан fupe 


Let f(z) be a quadratic function on an n-dimen- *1861. The left kernel (or left null space) of the bilinear 


linear s function blæ, y) specified on a linear space V is the set 

Tyr ese der атади ава равай т Li of all vectors æ € V for which bz, y) — 0 for all y € V. 
that IRR RO b He — function. The right kernel L; is defined similarly. 

сопе К t : near subspaces Prove that (a) the left and right kernels are subspaces; 

Silas nonaingnl em 1857) is equal to (b) in an n-dimensional space the left and right kernels 

ar (that is, r = n); have the same dimension m — r, where r is the rank of 

conor df f(x) is ar- b(æ, y), that is the rank of its matrix with respect to some 


asis. 

1862. Find the basis of the left and right kernel (null 
space) L; and L; (problem 1861) for the bilinear form 
bz, y) — zi + Ошу» + Brgy, + zaya and show that 



























symmetric and a skew-sym- 
kernel coincides with the 


r function in n-dimensional 
netric nor ——— but 
inlet rapuit Bilinear 

Rare ais) aud dz) are 


"1863. (a) Pr кеса 
metric bilinear function the left 
ight kernel — 


*1865 y) bo a bilinear function and let L bo 
a е in an nedimonsional ү М 
Donote by L* the set ol all vectors y € V, such that b(r, y) 
— 0 for all æ € D. Prove that 

"j space; d 

t i S Poning (that is, tho rank is equal 
to n), then the dimension of L* is equal lon — E j 

(c) if b(a, y) has a rank ob ren, thon the dimension 
of le is greater than or equal to max (n — №, n — г). 

*1806, Let b(r, y) be a nonzero skow-symmotric bilinear 
function in an n-dimensional linear space Vn. Prove that 
thero is a basis in which b(r, y) can bo written by a bi- 
linear form of the following canonical form: 


b (a, y) = zia — als F tally — Os 


eo ал-ал Fanon, Lh T 


For the following forms find the canonical aspect of the 
skew-symmotric bilinear form (problem 1866) and the non- 
singular transformation of the unknowns that leads to it. 

1867. b (z, y) — zs — хуу, + 2 (пу; — ту) — tive + 
A = (тшй — 2404). 

+ be, Y) = 2: — 2 + 2 (ту, — хул) + 
а La) 

*1869. Let f(r) be a quadratic function in an n-dimen- 
sional Euclidean space V,. Prove the following assertion: 
EC tho cono K with equation Im = 0 (problem 1857) to 

n an orthonormal basis of the space V,, it is посоз- 

i icient that the trace of the matrix A of the 

(and, hence, in any) orthonormal basis 
ulate this statement in matrix terms. 




































with a unique vector æ = АВ; two axioma hold relative 
to this correspondence: 
(I) for any point A and any vector a there is a unique 


point B such that AB = vi 
(11) for any (not necessarily distinet) three points A, B, C 


there is an equality that holds truo: AB + BC = AC 

The set A together with such a correspondence is termed 
an affine space. 

If V = V, is an n-dimensional linear space, thon Y is 
also an n-dimensional affine space and is denoted as |, 
If V is infinite-dimensional, then % too is said to be infinite. 
dimensional, If the linear space V is Euclidean, then the 
affine space 01 is also termed Euclidean. In this case, the 
distance between the points A and B is equal to the length 


-— 
of the vector AB and the angle ABC is equal to the anglo 
— 


-= 
between the vectors BA and BC. 
Note. Any linear space V may be regarded as an affine 
space. Then tho sot 91 coincides with P so that tho vectors 
are regarded as points too. We also say that the vector æ 
specifies a certain point of affine space. The association 
of an ordered pair of points of the vector (given in tho doli- 
nition) consists, in this case, in the fact that a vector z = 
= y — x is associated with an ordered pair of points z, у 
in V whence, via z and z, we can uniquely determine y; 
EM proves axiom I. Axiom IT reduces to the obvious м 
ar (у — æ) + (z — y) = = — x. This is the identification 
fe зн that is assumed in Secs. 10 to 19. 
an space W passing through a point 
A and having as tts M LEN Cra 
nts M in $W for which the vector to L 
The din nsion of the plane x is the di i 


dimensional. pla 


























Jfa certain initial point O € Y is chosen, then any point M 
uniquely determined by the vector OM. 
' де! ctor OM, and conversely, 


vector OM is termed the radius vect, 
ог of th i 
plane л that passes through the point A ul M 
or subspace L consists of all points M whose radius 
— 


ors are determined from the equatio om = 
z € L. If the vectors in V are ie take ae 
plane is determined from the equality x = x, + T 


y 
е ж = OA. Thus, in this case the c 

with that of a linear manifold — ee 

passing through the point O will coincide with 
















jd system of coordinates in an n-dimensional af- 

ee — of the o E An, called the origin, 
4: € .5 o, еп Of the appropriate li 

ace V,. The coordinates of the point M € Ж. pim the "ind 


». 4 — 
f its radius vector OM in the given basis, that 
ere д, Шз, ..., Gp, that satisfy the equality 


ШР а, 
(00M — ze t test.. + anen 


| plane x of a real n-dimensional affine 
| A with coordinates zj, 25, . . ., tn 
subspace L — a basis consisting 


п 
Неге, 0; = У) аул? and the homogeneous equations 
fA 


n 


У ауу =0 (t=1, 2,...,—k) specify the subspace L 
= 
We will call the equations (2) the general equations of the 
plane л. 

The equations of a straight line passing through two 
points A(z}, z3,..., 2m) and B(yi yn .... ys) are of 
the form 


za—at+t(y{—z?) (i=1, 2, ..., n). (3) 


Here, t runs through all the real numbers. 

A segment AB is a set of points M whose coordinates 
are obtained from (3) provided that 0<i<1. The point W 
that divides AB in the ratio 44 —1 is determined in 


cu 
vector form by the condition AM = 4MB or in coordinates 
by 

1+ М 


— TT A tng Dts 


t= 


*{870. Given in an affine space four distinct points A, B, C, 
and D. The points K, L, M, N divide the line segments 
AB, BC, CD, and DA in the same ratio of min + —1. Prove 
that 

(a) if ABCD is a parallelogram, then KLMN is a paral- 
lelogram; 

(b) if KLMN is a parallelogram and m — п, then ABCD 
is also a parallelogram. 

1871. Prove that a pair of coincident points is associated 

— 


with a zero vector, that is, AA = O. 
1872. Prove that AB = —BA. e 
Prove that any plane z of affine space 15 itself an 
‘whose dimension is equal to that of m. | 
at the -plane passing through a point A 
does not depend on the choice of 21 
with the x'-plane through 
the same director subspace L. 
of the following planes 
equations: 
294 


1884. Using the notion of the rank of a matrix 


























а sitions of two two-dime 
Be settee + (Sa. a ogee th ры зараа) рэ * ed by the 5 
Азаа, 1-06-02, equations 
д — 2, — 42: + 54 = —3. 4 i 
1876. 2r, — 2, + t+ 2% + 3% = 2, 2i az by (@=1,‚ 2) " 
6x, — 3r, + 273 + 42: + 5 = 3, anil Р 


5 
Ў aytj=b, (i=3, 4). (2 
=! 
1885. Describe all cases of the mutual positions of tw, 
hyperplanes of n-dimensional affine space Specified by the 
general equations : 


62, — 3x, +- 4x, + 82, + 132, = 9, 
dn — 2r t ty + 2% = 1. 
Find the general equations of the plane specified by the 


parametric equations: 
1877. z — 2+ 4+ t, 1878.2, — 1b t d- ts 














ii EA ty = 2 — 

2 =—3%+ t+ 2h, ty =5— t+ 3ty, aty F ata + e. + antn =c and 

Tp ЗЕЕ За Е №, T = 3 + 2i — ip byt, + date +... +d, =a, 

z= 1+4 & 34. zy — 41 4-3t — 2%. у *1886. Prove that if the intersection zr of a set (finite or 
infinite) of planes z of affine space is nonempty, then a 


1879. Prove that a unique straight line passes through 
any two distinct points A and B of affine space. 

1880. Prove that there is a unique two-dimensional plane 
jeux through any three points A, B, C of affine space not 
lying on one straight line. 

1881. Prove that a unique k-dimensional plane passes 
through any &+ 1 points Ay, Ay, Ao, ..., A, of affine 
space that do not lie in a (k — 1)-dimensional plane. 

1882. Indicate all cases of mutual positions of three 
en planes in three-dimensional space that are specified 
by the general equations 


is a plane. 

1887. Prove that two planes m, = a + L; and = 
= a, + L, intersect if and only if the Vr «a 
belongs to the subspace Li + La У 

*1888. Prove that a plane 7,, different from a point, 
S ae — spaco i parallel to any other plane 
7, not intersecting it if an if mi 
i ithe has а d m is a hyperplane (that 

- Prove that two nonintersecting hyperplanes 

a 7, offn-dimensional affine space “ ЖАПЫ if sal 
ка. — {у lie in a plane x, having a dimension that is 
ee — Ms ей y unity than the largest of the dimensions of л, 

Cay + bay + cyt = dy, “1890. Prove that parallel hyperplanes : 
а: + ba Jl I апі л; can 
nrp | be passed through any nonintersecting p M edm 
: al affine space, 


— ufficient condition 
L, and m, = a, + Ly КО 


a» 

















h 





























1893. Express the condition of parallelism of tw 
jn n-dimensional affine space that are specified Era 

nations via the concept of the rank of a matrix a 
pus hyperplane specified by the general equation 


У ан: =6 partitions an n-dimensional affine space into 


two half-spaces consisting of points whose coordinates 
" "m < c 

one of the inequalities > ал > b or Ў) аш; < Ь 

1 = Б" 


І that each of these half-spaces is a con t 
Eis d is given as a es в of 
i m joints of four-dimensional i 
porte Ке ани ional affine space specified 


000, 0, 0, 0), 4(1, 0, 0, 0), 200, 1, 0, 0), C(1, 1, 0,0), 
DO, 0, 1, 0), Е(0, 0, 0, 1), F(0, O, 1, 1); 
a system of linear inequalities specifying the 


AM 
an three-dimensional faces of the polyhedron. 
ve n same problem as that of 1895 but ae 


Е, 0, 4, 0), 
H(0, 0, 0, 1). 








*1899, Find, in three-dimensional affine space Wf, over 
a field Z, consisting of the two elements 0 and 1, (a) the 
number of all points; (b) the number of all straight line 
(c) the number of all planes; (d) the number of points lying 
on a single straight line; (e) the number of straight lines 
passing through one point; (f) the number of points lying 
in one plane; (g) the number of planes passing through 
one point; (h) the number of straight lines lying in one 
plane; (i) the number of planes passing through one straight 
line; (j) the number of straight lines parallel to a given 
straight line; (k) the number of planes parallel to a given 
plane; (1) the number of straight lines parallel to a 
plane; (m) the number of planes parallel to a given straig 
line; (n) the number of straight lines skew to a given straight 
line. 





See. 26. Tensor Algebra + 


What follows is a brief introduction to the notions and 
properties that are usually found in any lecture course on 
the subject. The proof of some of the properties is offered 
as problems in this section. 

Suppose in an n-dimensional linear space V, (whether 
real, complex, or over any other field P) there are given two 
bases ej, ез, +++) €n and ej, e$, -, 8n. These bases are 
connected by the equalities 

e= deceat- Heien 
e= cles + ceat -Hiren 


e, — chet cheat -o Hen 


or, more compactly, 
eic, (i94, 2, ..., )- (1) 
Here and below, we assume summation with respect to the 
or lower index from 1 to n. 
] ‹ оп were presented by 
connection. with eo course 


We introduce the transition matrix 

био 
pa 3 

e * * 58:9 

in the columns of which aro the coordinates of tho vectors 
of the second basis with respect to the first basis. If the 
transition matrix is written in terms of rows (not columns), 
the formulas that employ matrix multiplication change, 
while the formulas (1) and (2) and others that do not use 
matrix multiplication remain unchanged. Then the formu- 
las (1) can bo written in matrix form by a single equation: 


(ei 0$ +. у е) (6, ез. ек) С. 
The coordinates of a vector z in the first basis will be 


expressed in terms of the coordinates of tho same vector 
in the second basis via the rows of the matrix C using the 


formulas zc, 64,2... n. From this tho 
coordinates 2" can be expressed in terms of z^ in the form 
medi, 24. (2) 


фа... 0 


| We introduce the matrix D=| 8 & 


„in tho 


da an 
re the coefficients in the expressi Ve 
ie md (2) can be ае 


Ga... ур, 
3 (m (aft, Wi... 


те and D aro 



















The law of variation similar to that of the basis wit 
respect to formulas (1) is called a covariant law, and thy 
law associated with formulas (2) is called а соттавана, 
Tow. Quantities (or other entities) associated with the bas 
and varying covariantly are termed covariant; thoy nn 
denoted by lower indices; those varying contravariant 
are termed contravariant and are denoted by upper indies 

A tensor in n-dimensional linear space is a correspondences 
under which to each basis of space there correspond 5" 
numbers dic labelled with p lower and q upper indice 
and varying with change of basis covariantly with respect 
to the lower indices and contravariantly with respect to the 
upper indices. These numbers are called the components oj 
the tensor in the given basis, and the number p -+ qis termed 
the rank or order of the tensor. We also say that a given 
tensor is p-fold covariant and q-fold contravariant, or i: 
a tensor of type (p, 9). 

By the definition of a tensor, its components in the two 
bases 
€, Cay os 


¥ @ and е, ез, ..., e 


connected by (1) are themselves eonnected by tho equality 
айин... сара... анар, а) 
(шег ban Sars sy Sg = fy 2, п), 
| di реи Summation from 1 to n over all in 
tonsor may be dofined different: as trie enti 
associated with a linear space Vins To ae — ны 
eed ate space * Its еа are linear functions 
ven space V i 

operations of addition of two TS ONE dba 
tion of a function by a scalar. The space V? is also loan. 
sional, and to each basis Ors €z». ey Of tho space V, 
thore ue basis Nm 
dual) basis for 


d with it by 
Абл») 





































as E,. In this case, we will write (x, y) instead of g (Œ, y) 


]f the basis e; transforms via formulas (1), then the con- 
and we will call the value of that function the scalar product 


jagate þasis e' transforms via the formulas 
ва (121, 2, .; inner product) of the vectors z and y- 
@=1,2,...,п), \ in, the space Mn, to each basis ep, en -yy n thore 


The following one-to-one correspondence can be estab- | corresponds a unique dual basis CA PE e" associated 
between the polylinear functions | with Ж given basis by the equalities 





















у Ур ФА аф) glen e) - 6i (l 181, 2... n). (8) 

weetors in V, and of g vectors in V? on the one ha expanded in terms 

nd Each vector x of the space Mn can be expanded in terms 

all tensors of the typo (p, g) on. V, on the other. This of the bases e, and e: 2 = ze, = z,e'. When the basis 

pondence is isomorphic relative to the operations of e, is changed by means of formulas (1) the components 2° 

multiplication. and multiplication by a scalar. in that basis transform via formulas (2), that is, contra 

the above polylinear function there corresponds a variantly, and are called contravariant components. The 
or whose components in the basis e,, ез, ..., е, оѓ dual basis æ transforms via the formulas 

V, are defined by the equalities diede" (I1, 2 n) (9) 

=F чө бш, ёр eh, eh... eh) (6) = dy =1, 2, ..., ‹ 

and the components z, in this basis transform via the for- 


^" h-^ 2, 5n) mulas 
i х= сМ {ф=1, 2,..., п), (10) 


that is to say, covariantly, and are called covariant com 
ponents. 
Given a fixed vector y € M, the function q, (z) 
= g (æ, y) is à linear function of æ, that is, it is an element 
of the conjugate space Mt. The correspondence y —> Qy (2) 
is an isomorphic mapping of M, onto Mj. By identifying 
the elements of these spaces, which correspond to one another 
under the isomorphism, we may say that the space м, 
| which is conjugate to the space with the quadratic metric 
Mn, coincides with Mn. In particular, this holds true for 
the Euclidean space En. 
In the inner-product space Mj, one and the same poly- 
function of r vectors in M, may be regarded as a ten- 
p, q), where p + g = rand p = 0, 4, 2, 
one of the possible values for p, 


of the in the basi 
where — basis con. 
4) 


In particular, to the metric function £ (æ, y) there cor 
respond two tensors with components 


gu g(en e) (5 11 2, n) (11) 
g^—g(eh, e) (4 11, 2,... n). (12) 


which are called, respectively, the covariant metric tensor 
and the contravariant metric tensor. These tensors are of 
the type (2,0) and (0, 2) respectively. Besides, the same 
function g (æ, y) is associated with a third tensor of type 
(1, ) whose components are given by the formulas (8) 
and do not dod, on the choice of basis ej. 

The values of the metric function g (x, y) are determined 
by one of the following three formulas: 


# (т, у) = gay’, (13) 
g Gn, у) = шур, (14) 
в (т, y) = xy", (15) 





In particular, the scalar product т, у) їз 
similar manner in Euclidean. space. чы 
mal 


a in Euclidean space, we consider onl г! - 

oem Then the Шш» C made up of the nu. 
mulas (1) is orthogonal, from (3) we obtain D = С 
made up of the coefficients of formulas (1) and 

n each other, the dual basis coincides 
basis, covariant components coincide 
Components, and the matrices of 
and turn into a single matrix, 

i types i Л ШП та 

O arguments coin- 

and contravar- 

в, And for that 
























given by the formulas 


9145. 7 (— ' V & (16) 
where s is the number of inversions in the permutation 
fy las sor dg ANd 4,1,..,in = O iF at least two of the in 
dices are the same. In particular, &3...n Ve>o 


When passing to a new basis with the same orientation 
the components of a discriminant tensor vary like thoss 
of an n-fold covariant tensor; when passing to a basi with 
opposite orientation, they also change sign 

In similar fashion we define the contravariant diserimi. 
nant tensor elite-sin, 

The oriented volume of a parallelepiped Q constructed on the 
vectors ©, ть, ..., Жь of the space E, is a number (scalar) 
defined in the given basis e, by the formula 


Ve (X4y Hey «++, Lp) = V g- det, (жи, хз, 1%), (17) 


whore V¢> 0 and det, (a,, 2, ..., 2) is the determi 
nant made up of the coordinates (components) of the vector 
©, Lor a» y Za in the given basis. Using the discriminant 
tensor, the oriented volume can be expressed by the formula 


У. (221, 222, ..., ха) а.а... аір, (18) 


— xi is the sth component of the vector z, in the given 
азїз. 

An oriented volume becomes zero if and only if tho vec- 
lors z, are linearly dependent, For linearly independent x, 


o pm; value is equal to the volume of the parallolepi- 
the set of 

















sums are equivalent if we can pass from 
the other by applying the indicated rules ar pies 
~ sum or to a part of it a finite number of times. This rela- 
tion of equivalence is reflexive, symmetric and transitive 
this reason, all sums can be separated into classes of 
‘equivalent sums. Let T be the set of these classes. We intro- 
‘duce into 7 the operations of addition and multiplication 
elements of the field P in terms of operations over the 
ntatives of the classes. The sum of two sums is a sum 
obtained by adjoining to the first sum the terms of the 
x sum, Multiplication of a sum by œ €P is defined 
as the multiplication by œ of the first elements of all pairs 
‘the sum. For example, c (zz' + yy') = (ax) x’ + 
these operations, the set T' is a linear space over 
d P. It is termed a tensor product of the spaces V and 
ds denoted as V X V'. If V and V' are finite-dimen- 
then V x V' is also finite-dimensional and its 
is equal to the product of the dimensions of V 
$5. «65, 15 a basis of V and e,, €, .. ., e; 
, then the system of classes of equivalent 
the ordered pairs 


EN у (49) 


space V x V' (see problem 1918). 
we can define a tensor product of any 




























space V, may be 
is a tensor product 
Vi. To do this, 





on a 
which 












1900. Prove that for any basis ej, . . ., e, of an n-dimen- 
sional linear space V, there is a unique conjugate basis 
et, ..., e" of the conjugate space Vj, that is, a basis 
connected with the given basis by the conditions e’(e,;) = 
= 8 (i, f=4, 2, .. +5), where ôi is the Kronecker 
delta. 

1901. A linear function (р (т) оп ап n-dimensional linear 
space V,, is a covariant tensor, that is, a tensor of the type 
(1, 0). 

(a) Find its components a; in the given basis e,. 

(b) Show that the numbers a; are components of @ (x) 
as of a vector of the conjugate space V7 in the basis e' 
which is conjugate to the basis e; of V. 

1902. The components (coordinates) of the vector x in 
a given basis of the n-dimensional linear space V, determine 
a contravariant tensor, thatis, a tensor of the type (0, 1). 
Write this tensor in the form of a polylinear function. 

1903. Let ф (2) — az! + ал? +... + a2” be a lin- 
ear form of the components of the vector z € V, in the 
basis e;. Show that the coefficients a;a; (i, j = 1, 2, ..., n) 
of the square of the form yield a twice covariant tensor. 

1904. We say the following matrix is the matrix of a twice 
covariant tensor a;; in a given basis: 





алі Anz +++ Ann 


Find the law of variation of the matrix A when passing to 
a new basis. 
1905. We say the following matrix is the matrix of a twice 


contrayariant tensor a” in a given basis: 


Ка иаа" 












matrix A when passing to 


E. 
e (1, 1) in an n-dimen- 
і gi И x the number of 
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a column and j to be the number of a row, we obtain a matrix 
made up of the components of the tensor: 


1 
ai al... ay 


Find the law of variation of the matrix A when passing to 
a new basis. "P 

1907. (a) Show that the Kronecker delta ôi yields a tensor 
of type (1, 1) in all bases of an n-dimensional linear space; 
(b) write this tensor in the form of a polylinear function, 

*1908. Let a;; be à twice covariant tensor in an n-dimen- 
sional space, Prove that В ; 

(a) if the matrix 4 of the tensor a;; is nonsingular in one 
basis, then it is nonsingular in any basis; 

(b) the elements a" of the inverse of A of the tensor a; 
(for the case when A is nonsingular) form a twice contra- 
variant tensor. 

1909. Let Az be a linear transformation and 1е Ф (х) 
be a linear function on an n-dimensional linear space V,. 
Show that] the function F(z; р) — q(Az) is a tensor of 
type e 1) the matrix of which in any basis coincides 
with the matrix of the linear transformation Az in the same 


_ 1910. Show that the elements of the matrix of the bilin- 
ear function F(z, d in an n-dimensional linear space form 
] ‚ 0), that is to say, a twice covariant 


ve that the elements of the matrix of a line 

stn ана om a tensor ofp (d 1). 
‘space t 

ordinates (components) 
the rows of 














(a) Show that the numbers 


it^ gia ip 
a dy ... 0, 
ай а... а} E ) 
mue EE ушш: (ty fay Ep m 1, 2, n) 
ah au ai 


are components of a p-fold contravariant tensor, that. is, 
a tensor of type (0, p) in the given basis. This tensor is 
termed a p-vector, (for p — 1 it is a vector, lor p — 2 it 
is a bivector). 

(b) Prove] that a p-vector is zero if and only if the given 
vectors 2, @,..., &, are linearly dependent (in partic- 
ular, when p > z, all p-vectors are zero), 

(c) Prove that two linearly independent sets, each made 
up of p-vectors, are equivalent if and only if the correspond- 
ing p-vectors differ in a nonzero factor. 

(d) Show that if tensors are regarded as polylinear func 
tions (see the introduction to this section), then a p-vector 
specified by the vectors ©, Ly, .~-., Ly Of the space V, 
can be defined as a polylinear function of p-veetors q!, g?, . 

+ э) Фф? of the conjugate space V specified by the equation 


Фи (а) (а)... (x) 
F (gi, qà, ..., g?)— Фи (а) Фф (25) ... pP (æ) | 


1913. Determine how the components of a tensor of type 

A des when — Бор à basis ej, ..., е, іо Ше 

t» ss €, obtained from the preceding one b. giv- 

en substitution a(i) — 4e, (i — 1, pre р This. Ж 
that ei = eni (£2 1,2, ..., n). 

1914. Relative to the’ basis в, ..., En, find the com- 

ponents of a tensor of type (n, n) given by the equation 


Фа) фа (ац) ... v^ (x) | 
жул) эе Фа (аа) q* (1) ... 9^ (z;) j 


ДФ (аса) G7 (aq) -.. g" (£n) 


oul 









1915. Let PF(z, ..., f; Ф", .,., p”) be a polylinear 
function that is skew-symmetric both in the arguments 
Sm, «++» ra and in the arguments g', ..., @”. Prove that 
its values can be expressed in terms of the components 

in the given basis by the formula 


Е.а Ф 9") 
= det (a) det (p) -F(e,, ..-, ey; e... e), 


where e‘ is the conjugate of the basis e;, det (z) is the deter- 
minant made up of the components of the vectors £y, . . ., £n 
in the basis e,, ..., €n, and det(q) is the determinant 
made up of the components of the vectors q, ..., p” in 
the basis et, ..., e”. 

1916. Given a tensor of the type (p, q) in the form of 
a polylinear function F (x, ..., xp; g, -.., 9%). Its 
contraction with respect to the numbers k < p, l< q is 
tlie sum 


















А е. ань. ара, ааз еб, 


piti, aaay °). 
' that the contraction does not depend on the basis and 
cod of the type (p — 1, q — 1). It is assumed that 








7. Given a symmetric tensor a;j and a skew-symmetric 

bY. Find their complete contraction a,b". 

In studying a tensor product (see the introduction 

t is convenient to use the concept of a con- 

e — meaning. For the sake of simplic- 
s » кү ‘oduct of two linear spaces: 
Van 















are linear spaces over the 









(b) For a pair ax’ to be equivalent to the pair 00’, where 
0 апа 0' аге zero vectors taken from V and V’ respectively, 
it is necessary and sufficient that at least one of the following 
conditions hold: z — 0, z' — Q'. 

(c) If æm; + -> + arzi ~ 00' and the vectors zj, ... 

..„ а are linearly independent, then 


а=... =o, =O. 


(d) The classes of equivalent sums containing the pairs 
ee} (= 1, 2, 0+ ni = А, 2..4 т), where e,... 
та еп із а basis in V and ej, ..., ey is a basis in V', 
form a basis T'. 

1919. Prove that the tensor products of linear spaces 
of all polynomials in z and all polynomials in y with coef- 
ficients in the field P is a space of all polynomials in the 
two unknowns z, y with coefficients in P. 

1920. Prove that the tensor product of the space of poly- 
nomials f(x) of degree <n and of the space of the polyno- 
mials g(y) of degree <s with coefficients in the field P is 
a space of polynomials h(a, y) of degree <k in z and <s 
in y with coefficients taken from the field P. 

1921. Prove the following statements: 

(a) for any basis e; of an n-dimensional Euclidean space En 
(or an inner-product space M,,) there is a unique dual basis 
e' of the space B, (respectively, of M,) that is connected 
with the given basis by the equalities (e;, e’) = & (i, j = 
=1, 2,..., n) lrespectively, by the equalities (8) of the 
introduction to this ЖОЙЫП, 

(b) the dual basis can be expressed in terms of the given 
basis via the formulas e' = gi*e, (i — 1, 2, .. ., n 

(c) the given basis can be expressed in terms of the dual 
basis via the formulas e; = gine" (i = 1, 2, - + +) n) 

(d) the metric tensors g;; and g" are connected by the 


equalities fip I8 (j—1,2,... ny 


(e) if we denote the matrices of the metric tensors by 


G = (gj)? and G, — (g/)?, and the determinants of these 
matrices s Љу а= [ау р and gi = |g" I, then GG, = E, 


. eri 
BE oo, Prove that the covariant and contravariant compo- 
A o one and the same vector in a given basis of Euclid- 









. ean space are connected by the following equalities: 
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(а) 2; = graat (i = 13, 9, N) 


(В)' = ре (=4,2,..., п). 


1923. Two vectors are given in a rectangular Cartesian 
coordinate system: 


ej — (1, 0, e; — (cose, sina), sine 0; 


(a) verify that these vectors form a basis; А 

(b) find the covariant metric tensor g,, in the basis е. е; 

(c) find the contravariant metric tensor g" in the basis 
€ es 

ta) hind an expression for the vectors of the dual basis 
еу, е? іл terms of the basis ej, e, and their components in the 
original rectangular system; 

(e) write down an expression of the scalar product (a, y) 
of two vectors in terms of their components in the basis 
е, 

К find the discriminant tensor ey in the basis ej, ey; 







2) write down an expression for the oriented area of a pa- 
rallelogram, constructed on the vectors w, y, in terms of 
the discriminant tensor e;; and in terms of the determinant 
made р of the components in the basis e,, ey. 

*1924. Let e,, e, be any basis of a plane, let g" be the 
contravariant metric tensor, and let e;; be the discriminant. 
* in that basis. Using the given vector = xe), one 
ts a vector y = y'e,, whore y! — grjz^. Deter- 
р What extent the vector y depends on the choice of 

at is the geometric relationship between the 





















"dimensional Euclidean space we have 
nt tensor a". How do the quantities 
1= it 42, 09; 4), change with a change of 
















1927. A three-dimensional Buclidean space із doling! hy 


1.31 
a metric tensor with the matrix ( 10 | Find iha 
116 
longths of line segments cut off on the coordinate axes 
the plane WE = ! = “1. 
*1928. The metric of a three«dimensional Euclidean Spata 


hy 





11 
is given by the metric tensor gy, with matrix \ 6 i 
13.2 
Find the area S of a triangle with vertices A(1, 0, 1), 
B(2, 1, 1), C(3, 1, 2) and height h dropped from C onio 
AR if the coordinates and the tensor are given in the same 
basis. 
*1929. A three-dimensional Euclidean space is given hy 


121 
the metric tensor gı with the matrix (: 5 ) ТТ the 
133 
foot of the perpendicular PQ dropped from the point 
P(1, —1, 2) on the plane x) 24999 4.9.0, 
,"1930. In a four-dimensional Euclidean space By we aw 
given three vectors x, y, z and we have cons a vec 
tor w with covariant components ty = erg? (= 
= 1, 2, 8, r^ where is the discriminant in the 
same basis for а {оу шалаа nalogue of a wector 


product. ‚ Ри ; у 
@ th ctor wi т he vectors a, y, 5 
sional vol г, у, в) « ped ‹ 

but 











































if. 
d the. 























a) an oriented volume of the parallelepi 1 
Ia vecors rp s, ОО construntod 
section) can be expressed by the equalities у 


Ve ly Me are» Xn) =V Ei йен, (24, хь, ... а.) 


== вй 





eingi zt n 
TiTi, -+ Tin 


whore dot, (@,, Tas +», n) is the determinant 
of the covariant components of the vectors дү, 2, Finde = 
and wf is the ith covariant component of tho —S 


siiin gimgha ,,, ginang, q аб 
(©) Biden cin = Еца а, +. + Хлапе. 


1933. pute the contraction of the discriminant ten- 
nat three-dimensional Euclidean space. y 

. In the basis e,, €a, ey of three-dimensional real 
we are given the covariant metric tensor g” with tho 





ол, 


110 
G=|122]. 
025 
ce is Euclidean; 


of the contravariant metric ten- 






components of the unit vector 
in the same basis by the 








if the components are given in the basis 
€ — (1, 0, | e, — (cos o, sin oj, — sin o #0, 


(the components of the vectors of the basis are given in 
a rectangular Cartesian coordinate system). 

*1938. Let ej, be the discriminant tensor of a three 
dimensional Euclidean space, and let 2’, y‘ be the contra- 
variant components of the vectors z, y in some basis. Prove 
that the vector z, the covariant components of which in the 
same basis are given by the formulas z; = gjagx*y? 
(i — 1, 2, 3), is a vector product of x and y. 





Answers 


Chapter 1. Determinants 


—2b, 9. 1. 
1. 1, 2, —2. 3. —1. 4. 0. 5. 0. 6. —1. 7. 4ab. 8. —2b3. 9. 
i — D). 1t. cos (a + p). 12. 0. 43.4. 14.1. 15. —1. 16.1. 

i — oe 9 ЧЫ (ee b)*, 20. 0. 21, a? + b? + E + а, 
22. = 3; у= 1. 28. 1=5; у=2. 24. з= уз. 
25. == 2; у= —3. 26. — (B — a); y = sin (B — @). 27.2 = 
= ; у = cos e sin p. 

28. The uS is indeterminate; Cramer's formulas do not yield 





0 
а correct answer since, by these formulas, x and y are equal to v’ 


that is to say, they can assume arbitrary values, whereas they are 
connected by the relation 2z + 3y = 4, whence the value of one 
unknown determines a unique value of the other. 

29. The system is inconsistent. 

30. For a b the equation is evendetermined, for a — b EE 
it is inconsistent, and for a — c it is indeterminate. 

34. Fora — km, where k is an integer, the equation is inconsistent, 
and for all other values of œ it is evendetermined. 

i2. Fora = 2kx, where k isan integer, the equation is inconsistent, 
for a = (2k + 4) x it is indeterminate, and for all other values of c 
it is evendetermined. 

33. For æ -+ В Æ kn, where k is an integer, the equation is even- 
determined, for œ -+ В = 2kx and for a + В = (2k, + 1) л, a = 
= kam, where k, and k, are integers, it is indeterminate, and for 
a ae = (2k + 1) x, akan it is inconsistent. 

, 34; For a0 the system is evendetermined, for a — b — 0 
it is indeterminate, and for a = 0 Æ b it is inconsistent. 

35. For. ас — b? +0 the саа is evendetermined, for ac — 
— 6? = 0 it is indeterminate. It cannot he inconsistent. 

_ 36. For a+ +6 the system is evendetermined, for a = 6 it is 
indeterminate, and for a = —6 it is inconsistent. 

_ 37. For ab ~ 90 the system is evendetermined, for a = 6,0 = 45 
it геш, for d = 90 Hinr a 6, b = 15 it is inconsistent, 

we. Mint, Be sure that in the quadrati i 
radian i i positive MR q alic equation formula the 

; Solution. Suppose a given trinomial is à perfect square, that 
is, ax* + 2bz -+ e = (z + 9)*. Comparing the —— E identical 
powers of z, we find a — pi, b — pg, c — q*, whence ac — bà — 
= pig? — (pq)? = 0, Suppose, conversely, ac — b! = 0. 
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1 
Then ax?-} 2bz-+e= 4 (ors 4 tabr ae)—= l(os-FbP- tae Мы 
= L azb) is a perfect square, since a square root may he taken 
"V 


1 
of the complex number mic 


— 
42. Solution. — 


а= 0с, = 91 апі ad—be—0. Conversely, if ad—be=0, thon for 
а= 16, b= 
= 0, a=ge, b=qd, For ca0 ed yy 


=q for any z, then uz --b— q (ez 4], 





h a 
c+ 0d we have * 








d 
b 1 
have a—0 and, assuming g—-7, we again have a—qe, 8 gd, ar 
Р а л 02-4) 
c 0—d we get the same, assuming e. "Therefore wid = 


= аа for any z. 


ca 
43. 40. 44. —3. 45. 100. 46. —5. 47. 0, 48. 1, 49, 1, 50.2, 51, 4, 
52. у 6. 54. 20. 55. 0. 56. Зарс — а? — 0% — сї. 57. ты 
Ч 08 — Зађс. 58. 0. 59. 223 — (a + b -+ 4 22+ abe, 60. (ab 
+ be + ca) x -+ abc. 01. 1 -- a? -+ BP? + y, 62, 1. 63. sin (P — y) + 
+ sin (y — a) + sin (a — В). 64. cos? a + cos? B -+ cos*y =f. 
66. —2. 


67. xyz + 2 (ace — bef + adf + bde) —5 (e -FP)—y(e- dy 
— = (а -- 6%), 68. 0. 69. —3. 70. 3iV/ 3. 

72. 4. Hint. All six terms of the determinant cannot be equal to 
--1, for then the product of three terms 2,255254 убзайли, dyyl yp 
would be equal to the product of the three panning terms, whereas 
the first of the products is equal to the product of all nine elements 
of the determinant, and the second is equal to the samo product of the 
nine elements with sign reversed. РА satisfy yourself that 
the determinant is different from 5 and that 


=i d4 t 
1—1 к=. 
i 4i 


73. 2. Hint. Show that all three positive terms that appear in the 
determinant cannot be equal to 1 and take into account that 














011 

101 |=2. 

110 
74, 3, у= —2,:= 2, 75. = у==1, 76. хе! 
а 1. 7. 2=2, y= = д, 78, = ву 
= 0, 2= с, Hint. Set, i-i тии, 
79..& be, y= ee. a = ab, 80. z = a, y = 2b, z= 3e Hint 
Divide each of the 


equations by abe and set i =z; t =y; = = te 


39 








i 2 
Recipe, Qt 


z= Ез 
be solved via th р 

zm сап be =; Cramer formulas. Tt is simpler first to 

tion by 


- Hint. "This 


‘the equations and then add after multiplyi 
zh, and the third by e, and, finally, tae foe second — 
et equation by e and the third by et, Use the Telation 1 D 1E 
+8=0. » 
$2, The system is indeterminate since the thi ion i 
su of the other two and hence any solution of the bret ation. іы ће 
satisfies the third one as well. The first two equations have an intoity 
ofsolutions, for example, x and y can be expressed in terms of = thus. 
к= d0r-- i, y = 7s. We find the values of z and y b assigning 
an arbitrary value to z. О ЕО 
83. E system is indeterminate. 
84, The system is inconsistent since if for certai i 
of the unknowns all the equations of- the ей 
then by subtractin, the first equality from the sum of the other two, 
we would again obtain an equality. But we obtain 0 = 4 : 
85. The system is inconsistent. А 
86. Гог а? - 27 the system is evendetermined, and for a? = 27 
it 2 ic ay opal 
» Por 4a° — 45a +- 58 = 0 the system is evendetermined 
for 4a’ — 45a + 58 = 0 it is абага о Аан 
88. For ab 26 15 the system is evendetermined, for a — 3, 5 — 5 
d — and for ab = 15 but a3, 6 “5 it is incon- 
bi E 


„89, Рог ab = 12 the system is evendetermined, for a = 3, b = 4 

_ itisindeterminate, and for ab = 12 but a z 3, b & 4 it is inconsistent. 

99. Hint. Consider a determinant in which the first two rows 
ate not proportional (in particular none of the rows should contain 
tros only), and the third row is equal to the sum of the first two, 

at is, each element is equal to the sum of the corresponding elements 

9 first two rows. 
inn 0. 101.0. 102.0, 103. 0. 104. 0. 105. 0. 106. 0. 107. 0. 
109. 0. Two points (x1, and (z, ) of the plane lie on a single 
meet E with the — segment between them in 

о А. 

ш. 0. Hint, Add the second and third rows to the first and take 
antage of the Vieta formula. Р 7 
120, Hint. Add to the third column of the determinant of the 

Whang side of the equation the second column multiplied by a + 

+e and subtract the first multiplied by ab -+ bo + ca. 


—1 n (n41) 
1B. 5. 124, 8, 125. 13. 126. 18. 127. 205. 128. "77. 


09, о» inversions, The permutation is even for n equal 
Wt e+ 4 and is odd for n equal to 4k + 2, 4k-+ 3, whore k 
"x live integer. 
130. 3" ("--1) inversions. The permutation is even for n = 4k, 







ка odd for n = 4k + 1, 4k + 2, where k is any nonnegative 


131, за) inversions. The permutation is even for n = Ak, 


Ak -- 1 and odd for n — 4k -l- 2, 4k + 3, where ke is any nonnegative 
integer. 


132. inversions. The permutation is even for n — 4k, 


Cur 3 and odd for n = 4k + 1, 4k + 2, where k is any nonnegative 
integer. 

133. 3n(n — 1) inversions. The permutation is even for arhi - 
rary n. 
..194. n (3n — 2) inversions. The parity of the permutation coin- 
cides with the parity of n. 

135. n (5n + 1) inversions. The permutation is even for arbit- 


n (8n—4) 
T 


rary n. 
136. In the permutation n, n— 1, n — 2, ..., 8, 2, 1. The 


«137. — 4. 





е : ine b. n (n 
number of inversions in it is equal to C$ — — 7 


138. п— k: 139. CÌ. 

140. For n = 4k, 4k 4+ 1 it is the same, and for n = ák + 2, 
ák + 3 it is the opposite. Here, k is any nonnegative integer, 

141. Solution. We take any two elements a;, aj in the given 
permutation (i <j). 

f in the given permutation these elements constitute an order, 
then in the original arrangement a; comes before a;, and the indices 
i, j form an order. But if in the given permutation the elements a;, aj 
form an inversion, then in the original arrangement, a; comes before 
a;, and so their indices j, i also form an inversion. 

For this reason, the inversions of the given permutation are in 
a one-to-one correspondence with the inversions of the permutation 
of tlie indices of the elements for a normal arrangement of these ele- 
ments, and hence tlie number of both kinds of inversions is the same. 

142. Hint, In the permutation ap, as, .. ., a4, transfer the ele- 
ment b, to the first position, in the resulting permutation transfer ba 
to the second position, and so forth. 

143. For example, 2, 3, 4,..., n, 1 or n, 1, 2, ..., n— 1- 
Hint. In the proof, utilize the fact that one transposition can reduce 
the number of elements that stand in the permutation to the right 
(or to the left) of their places in the normal arrangement by not more 
than unity. 

144. Hint. In the permutation a, a, . - 
b, to the first place by means of adjacent transpositions, then, via 
adjacent transpositions, carry element b, to the second place in the 
resulting permutation, and so on. 


145. CA — k. 146. ir Cá. Hint. Make use of the preceding 





-» @ carry the element 


tol 


problem- 

147. Hint, Use adjacent transpositions to carry 1 to the first 
place, then 2 to the second place, and so on. Take into account that 
one adjacent transposition changes the number of inversions by unity. 


— 


148. Mint. Consider a series of permutations beginning with the 
permutation 1, 2, ..., n obtained by the following series of transpo- 
sitions: first carry unity to the last position, interchanging it with 
each number on the right, then, in the same manner, transfer tho 
two to the next-to-last position, and so on, until we arrive at the 
permutation n,n —1,..., 2, 4, E 

The assertion may also be proved by induction on the number k. 

149. Solution. To derive the recurrence relation, note that if in 
a permutation with № inversions the number n+ 1 is in the last 
position, then all k inversions are formed by the numbers 1, 2, . . ., n, 
and there will be (n, k) such permutations; if n + 1 resides in the 
next-to-last position, then it forms one inyersion, and the numbers 
‚2, n form k — 1 inversions, and there will һе (п, К — 1) 
such permutations, and so forth; finally, if n+ 4 lies in the first 
position, then it forms n inversions (this is possible only if k => n), 
and the numbers 1, 2,..., n form k— n inversions, and there 
will be (n, k — n) such permutations. 

„By arranging the numbers (n, k) in an array made up of rows 
with the given n and of columns with the given k, we seo, from the 
recurrence relation, that each number of the (n -+ 1)th row is equal 
to the sum n+ 1 of the numbers of the preceding row, reckoning 
from the left of the number standing above the desired number (includ- 
ing numbers equal to zero). If, for the sake of convenience of reckoning 
the positions, we write out the zero values of (n, j) as well when 
7 > Cf and if we take into account that (1, 0) — 4, (4, j) — 0 for 
724, then we obtain the following array of values (n, k): 


























á 5 6 7 8 9 40 44 49 43 44 45 


з 
> 
n 
©з 





t [19000000 9 00000000 





хз 


И р саре о Л ТОК 
ТОРС tara 
[14 945 20 22 20 5 9 440000 


| 


For example, the numb Ё i 
seven ore n “invasions os Sree Hee of six elements with 
a nt. б 
а n all Permutations, replace the 


151. i 
pdt (142) (3.5), The decrement, is equal to 3, The. Substitution 


152, (1 6 3) (2 5) (4). The substituti 
^ stitut; i 
153. (18 3 6 4 7) (5). The substitution ig even 


E D | 


0 
5 14 29 49 71 90 401 40] 90 7t 40 290 44 5 4 


Sjaj s| 


given arrangement 





9 7). The substitution is even, 
RS е substitution is even 













154. (0.5) (28 9). 
io. 0 2 Bán LM) The substitution 18 odd. 
180: (1 3 i 4)... (2—1 a DON is aqual ta y 
stitution coincides with that of the ny 
of the subst n. — 2, 3n) (3n — 1). Tha feet 





"Tho parit һи 
2) (4 6) (5)... (9 (n - 
E Саа уч io parity of the substitution coincides viti 
ber n. E I 
ta (у Зу б, тул 2т-—- 1) (@, 4, б, .. . 20). The decrimint 
\ —2, The substitution is even. 
(3n — 2, 3n — 1, 3n), The — 





equal to 2m 
. (1, 2, 3) (4, 5,6)... (3 
— Un А The substitution is even. 

161. (1, 4) 7) +++) 32 — 2) (2, 5, 8...) Sn — 4) (3,6, 9, 
..., 31). Тре decrement is equal to 3n — 3. The parity of the shail. 
tution is opposite that of the number m. 

462. (14, & 4- 1, 2 -- 1, «y nk — k - 1) (2, k-E 2, 2&4 2. 
way nk — k 2) ana (E, 2hy Shy «soy ПК). Tho decroment is equal 
to nk —k. The substitution is even for even k and for odd k ‘nd ^ 
and is odd for odd k and for-even n. E 


163. — 164, БӨРҮ Б, 





= 


165. ( 


wn 
ә о 
5 0-3 
92 © 
to 
— 


166. ( 





167. ( 


Soe an 


108. 


— 
GN en UNan AN wn 
Aw ne nwnw w n 


5/8..." n—92 3n —4 3n 

4B. an 352 31-1) 

E 170. 12845 i 

171. 11294 9) val i 284) 173, 
12345) - Ж ыа ы 


176. A. Hint, Mako use of the preceding problem. 
177. The identical su i aos 
ubstitution E, 478, x - (122 4597 
х= (7123450). 


181. Hine, 
tion in i аашаа the numbers of the first row of ће зире 
to the given subsite 2nd then pass from the identical substitution 
fow. stitution vía a serios of transpositions in the 


169. 


Ne a 





182. Hint, 
transpositions cre rove the existence of the decomposition iol 
е питђег equal to the decrement тоору Гы 
and make use of г —— of numbers that appear in on 
di ranepositiong,. note ЕН To prove the minimality of the n 
Screment cannot be increased ae Plying bys one — 
unity. 
E 






















MBs Hint, Mh P= PP, ... P, is any deco 

— т 

substitution P into eme then make use тш the 
p=( 1. 4, 


H5, Q3, 


sad of problems УН zur 182. E 

184. Solution. is a substitution i 
XI XIENU END SUERTE 
mation convinces us that X-1 (1, 0] X. па again a a ard sth 2 
thtained from the cycle (1, 2 by replacing © numbers 4 mae ie 
those correspond to them in the substitution X Thi; b 
holds true for the cycle (3,4). Thus the substitution X "must. * 
from $ into cycles of the same length, and since the decomposi- 
of § into cycles is unique, the oyal either pass into nequam 
I gus “ae те of UE two can be Written 
substitutions that are Pan nd HE QUON Mar a 


1234 1234 1234 1234 
(i234): (1253) 2134) (аа) 
E boss] 1234 1234 
3412/, 3424)" азија) 4324). 

185. The desired substitutions are 

Du 12345 12345 12345 

12345/' 14325), (води (2929) 

— 12345 
52443]? 54123/* 


186. Hint. Demonstrate that none of the numbers 1, 2, .. ., m — 1 
“8 pass into zero and distinct numbers pass into distinct numbers. 


167. (1,2, 3, 4, 5, 0, 7, 8 
51627284) 
185, With the minus sign. 189. With the plus sign. 190. It 


Ma of a determinant. 191. With the minus sign. 192. I! 
ЗИ ати of a determinant. 193. With the sign (—1)^2. 194. With 


сї)". 
in- 1) (n- 2) 
a the sign (—1) — ^ — 196. With the sign ( —19^— 


IM. E hos 1. 198, 190, Kk 2. 199. 2,,0:425:242 1 0120 азаны. 
чеш, 200, 1024 529. 201. With the plus sign, 202. 


7 
933833 ^ * ^ , 204. (—1) затда, угра 
БЕ fire the numbers ПЛ) — =% an: dint; 


Vhat a polynomial of degree n cannot have more 





I 


i 





distinct roots. 208. z — 0,1, 2, ..., n —4. 200, a, 
210. a5, n1 211; 14 mis even, the number of elementa a( а did 


odd sites is the same and is equal to f". If n is odd, then the number 
of elements at even sites is equal to io + 1) and at odd sites is 


equal to > (nt — 4). 


212. The determinant is multiplied by (—1)^7*. 213. The deter- 
nín-1) 


minant is multiplied by (—1) ^  .214. The determinant remains 

unchanged. 215. The determinant does not change. Hint. The — 

transformation may be replaced by two symmetries about the hori- 

— T vertical middle lines and by symmetry about the principal 
iagonal, 

16. Hint. Transpose the determinant. 

217. Hint. Transpose the determinant. 

218. n = 4m, where m is an integer. 219. n — 4m + 2, where m 
is an integer. 

221. The determinant is multiplied hy (—1)^. 

222. The determinant is not changed. Hint. Consider the general 
term of the determinant. 

223. Hint, Consider the sum of the indices of all elements that 
appear in the general term of the determinant. 

224, Hint. Make use of the preceding problem. 

229, The determinant will vanish. Е 

230. The determinant will vanish if it is of even order and will 
be doubled if it is of odd order. Hint. Decompose into a sum of 
determinants in terms of each column. 

231. The determinant is multiplied by cy. 232. The deter- 
minant is e n to zero. 233. ES number of such determinants is 
equal to n! Their sum is equal to zero. 

у 234. 0. 236. Ва + 15b -+ 12c — 19d. 237. 2a — 8b + ¢ + 54. 

238. abed. 239. abcd, 240, zyzuv. 243. 0, 

244. Hint. Multiply the second column of the determinant in 
the left-hand member of the equation by yz, the third column by 


, and the fourth b; s 
e 25. Hint. “Use the Viela formulas to transform the nth column, 

246. Hint. Use the Vieta formulas to transform the nth column 
and carry it to the (t+ 1)th site. 

247. Hint. Expand with respect to the first column. 

253. дз Кы and in T of д "rien. 

256. Hint. Reduce to tl e or . 

257. —8. 258. —3. 259. —9. 260. 18. 261. 18. 202. 4. 263. 90. 

264. A F du — — 100. 269. 150. 270, 52, 

271. 5. . 10, 4. e , . 4 

276. 1/25. Hint. Reduce the elements of each row to 2 common 
denominator and take it outside the sign of the — 


277. 1. 278. 9VTO(V3—V2). 279. n! 280, n(— 
281. ту (2—4) (7у— 33) +-+ (Sn Aman n): 








nin- 1) 
282, (—1) © БЫ... 8»: 283. 241 
284. (a, -- 2) 4-0, -F 1) z^ 
CE fe . Take z; outside 
285. 243, «++ и (+> — ). Hint, Take zi 
the sign of the determinant from the ith column and then to each 


i li р 
М 1. 287. n (1). 25. (Aye (a — 4) 20-2, Mint. From 


each row subtract the preceding one, and then add the last column 
to the others. 
289, (z — 1) (z = 2)... (z — n +1). 
Er леда Ше 1) * 2) S (= E n). 
И —a,) (z —a,)... (x —a,). 
ae GE PE EN ese араа 


b — e). 

293. (21 — 1) (3 — 4). 

294. x*:5 Hint. Interchanging the first two rows and the first 
two columns, prove that the determinant does not change when 
— is substituted for х, Verify that for z = 0 the determinant vanishes 
and then prove that it is divisible by z*. Carry through the same 
reasoning for z. 

n-1 


295, a,b, I] (25:244. Hint. Obtain the relation 


=! 








bn 





Vanbn-1 —an-55) Dg... 
Tn + artery». ty + aatiets ... an t. 
офари. рЫ Hint. Быша ара. bis 
= Ip пуа +. уп. Тһе determi i 
coy By eating item Capea may be computed fer. 
Baigent of tt : 
р DS xu eu). 298. a2, .. au — 
BeBe et ise ee i (IRE qu 
300. 2551.4. 301 $n onn i EN — 
DU ce OR, 82H, 309, Бома ана 
anii anes 
&—p М, 


305-2 (ay as... T 
futile tle Principal diagonal i tke EA Duo the elements 


296. аууы, ... 





304. 


1 ay a 
Vue Uns 


an 
x E) . Hint. Set Zi=(zi—a) Hap 


306, (z, —a;) (229—244) ... Ga) ( 


307. (a, — zj) (a, — 
the upper оао би) — a 
tO "m uc 102... ад. Hint, 
аз а sum of two determinants mum ыл, ox ess (he det dn 
oW. 


320 st ri 









ab, | ab 
зов, (а) (Caba) -+i (en пара) (12+ „Ө 


anbn 
элүү E ) nà-n--2 


309. (n—1)! B10, byby «++ by. 314: (—1) 2 (n—2) 


312. (—1)7 nl 313, 2" (— 1)" ут. 314. 0. 











nin) 
Я -1, 316, (— 1)?! (n — 1). 
— (n+ 4)", 316, (—1) 
at — (n— 1). 318, [a-- (n—1) b] (a— b)n31, 319, 4, 
390. 1. 321. (z—4;) (z—44) „+. (z—ag). 
wt ndi 
322. agz^ -- az 714 ... Бап. 323. г, 
n 
зи. „7 — . 325. [| иаа). 
h-1 
nin 1) 
326. (—1) [5—2; 4-a4— ...-- (— 1)^ ag]. 


327. (—1)^3 (n—1) zn-3, 328. 1] 21 3! ... п] = 4n2n-138-3 зак 
n 


32, м 330. |] а). 
k=1 n>i>k>i 








381. П = а-а). 
1Sich<n+1 
т(п- 1) 
Izra t П — шак. sin ФЕ Фи 
п>іьлмі 2 
ntn- 1) 
333. 2 2 П sin „1.99 
ї<ї<їєп 5 2 
: n(n-1) 
334. * — 
— — Aro gg eee Anaga K 
х, [е за а ФА 
аід Pä 27. 


336, 1 л 
1121372; ("= HE (21—24). 337. (—1) 4121 inl 
піл 


S399 Та тя ~ 
ае г 1 Г "(6 — zy). 339, os (2n 1 

iet ASSAY k. 1138 51... (2n 7 1. 
21—008; 


(aibe—and;). 341. Ыы te, 
P LE. үй] ев (&i— a4). 
942, ay (5 On еи (ive —zxyi), where a; is the coefficient 
of zi in the polynomial f; (z, y). 
n n 
* ^1 ul 
us. (- 13 II^ П ia [> eum] o мааа 
i=1 n>i>k>1 — 


Ее. =). (z—zp). Hint. Expand the determinant in 
terms в Р 


Mi. (Htet: Han) [| (ш—). Нш. Сошрще the 


m>i>k>1 
determinant 

i$; XR... xf 

1 zg 21... 2 

414г ee a 

Жз zn 


in two ways: by expanding in terms of the last row and asa Vander- 
monde determinant. In both expressions, equate the coefficients ої 21-1, 


TEN (E) П ем. 





n>i>h>1 
i where the sum is 
9. (m m, 
n2iA21 n 
tsken over all combinations of n —s numbers cy, My +++) Gn-s fro) 


the numbers 4, 2, ..., n. 
Zn — (2, — 1) (ea— 1). (2 — DI 


Hi == 
n>i>h>i 
7 5). Hint. Express the ith element of the first column as 1 = 2; — 


~ (2, —{) and represent the determinant as a difference of two deter- 
ninants, 
= == 


ТРЕ. column 
0 and firs! 

2724). Hint. Adjoin the first row 1, 0, 0, -s xpress 
ara et i i ti i a a ie 
unit md corni „Б ар t to 
Каша ы of two determinants with respec 

tow, 


WT. yey... 











38. [2rz, . 2, — (1—4) (1—4). 


i= | Hint. Take advan- 
2 





Bacay ID sin иек sin 

i t d in terms of cos (p 25 

Daun e e men trm na tae De Gab 
tthe de Moi formula and tha equation 4-- Cj - Ck 


380. 2мт- sing, sin gs...singn [T (singitan sin ts) ў 
Hint. Prove that sin kp can be counted A i 

, n be represented as a t 

the polynomial in cos p with Testing term 24-1 Sa — Ls 


351. (a 4- b -- c -- d) (a--b —c— d)(a — Te — d)(a—b5— 


b 
>c +d). Hint. Take advantage of the method of isolating linear 





афера ву 


353. (x + a аа... а) (2а) (аа)... 2—4 
Hint. Apply isolation of linear factors, or from i * РЕЙ 
the preceding one, and then add to each column all the succeeding 
columns. 
354. 0 for n 7 2: Dy = a, — by; D, — (a4 — a4) (b — by), 
355. 0 for n 2 2; D, — 1 -+ zi; Da = (z, — 24) (V, d 
356. 0 for n > 1. Hint. Expand into a sum of determinants with 
respect to each column. 


357.14 У (а-ы) У 
i-i 


1<i<h<n 


(ai — a1) (b — bi). 


n 
358. (—4)"[1—n— Jam X 


(ш—)(ш—ь)]. Hint. 
isick<n 


=! 
Apply the result of problem 355. 
n 
359, antan X) (abtan — Y] 
ica ит 


Expand the determinant into a sum of two determinants with 
Tespect to each column and then apply the result of problem 354, 
n 


(a1i— a4) (bj — bg). Hint. 


360. 2429... 2p (1-3 e), 361. (a3— зул, Hint. Derive the 
ан 
= 
recurrence relation Dy, = (a?— b?) Don-a- 
п 


362. ]] (даза —Мбулут). 363. ZEL, 


zm 
1=1 


364. O ifn 01900 a remainder of 2 or 5 when divided by 6; 1 if 
is divisible by 6 or yields a remainder of one; —1 if n yields a remain- 
der of 3 or 4 when divided by 6. The answer can also be written down as 


р, — Cha — 30a 9654 — 27644 4... 
n — — 





Hint. Apply the method of recurrence relations discussed in the inteo- 
duction to this section. 
365. Hint. Obtain the recurrence relation Dy = Duy + Da ae 


"* 323 





7L.  — — оО 


AHA") where 1m y 7; (that de 
2 


n 


466. 5*1 — 4n, 367. 


2 
if n is odd, thon D, —0; if n is even, then Day —(—1)?- 
1 $  gn-? (qt — 
368. тиг 389. Da — 1: [61,07 - C5, 4077 (0 — 4)4- 
— 
3, ane (a? — 4) + C7, ant (at — 4) sse] on— sí amt 
nd 


pe? aam.. (1) hA arth... . Hint. The first expres- 


i the 
ion i: i irectly by the method of recurrence relations, t 
eee etait ay be proved. by the method of induction by using 
the relation CP + CPt = СЕҢ. 


2h 1 n-: 2. 
370. D. [C3 , ,an-- C3 , panta 4A). -CRhA апаз) 
+. Јан Сї џал-з 2 запар... апак р... 


3 Y 
371. 2c6s na.— (2 cos &)^ — n (2 cosa 9). (2 соз i-i — 


8] 
«(2.cosa)n-*4-...— M (— D) Ch a (2 cos a)n-th, 


n(n—4)(n—5) 
E ЗГ —k 
h=0 


where EB denotes the integral part of the number » Hint. Prove 


hy induction on n that cos na. is equal to the given determinant. 
And if D, is the determinant of the given problem, and D? is the 
determinant of problem 369 with 2coso. substituted for a, then 
D, = DA — cos & D3.,. The fact that the coefficients in the resulting 
expression of cos na in terms of cosa are integral follows from the 
у E Y n 
easily verifiable equality ЖЕЕ Суу сс ck} | and from 
the fact that all terms, except the last one, contain the factor 2. 
and the last term fails to involve 2 cos œ only for even n, but then 


k= 3 and this term is equal to 2. 
$72, sin na—sina (2 cos a)^3—61 , (2 cos; )"7--C5 (2 cos a)n-5— 
n-1 
I7] 
— Со. (2 соз @)н-1-Ь,..] sing - 23 “' 
&=0 


* : 
п=к={ (®соз ш)л-?л-1 where 


FS] is the integral part of the number Ec i 


373, Hint. Apply the method: of recurrence relations, 
324 


BEAR — 





nin- 1) " 
Lm: 
qam, 375, (— 9. * "а 



















374, PPAF 
эб. (nay [+97 . Hint. From each row subtract thy 


umns to the following column, add ty the 
next оаа а preceding rows, and then add this pow ty all 
next-to- 

receding TOWS, 
Рей]. (1 — anjn, э 
— 





378. These ciroulants differ solely in the EC (4) 
^ * R= 
gm. 4. Hint. Using the equality. (2) (^ !)4- jm) 
i lumn, and then subtr; 
t from each column the preceding co мг 
шп ТЕЛЕ row the preceding row. » $ $ i 

380. 1. Hint. Take advantage of the hint of problem 379, 

381. 1. Hint. From each row subtract the preceding row, 

382. 1. Hint. From each row, beginning with the second onwards, 
subtract the preceding row, and then from each row, beginning with 
the third, subtract the preceding row, etc. 

n(n+i) 

383. (—1) ? - Hint. From each column, beginning with tho 
second, subtract the preceding column, and then from each column, 
beginning with the third, subtract the preceding column, and so on 
Take the resulting determinant and do the same with respect to the 
rows. 

384. 1. Hint. Take advantage of the hint referring to problem 357, 


CREATUS OCT] s met 


Ga) Cra) a) 


relation (s )-x- (4 | take m outside the sign of the 


385. « Hint. Using the, 


determinant out of the first row, m-+ 1 out of the second row. 
| 
and so forth, and m+n out of the last. row, then take т ой 


1 
of the first column, pei out of the second column, and so forth, and 


1 
р-Еп 9" of the last column. Take the resulting determinant and per 


form similar operations a 4 
nd so forth until ve at a. determi 

— the Same type as in the Е — 
а Л. From each row пре the Preceding row, expat 
nant ang pe ements of the first column, tako the ting detara- 
subtract the fo the first column subtract the second, add the third. 
of two determina o aad — — m determinant as à 9^ 
- ^. Hint. From olum subiras Ti Traced * 

each colum: i 

from each row subtract the Preceding tow. Ropenanit — 2004 


© 


left-hand corner as 1+ 4 and : 
M + Dh- where Di. i Obtain the relati 
ТК А ЫС 
„ (т — 1)". Hint. From each row 
= on s Data (n c D 1) n Subtract the preceding row 
fe (а A 
to the preceding problem. Aan 


n n 
, — = n 
390, tn (2) == (5) (2) + аси 
Hint, From each row subtract the precedi Zg. 
e e E ay tit 
the method of mathematical induction. ‚ ®п—п.у) апф apply 


ae gn-1— yn-i EA 
—y Hint. In the lower right-hand corner 
| 
| 
| 


Hint. Reduce this Problem 


stů=z— z, decompose into two determi 
T3 : rminants and eith 1: 
te т E recurrence relations or find D, from the н 
Фа —20п-1+2(— 0)", Dn = —yDn-1 +y (— a)n, 
за, 2—9)" az)" 
ш) и 
zf (y) — uf (2) 
393, yo where f (s) — (a, —2) (a5—2) ... (24 —2). 
1(2)—1 (v 
зи. ВМ | where (д = (а, — 5) (0,— 2)... (e —2). 
385, ал рл. 396. апап... 1. 
397. н! алат ҮН . fer det 


tann E cotn = 


2 
n 
Еа 4) or (2? — 4%) (2? — 34)... 2? —(n— 
© ci, if n is even and z 
, (а — 22) (22 — 42)... [22 — (n — 1] 
i i is odd. Hint. To each row add all the following rows, from each 
— subtract the — column and show that if D,(z) is the 
determinant, then. D,(z) — (z -- n — 1)Dn-(z — 1) 
| M0, D if n 2 2, D, — aP — z; Dy — za» (à — 1) 0 — 2- 








Mi. (—4)n [Г 

в. аре 
з; r (% E dor ra^ E 

w, ШАБА айй E 
“күс... с (= — 


1 1 
особы (ев а 


e 1 
its {в —1)5 ) . Hint, From eac x 
subtract the following row, from the first row в! 


h row, beginning with the 
аер the 


last row and obtain a determinant of 
preceding problem. inant of the same type as that in the 


s т 
E 
i + 
405. [3 cud П (2} —2az)). Hint, Use the result 
i 


=1 
of problem 306. 
n n 
at 
чв. (а 2p oa] TL et e 
iet iei 


487; 4 by + Byby — Bybgby + = + «+ (—1)Miby + = + Dye Hint. 
Obtain the relation D, — 1 — 0л. s je 
ОВ, (ут (вадат. ат Баа а ар Ва. 


а) 
409. (—1)n-1zn-?. Hint. From each row subtract the next row. 
410. (—1)n[(z — 1)^ — z^]. Hint. From each row subtract the 
preceding row, set 1 = z + (1 — z) in the lower right-hand corner, 
and express the determinant as a sum of two determinants. 
n 


Н. ay [[ (9; — a;). Hint. Multiply the second row by 27-1, 


=i 
the third by z"-2, and so on, and the nth by z. Take z^ out of tlie 
first column, zn- out of the second column, т" оці оѓ third 
column, and so forth, and take z out of the nth column. 


442. nl +++ ++ e). 
та) 
448.2 2 [е (2—э) ]. 
nini) anno 


1 +1 — 
м. [+]. M50 * [= Р 


П ки) (0—21 


1<і<А<п 
п 


П «+ 
‚=! 
denominator is taken over all i, k, which independently run through 
all values from 1 to n. Hint. In each row, take outside the sign 
of the determinant the common denominator of the elements of 
that row. Show that the resulting determinant D' is divisible by 
all differences of the type a; — ay and b; — by (i Æ k). Show that 
the quotient obtained from the division of D’ by П каа) х 


where the product in the 





416, 


< à 
X (b; — by)] is a constant; to determine this constant, in D' put 
ау = —by ag = —bay » + + Gn = ne 


This can be done differently: from each row subtract the first row, 
and then from each column subtract the first column, 


327 


м 


[] килл 


дит, ИА" ит. Toko advantage of the 
^ ч 


[] (и—а) 
=! 

preceding problem. 
m MEER 
EEE] 
results of problem 416. 1 i е 
—+—-+...4+-—). Hint. Use the recur- 

AND. ayayay ... aq (= — Hint. Us 


rence relation D, = (2,., -- a4) Du, — a&4D,-, and apply the 
method of mathematical induction. д 
420. The continuant (mas... an) is equal to the sum of all 
possible products of the elements a,, a;, . . +1 dq, one of which con- 
tains all these elements and the others are obtained from it by deleting 
Опе or several pairs of factors with adjacent numbers, Here, the term 
obtained by deleting all factors (for even n) is taken to be equal to 1; 
(азазазаа) = 2,252524 -- 2324 -- 252, 4- аа, + 1, 
(аазаза,а,) — 2,05252,, -l- 234,25 -- 242,05 -- 142,05 -L 10503 
+a + as + as, 
(raetameasg) = 04040304240 +. ауааав +. араа; -Е- ayay0,0, 
F aiasastg + arsaya + aag + agag + aja + agay 4 а, 






p» Hint. Take advantage of the 


Я + aya, + 4. 
int. Verify the truth of this law for continuants of 1st 
order and, assuming it to hold for continuants pt: свн атаа 


and (n — 2), prove that it holds true for continuants 
To do this, derive the Tecurrence relation BLE ih user, 


(ааа... . ал) = а, (ао... а) (аа, ... алу). 
gc ger 
* Hint. Show that the number of j it i 
DES inversions in both rows of 
ion is e pal tags Fat. ton +B, T 


аа. 
425; 10. 426. 100, 427. 60. 428. 10. 429, — 
432. 90. 433. 8. 434. 4. 435. 1000. 436. 19, ТЫ ка i 
Bt Hae) sin ү) tab — zj sin (B — a]. 3) sin (y — 
Ast a hee Beal Ua, oh CAI + 24 By, whore 
39, —layz + bzs + г). 100. yif Bet ce), дай, ар 
. 441, abe — 


— 2 (bi 
ae jr MP оа заь 


л 
“з. Il, Vnhasn-kes, п-ка ар зд 


444. (—1)n | = 
ae a Th)”, 


A+) Gonna, x 


——— — 





From the second row subtract twice the fi 


445. —84. Hint. twice the fourth. 





" othe, те ДА. 43. 449. 81. 450. 14. 451, (уж, 
446. —84. "binDsinzt 5L Ung (din, — Cry) (Cena — ey 
40) 27] 452. Pari t aS Put с 


( 
Т. апу бр) (by) D = (—4) 
454. (a) D = MD Sh 
“a MMs... My he rule of signs 

55. Des CE. for even t we tako the віро (уа for adi 


455. 1 
stated differently T 








— E 
ае а Gh — 0081—20, Hint в, 
pand in terms of the first k rows and apply the method of тесштен 
Ins. 
ао. (аа,...а„) = (ца;...ау) ое * 
„1 ар-л) (аһулакља + + ал)- Авзшпіпр =, — = бд = { 
here and denoting by un the nth number in the Fibonacci 
series, we obtain uj, — uj |- ug ,, that isto say, the sum of th. 
squares of two adjacent numbers in the Fibonacci series is also a num- 
ber of that series. d 

462. Hint. Consider a determinant of order 2n of the matri 
obtained from the given matrix by adjoining, helow, the same , 
rows and in the same order. 

463. Hint. Expanding D in terms of the 1st, 3rd, and 5th rows, 
show that D = 4A?, where A is independent of the elements of 4 
To determine A, set the elements on the principal diagonal of 4 
equal to 1 and those outside the principal diagonal of A equal t» 
zero, 
464. Hint. Decompose the determinant in the left-hand member 
of the equation into a sum of determinants with respect to each row 
and represent it as 





an) + laa. 








al Bt) yi 
D {бус Ору where Dij,x=| a3 pi vj. 
i, ji h=0] ah p y 


Show that this sum may be taken onl: i і E 
5 n y oyer all triplets ijk not contain 
aa agua numbers if we expand the Sth-order determinant in the 
t-hand member of the equation in terms of the first three rows 
and represent the right-hand member аз 3) ajbjc, Cip, whero, thè 
ieu fe DES over all triplets of distinct number ijk that run from 
- Finally, show that Dijy — Cij.: to do this, reduce any triplet 





of numbers ijk to the case i <; i 
T <j <k by a permutation of rows md 
as the determinants and consider all ten possible cases, For 
104 4 
Ао, 1, з= | а Ву Е 
— TF B--) (8— 6) (9— (7—0. 
Та а? 
But also с, 0 
— i|: 1B Pr — (B4) B — atys) 
iy ү? 


X(1—B), sinco P—— (e-.p--yy 
я 





. Solution. The proof follows the sa 
D. We will show that any term of tho. — asin tho Laplaco 
dea term of the determinant D. Firat let, lie in th My... My 
and tho first. k columns, м in the next rows ant first k rows 
и ЕЕ tis tho last s —— 
] 5 itut 
tad E. d f on (1) is an identical substitu. 
We now take the product of any terms of thi ‘ 
„ni My in increasing order of the first Indices of theft My... 
tains one element each from every row and every ci pone It 
beis, by the composition of elements, a term of D. if in inne 
| indices of tlie elementa of the term of the minor M, there are ar Inver- 


ions, then the sign of that product is (—4 tton, Я 
| riip elements of two distinct minors M, ey M, do pa nie 
sins, Thus, d, + +--+ Gp is the total number of inversions in 
the second indices of the elements of the product taken, and it will 
joa term of D in sign as well. Now let the minors M, be arranged 
jn arbitrary fashion, Lot us carry them into the above-considered 
ition on the principal diagonal by the following permutations 
of rows and columns of D. To begin with, carry the fide row of the 
minor My, which has the number o, to the first position by interchang- 
ing it with all above-lying rows of D. In doing so, we perform a, — 4 
transpositions of rows, that is, {ш ns many as there are inversions 
formed by the number e, in the upper row of the substitution (1) 
with the numbers that follow it. In the same manner, the row with 
the number ey is carried into the second position via the same number 
of transpositions of rows as there are inversions formed by a in the 
row of the substitution (1) with the numbers that follow it, 
and so on, The columns of D are interchanged in the same manner. 
If there aro o inversions in the first row of the substitution (1) and + 
inversions in the second row, then e = (dyes, and altogether we 
pirlorm o-+ x transpositions of rows and columns of D. We therefore 
amive at tho new determinant D’ for which 





D = eD". (2) 


By what has already been proved, any term of the product da 
Yde 


M, will be the determinant D" and by virtue of 
term of the — у, T My will be a term 'of thefdeter- 
minant D. 

All terms of d thi or of two distinct products eM,Ma 
Му differ Modi nn another in the composition of the olamésts 
and Wherefore are distinct terms of the determinant Bs їз is equal 

Move that the total number of terms of all such prot ue B ene 
nl The mumbor of minors M, is oqual to Cn, H Mi Ming n — 
b hos, then the minors Mf, can only lie in the remain 78% ceo 
Jn and their number, for each choice of M;, 1 equ? $ EPn- 
omn M, and M,, the number $: — Ms SS “the mambar 

E „Ма. Мр т 
өм, aqua e chon jor Vile reason, tho total mim? 





































of products of the form eMyM,... My is 

ch '@, nh- к=” 

— Л! (n—HI (—к—1)! и nl 
а" а Т (и ту а Иа Ta 


But the number of terms of the determinant D in ench product eM,M;... 
. +My is equal to kllimi,, .!s!. Hence, the number of terms in 
all products eM,M,...Mp is equal to 


WU m) «Stent 





























Аа 1 
467. We obtain, by multiplying 

—1 2 —3 

rows into rows: | —4 —7 —13], 
—3 —4 —13 
7 —96 43 

rows into columns: [42 —35 49|, 
47 —52 27 
—31 —6 

columns into rows: | —-3 1 —8|. 
47 1 

9 —35 18 

columns into columns: |}48 —47 24], 
12 —37 47 








"(The values of the given determinants are —5 and 10, and the 
values of all determinants obtained are equal to —50, 
A08. (a* -- b* -- c? -- d*)*. 469. (a? + b+ а+ф+ё++ 
jy. 





ЧЕ 224. 
п; (ty — 21) (Ya = и) for n = 2. Hint, Express 
42, 0...0 #905 60 
10.0] ca ИЗ 





120... 0 110... 0 


as à product of determinants. 
int. 0 lf n>2, sin (a, — в) sin (By — Ba) п 2. 
472. 0 if n> 2, sin* (a, — if n= 





V 
413, 0 M n 7 2, —sin? (e, — 25) if n= 2 
44. || баан) 0). 
при» 


415. ChCR «CR. [I (Onai) Orta). 
nghe T» 





n. i lement, in the ith 
—p 2 — tl]. Hint. Write tho element in the ith 
— Vie HE ba n 4+ (к — 1)]"2 and expand via the for- 


mula of the power of a binomial or directly take advantage of the 


result of the preceding problem. 


= 
47. [Do ea. ar. Hl aa ПЦ E 


Hint. 


Express ‘the following as a product of determinants: 
1 1 RN T 1 1 peat +10 
Xi 3 In X zl = Ж 3 
1 = A || Bae spas * oe 
— 
ч ОР 





+ is set up in terms of rows, 
той. "Multiply the given determinant by the Vandermonde 
determinant 


fe, ef ... ft 

fey 6}... ef? 

Lien Be sas рї 
481. (1 — a7)^-1, Hint. Make use of the result of problem 479 
and the equation (1— ce) (1 — Ge)... (L—ae,) = 1 — gt, 
where &, &, ..., &, are nth roots of unity. It is simpler, however, 


to compute this determinant as a special case of the determinants 
of problem 325, 

483. (abc ed d)(a—b--e—d)(a-- bi —c— di) (a — 
— bi — c+ di) = ам + Af — gh = 2а%% 4- 20242 — даа -- 
+4b%ae — 4c%bd + Adtac. * 

0 for odd n, 

M9 Hp ( 2^ for even n. 

[(n-4- 1) an — 1]n— плати) 

485. = EE 4 

м E ——— the first determinant by using the result 


i87. (—2)n3 (n — 2p) if n and p are relatively rime; 0 if n 


p are not relatively prime. Hint. Use the result 
and the properties of the nth roots of unity, in partion Е zn 
at when p is relatively prime to n, the numbers ep, ep, n., eP 


sre again all values of /1 and for p not 
is АҢ. * for MUR ek = 4. 

. п = р a — b) if n and p a lati: ime: 
O ifn and ге not relati — р аге relatively rime; 
F d n аса ively prime, Hint, Make use of the hint of 
392 


relatively prime to n there 


l—— ө... ыч 


In i ber 
(com 4—1) . Hint, So cos Mth t 


489. 2% 
n T tho result of. py 

n in, ond make use o Problem 47 

ge eas cz En n’ tat я 


h ау 
and also of the fact that for any a we have Il, ая 


y 


ond ef= — 1. 


[cos 0— cos (n+ 1) 0]"— (1 — соз пб)" 
490, 2(1— cos 8) 





= 2n-* sinn-3 A | sin" — t MA 3]. 


2n : 
Hint. Set excos +i sin =) N=cos O+ isin O and make usw 
of the result of problem 479, 1 
—2 
401. (—1)л2л-® sinna 1А [ew (а) сота (n zn | 


аз, (Apr OED An) Wg py n, 


Hint. Make use of the result of problem 479 and of the relations 
BERL BEL pnt OE CEN) and th het Oe. nti 


2 (4 — 
— — » Where e is the nth root of 1, which root is 


different from 4. To obtain this last equation, multiply and divide 
the left-hand member by 1—e, 


493. f M1) F Ma) ~- f Mn), where (2) =а; Баур аз. аат 
and 11, Mo, -+.. Mn are all values of the root Y =T, for example, 


mcos PED) i, ua Ok 1) n =O) Hint. Maltiply, tho given deter 
minant by the Vandermonde determinant made up of the number 












СТЕУ jdn n ^ — 
WT (9)... f(&n), where = а. а кая" 
and a) a, +. ay are all values’ OF thet эл HH a 

A95. Hint. Denoting the 2nth roots of 4 by gy — cos E. 12, 
ASQ. dvi B АД T i ісез 
P dea ad ee er a 
пав) (ванна) En (аз Напуз)ей--... (nb dyn) eR? and 
we hava een with odd indices & yield till tho wth, coon at В 

— d. CA nag m (aj p) E üt end 
* ае а... (апаз) а, 

+ The product of t of 

the squares of fom inter’ MUmbers, each of which is the sum 
i ~ шега, із і of four 
integore, Hint.” Square eer, m Tn — кы squares 





497. The product of two numbers, Risa 

value of the form 2° + У - 2 — Зауз үе which is equal to the 

je itself number of the same type. Hint Cen values of z, y, z 

/— qe determinants + Compute the product of 
] 


abe a’ b’ of 
cab|«|c' a' b 
beaj |b e a 
multiplying the rows of the first by tl s 
уш Hint. In the product of the рр шары of the ‘second. 
a15b| |a b' 4 
biaj|.:|c'a' 4 
c15b||b'c'1 
| made up by, multiplying columns by columns, multipl; i 
columns by s’ = a’ + 0’ +c’ and take the factor s' out oF — 
sow of the determinant. Then subtract the first and second columns 


from the third column. 
499, Hint. Write down the determinant D in the form 


5 ӯ > 
Уа, кінь, Уа, бо, +5 41, тт, к 


р Хкёь 2 а,б, 5-5 2 42, mbm, im 
у У Si 
Хань, м, D) am, 55 È Om, hmm, hm 


where all sums of the jth column are taken over one and the same 
ky=4, 2,..%, n; then expand D into a sum of n" deter- 

Mu with respect to columns; in each summand of the jth column 
UT outside the sign of the determinant and show that 


n 











J M. > p» DOE Ray оссо Am? (3) 
im the summation indices fa [rom one to n independently. 
Pos Ay Am = 0 if there are equal indices — 
i i t an 
lot m lices ky, ka, ~- ., Km- From this derive the pu e 


Sn prove that fi indices ip ip = b : 5 
ME ue — 1 summani 3 of the Sum (3) in Rh 

« indices kj, Кы, "№ Юг any permutations of the numbers 
| бн have a sum equal to Aiino i * 


this obtain statement (1). | P, 
id — the eM A and B io — — matri 
em onsisting solely . а 
ее ОГ preblem 409 to the metit 
91 93 ... ад & ca s бп). 
в: E САЖ 2) 


ar ag im 





т 
сез 







803. Hint. Take advantage of the identity of the preceding problem, 
504. Hint. Apply the theorem of problem 499 to the matrices 
(2 — an) - C а... d 
be bee oH PT A 

505. Hint. Take advantage of the identity of the preceding prob- 
lem. 

506. Hint. By multiplying D and D' with respect to rows, show 
that DD’ = Dn, whence follows (1) for D 0. “When D — 0, con- 
sider the case where all elements of D are zero. If D — 0, but at least 
one element ау; 52 0, then add to the ith row of D' multiplied by 
ау Ве first row multiplied by ar, the second multiplied by 2sj, . . . 
the nth multiplied by apj and show that ajD' — 0. 

The case of D = 0 may be omitted if we assume the elements 
of D to be independent variables instead of numbers. Then the deter- 
minant will be a polynomial different from zero, and we prove that 
(1) is an identity; this means it is true for all numerical values of 
the variables ajj, irrespective of whether D vanishes or not. 

507. Hint. First consider the case where M lies in the upper left- 
hand corner. Multiplying with respect to rows of D the minor M^ 
written in the form 


Аң vee Atm Aaj mea c Ап 








show that DM' — DmA and M' — Dm-!4 (the case D = 0 may 
be omitted as indicated in the preceding. problem, that is, by regarding 
D asa polynomial in n* unknowns a;;). ‘Then reduce the general arrange- 
ment of M to the one under consideration by permutations of rows 
and columns; for this purpose show that when two adjacent rows 
(or columns) are permuted, there occurs a similar permutation of 
rows (or columns) in the adjugate determinant D' and, besides, all 
elements of D' change sign. 

508. Hint. Use the preceding problem. 

509. Hint. Use problem 507. 

510. Hint. Apply the equation of problem 507 for m — 1. 

511. Hint. Apply the equation of problem 507 with n — m substi- 
tuted for m. | , 

512. Hint. Use the value of the adjugate determinant D' to find 
the value of the determinant D and apply the equality of problem 
510. Show that the problem has m — 1 solutions. 

513. Hint. Express the first determinant, as the square of the 
Vandermonde determinant made up ‘of the numbers 0, ху, 42) - « *« Tn* 

n 





514. Ау= > ainany (i, f= 4, 2, vere Me 
het 


3% 


шаи 


idor the products DA and AD, where D is the 
— — А ls» determinant of the some order as D 
obtained by interchanging the sth and jth rows — c n 
MESSI. "inc: Consider tbt products DA and AD, where D Is the 
S16. Hint, Consider the produ Whi А : 
A the elements of the principal diagona 
Er oqail tot, the alsuent-in Ша Aib row and. in tbe [п ойша 
equal to c, and all other elements aro zero, ы " 
817. Hint, Set py = ay — as; " = Gy — %, Qg — 0 — аз. 
518. Hint. Apply the identity of problem 502. AnA 
520. Tbe determinant is equal to twice the area of the triangle 
MMM, if tho direction of the smallest rotation of the ray ММ, 
to coincidence with MM, coincides with the direction of the smallest 
rotation from the positive direction of Ox to the positive direction 
of Oy, otherwise it is equal to twice the area of the triangle M4M3Mg 
е inus sign. , 
S The indicated transformations of the coordinates are 
given by the formulas 


z= x cosa — y’ sina + zg ý= z sina + y’ cosa + yo 


From this, multiplying with respect to rows, we obtain 





zi yj 1| [cosa —sine zj myi 
зи! зп — cose y, |— | z, y, 1]. 
25 ys d 0 0 4 zy ya d 














But the second determinant in the left-hand member of the equation 
is equal to 1. This proves the invariability of the given determinant 
under the indicated transformations, Now carry the origin of coor- 
dinates to the point My and rotate the axes so that the new axis of 
abscissas goes along М.М}. The new coordinates of the points My, My, 
My will be z; = MsM, yi — -h, where h is the altitude of the 
triangle M,M,M, dropped from the vertex My; the choice of the 
p or minus sign is connected with the orientation of the triangle 
y the rule given above: Ji — т} = y$ — 0. For that reason the 
determinant takes the form 


{04 
72 yi 1] = ММ = +25, 
0 04 amy = 





— RA of the triangle M,MyMy. 

. eterminant is equal to the area of 
Constructed on line segments fining the Cain to t — 
and M,, the area being taken with the plus sign if the directions ol 
the shortest rotation from OM, to OM, and from Oz to Oy coincide, 


with the minus sign if these dir ti i 
— at change undor a rotation of the, IUE — 
у inslation o| origin. Hint. Apply the 
ing problem by taking the Coordinate rta ret Pie preced- 

9 с i 
522, R = “Ge < Mint. Take tho centre of circumscribed" circle 


3% 


RENE 





for the coordinate origin and make use of the relations 
o 
>ш ешш Gies Ms BUS afta 
Raj VWF Meia) =, 2,3) 


Í problem 520. 

and C oer that the square of the determinant js equal 

г To determine the sign, make use of the continuity of the deter. 
—— in the totality of all variables æj, Bi, y; (4 — 1, 2, 9, Pe 
xoc w that it remains unchanged under a rotation of the figure ABC. 
sl 9594. The determinant is D en to the volume ofa parallelepiped 
constructed on line segments joining the coordinate origin Q to the 
oints Mı, Ma, M3 or is equal to six volumes of the tetrahedron 
БМ. M,M, taken with the plus sign if the orientations of the trihe- 
drons OM,M,M, and Ozxyz are the same, and with the minus ай 
if these orientations are opposite (orientations are assumed to je 
the same if after coincidence—via rotation of the trihedron Üzyz—of 
the axis Oz with OM; and of the plane zOy with ОМ, М so that Oy 
and OM, lie to one side of Oz, the rays Oz and OM. a lie to one side 
of the plane zOy; orientations are assumed to be Opposite if the rays 
are on different sides). Hint. If dy, Œg, Œa, Ву, Ва, Вз, н Уа ўз аге, 
respectively, the cosines of the new axes Oz', Oy’, Oz! with the old 
axes, then the old and new coordinates are connected by the relations 


B= aye! + Buy! yiz, y = aar T Bu. + ya’, 
аз’ F Bay! + Уз= . 


525. V —abc V 1— cos? a — cost B— cos? y-L-2 cos a cos f cus y. 
Hint. Compute V? making use of the result of the preceding ант 
— popu the MS Ar ові OC, take the points My a 

istance igi 

ia i. o rom the origin and apply the result ol 
.,927. The determinant is equal to six volumes of a tetrahedron 
Fun vertices Ma, Ms, Ms, M, taken with the plus sign if the trihe- 
ron of rays from yis each of the points M;, Ms, M has the same 
‘rien tation as the tri] edron Ozyz, and with the minus sign otherwise. 
E Translate the origin to the Point M, and apply the result of 
S 2i An alternative way is to proceed as in the solution of 
pe aa iE В ups of Problem 523. Then problem 524 will 
on the plane En Problem sant De given problem ee ee 


928. R— > 
—— 


ОНР taltslialis— Hal, — Hif — мые 
is the length of thy o i trahedron and 1j] аар 
© edge joining the vertices (x; y;, 21) and (zp g) =j) 


І 
n the case of a Tegular tetrahedron with edge a we obtain в=“г. 


337 


22-0681 













‚ АРИУ tie’ result of the Preceding problem and the ref; 
e relation 


1 
Jn—2zi2j—VMVyj—212;— 4 [(zi — x)? 
i 2 2 (zi — xj) (ии) 
which is true m e assumption that the origi К 
fo the серые ога circumscribed sphere gin has been translated 
509. Hint. еп proving statement (2), Ekon th 
We p tin ri ain) may be represented as ое Lt, Vector 
шлеп: rmore, show that the function т" F anes + 


sign when two vectors are interchanged. For EE us 
. ie, when 


ing this with respect to the 

EN аз, аз... ал). esta Ne дизе Е 
* — Prove that the function f (ау, а. 

of the rows of matrix A has the properties (a) and” Be and 

He erc a ên) = lB] (B) and that 

En ыы: с. улына Medo 
bes or distinct). By virtue of (a), ‘assuming 





ai= }) ауеу, we get 
= 


п 
Маз, а, ..., ал) = m "T. a is ok aae 
TALK Lr reru ced nep 


This defines the function / (a, a. i 
i as < <+, ap). Clearly, it d 
— under an interchange of "vectors, that's, in thal es a г feld 
n stic 2 it changes sign. For that reason, (В') is fulfilled 
(B) is obviously not fulfilled. 6 

(—4)€^ 00-15? — i 2 nê. Solution. Multiplying th 
determinant D by itself and noting th ost Mm 
kis divisible by n, we. obtain Ju UU Eo ite 


n0...00 
00...0n 3 
т=—|о 0... n 0|-(—0997 n^, 


On...00 


в 

te D—--iCh-142. for the modulus ;o[ D we get | D|=n?. 
? s to determine the argument. Computing 0 аз а Vandermonde 
e^i and then setting 


of the numbers 4, е, £, --- 
, where а=0:2 18а, we obtain 


и = 223) 


(e= 
1 о<ў=л=т-1 


= J оо 
Osjcrcn-i 
= Пос — | 
Ocjcken-1 ^ ücjcken-! м 
For the values of j and k considered above it is always true that 


O<k—j<n and, hence, sin Š= > 0, For that reason | D|= 


п 

= Ш 25900515 рер where $-6 Jp s 
0<ј<л<п- 1 O<j<kan-t 

The exponent of a involves each integer p («Cp «& n — 1) exactly 

n— 1 times: either as j for k= p + 1, p+ 2 -- «п — 4 0 аз 

н 


кю у= 0,1,2, ..., p—t. Noting that o? — t (when n is odd 
п 

we have a 2= +i, but the choice of sign plays no role because of 

the evenness of the number n — 1; this is clear from the compu- 

tations given below), we find 

(n—1an-2) 


т(п-1) їл-{# ттүү qs 
7 S 2 


за d 





\ 





Ё 
Setting 3n = 2n + n and using the expression for | D | given above, 
"we obtain the desired expression for D. 

533. The determinant will be multiplied by (2 — й) 2k3. Hint. 
Reduce the case of any rows to the first rows. If the first k rows have 
been isolated, then the indicated transformation cam be obtained 
by multiplying the given i i 
of the same order in which all elements on the — diagonal are 
equal to 1, the elements outside the principal diagonal in the first & 
rows and the first k columns are equal to —A4, and all other elements 
are zero. 

534. D= Da + Sz, where Do is the value of the determinant D 
for z = 0 апі 5 is the sum of the cofactors of all elements of Ds. 

335. Hint. Take advantage of the result of the preceding problem, 

536. Hint. Use the preceding problem. 

537. Hint. Put z — —1 in the determinant of problem 534. 

539. Hint. Use the method of mathematical induction. 

540. Hint. Split up all np rows of the determinant D into n sets 
putting in the first set all rows with numbers 1, n+ 1, 
о (р — 1) n+ 4, in the second set all rows with m 
2, n+ 2, 2n + 2, we tp ody ef By = 5 8 Uu nh e all 
rows with the numbers n, 2n, 3n, - . -» P^- Apply 
generalized Laplace theorem of problem 466. Show that minors of 
order р of amy of the indicated sets are equal to zero if at least two 
second indices of the elements bj; are the same. and that D: 

Lo. ann) BP, where f (an, «e n) does not d оп Ше 
biz. To determine f (in, >, su put by — 1 огр = 4, 2... № 
and biy = O for i, j = 1,2, .. п, 13. 











E 





$42. Solution. 10 all 4j; — 0, then we can put 


Aj Bj—0 (m1 2,4 n 

п 

For example, suppose the cofactors of tho elements of [E à 
zero (the reasoning is sim. 

Mi IM cm 0, the cofactors of the elements of two columns 


are proportional (see problem 509): 
Аз Ау _ Ani 


Se — o (j—4 2 u ni), 
Аһ Ат Ат Cj 








B: 
where the fraction 77 





we have — 
in д 5 e Е, ae t 

Aij= e (0—1, 2, „.-, п j=1, 2, son, ni) e 

ы : Bj. 

But Ai is a polynomial in зз, zy...» 2, and the fraction > i$ 





irreducible. Therefore, Aj, must be divisible by Cj (j = 1, 2, ... 
+++ a—1) and, hence, by the least common multiple of all 
9 — 1,2,... n— i). Denoting this least multiple by Bp, we 
obtain 


Ain = (11,2, .. 4 n), (3) 





n 


DUE 
where all Aç are polynomials in zy, ль... zy. Set Bj = 


@=1,2,...‚ п — 1). AIL 2; are polynomials in түт... ут 
and from (1j we find 7 з У 
ДОВ аль Л, ла 08) 


The equations (2) and (3) prove the theorem. In particular, for the 
determinant A we can put A} = у = с, А, = В. = В, А; = В; = 
= а. 

943. Solution. Let Dy, be a skew-symmetric determinant of order 
2n. Carry out induction on n. For n= 4 the theorem holds because 
a= ata Suppose the theorem holds true for the number m and 
then prove it for n+ 4. Crossing out of the given determinant D. 
the last row and the last column, we get the skew-symmetric deta? 
minant Ds,.,, equal to zero. Its elements may be regarded as polynom- 
jals in the elements lying above the principal diagonal with integer 
coefficients. By the theorem of the Preceding problem, the cofactors 
of the elements of Dan, are of the form 4,; — 4,5 (5,1 — 4, 2, 

^ D Where d, and 5 are polynoials in the situe ved os? 
i deoa add Ma fa D. E obtained one from the other 

Б igns of the elements, and since 

they are ee ee 2n, it follows that Aij — Ag. Or A,B; = A;B, 
ы с 

ЖД ГМ Bi=h-Ay (i=1, 2, ten 2041). 





À is a rational function of the same unkno 
P wns. Furth = 
ue ^41 and, by hypothesis, Ai is a perfect — т 
TW? where is a rational function, And h^ Ae (ide AD 
= (uA), On 
340 


нь 





ea polynomial. But the square of an irreducible fraction 


ial. Hence, pA, — c; is a polynomial, 4 
ФЕС, problem 544, we find. ШИ 


the left we hav 
cannot be a po! 


the era Б: rs 
Dac Y) Aijai, enstanen J= У) AiBjoi, nasa, Hs 
: ie ‚= 
nd 2n41 зуи 
-( У алата) (5 Bjaj, ansa) =A ( $) Amana) 
i=1 7 = 
2141 
(ому 





This proves the assertion of the problem. The ү: does not yield 
a convenient technique for actually computing the polynomial whose 
square is equal to the given skew-symmetric determinant of eve; 
order, Such rules are given in problems 545 and 546, 

544. Hint. Consider two terms in one of which the substitution 
of the indices has the cycle (ac, . .. ot) (h is odd and greater than 
unity) and in the other the cycle (ej a... 0,04). Consider sepa- 
rately the case h = 4. 

545, Hint. When proving (1) on the basis of the given pair Ny, Y, 
of reduced Pfaffian products, restore the notation (1) of the substi- 
tution of the desired term, bearing in mind that if this term is written as 


+a, 





а, в: а —— 
ба ба ба арар В.В, [EN 





then Nj consists of elements occupying odd sites in the product, and 
Ni consists of elements occupying even sites, For example, in №; 
we take the element with the first index од = 1. The second index t, 
yields the second element of the first cycle. In W, we take the element, 
one of the indices of which is a, If the other index is a, the cycle 
closes; if it is ay, then this is the third term of the cycle, and so on 
Show that all cycles in the resulting substitution are of even length 
In the proof (2) note that М, = Ni and N, = Nj. Determine the 
sign of the term as (—1)*, where s is the number of cycles of the ap- 
propriate substitution. Derive assertion (3) from (1) and (2) and from 
the t| eorem of the receding problem. 
AUS Hint. Show that each term of the Pfaffian p, involves one 
arrange oe element of the nth column of Dj; in each term of py 
show tive + Pomena im increasing order of the second indices and 
it then ite t T element арп is factored out of all terms that contain 
(Liat See left in the brackets will be p,,, with the sign 
547, = a," 
T. Pe = ae; py = зз — аа -Е азам; 
4055015 -- 213245236 — азаа 
* 14935005 


= пама — a, 


+ 774525 - 9401,25 — цана 
B84, Ay, — 
184046 — азайыш, -- ааыа, — 21,7520 


548. 1.3.5 +. азӊаца в — ауа ца +} зиён 


tee (n—4), 
E 





$49. Hint. Expand, via the formula of 
a of problem 541, the doter- 


11 ап а 
аата 
— an ann In 
Е 


obtained by bordering D and equate it to the s, 
for D' by applying the formula of problem 546, Th the кыа 
їшї а = ау =) 0 Гог іе ч. Eius 
. Hint. Using the fact that the product of two nonzero polyno- 
mials is nonzero, show that if D — AB is the presumed factorization 
md some term of the polynomial A contains äi, then no term B 
contains elements of the first row (or column), From this fact derive 
that no matter what the i, j= 1, 2, .,., n, there is a term in A 

containing a; but no term in B contains aj; 
591. Hint. When proving (2), determine A, ,, by proceeding from 
thenumbering t,, f,..., ¢ , , of the Son Sous of the E 

n—h 

ters 1, 2,...., n taken n — + at a time, which numbering is connect- 
ad with the numbering si, 5ь, .. n, that determines A, so 





h 
that кыа those n — k numbers that do not appear in sj. If 
9, is the sum of the numbers from the combination s;, then take the 


lictor (—1)"* out of the ith row and the ith column (= ÉL 


eng TY of the determinant Aj. y. When proving (4), show, 
using the equation of item (3) and the irreducibility of D established 
in tho preceding problem and also the degree of D and Ap relative 
n—1 
tothe elements a,j, that Aj — cD ^7 !^, where c 18 independent of 
s 
the elements Фу. To determine с, show that both Aj and D h-1^ con- 
—* 


tain the term (аа a,4,) 71^ with coefficient. unity. 
„Р, = 0„ = 1. Hint" Show that Qn = PA 


priPajp (kK), where pij are the same 





" 
S8. Hint, Show that d= Y 
р к=! 

in the preceding problem. 


Chapter IL. Systems of Linear Equations 


Xm a m 1, ry = x, = —!- 4 
Eam —2 n0, ry 1) ty = 
а 
= 4.7 —2,x,— 139 74 —- Е 
- = — Za = 3.4, za = hk 












5 2 
559. з. 0=—1 =4, t=0. 
1 2 
900, 2=—3,0=0, := 1,1—2, 
3 4 
561. z— = — =-+, t=> 
z=2, y 3. 2 i x. 


562, The system does not have a solution. 563. The system does 
not have a solution. 

564. Changing the numbering of the unknowns does not bring 
the system to an equivalent one, but when solving the system of equa- 
tions it is permissible, provided that after the solution is complete 
we revert to the original numbering. Mint. Show that after the trans- 
formations of type (a), (b), (c), any equation of the new system can 
be expressed linearly in terms of an equation of the old system, and 
conversely. 





567. а= —1, m= 3, z= —2, а = 27 
SOB =Й, кү Чүш оса р! 
569. 21 = —2, z, — 1, z, — 4, 24, — 3, 





570. 2—0, 23—2, а=, 
Stat, — z4—2, z,— —8. 


572, 21045, T,= 


щ=—-- 


2. 








74, y=—10, =. 
Ө с, кошу e мо 
скн ыа р ETA 





57б. =, —0, у=, n=, z,=—4. Hint. For the 
new unknows take 2z,, 3z4, 5z5. 

576. z,—5, 2, —4, zy —3, 14=3, t= —2. 

ST. zm um —. nm, n5 n—. 

578. The system is indeterminate, that is, it has an infinity of 
solutions; z; and z can be expressed in terms of zy and z, thus: z,— 
= 6 — 20z; + 1724, z, = —1 + 7x,—5eq; note that zy and x can 
assume any values, S 

579. The system is indeterminate. The general solution is 


dy (6—155—24), за 6), where z, and zy asume 





m= 
arbitrary values. е 

580. ‘The system is inconsistent, which means it does not have 
any НЕ ЕЯ ae 

581. The system has no solutions. 

584. If a, У, +; 5 are all elements of a field, then the poly- 
nomial ў (х) == a) (z — a.) . - - (z — ap) is equal ta zero as 
a function, but z^ has a coefficient, of unity. 

585. / (2) = 2° — 5x + 3. 586 f(z) = а заа 

587. Fora given asymptotic direction, it is possible — 
bola (and only one) not above the ath degree through any n+ 

мз 





= 






distinct points in a plane, of which no two points lie on the straight 
line of the asymptotic direction. 
9588. у= 322—512 1. 589. r= yt—3y)—5y-+ 5. 


590. z= 4 (—atb-fetd), ym (06е), 








суы е» d), t=4 (a+b-+e—d). 
e"—a'"d 
591. tt), 


Hint. To prove uniqueness, show that the determinant of the 
system is equal to 2 (b — a) (b — a’) (b" — a") + 0. To find a solu- 
tion, subtract from the first, second and third equations the fourth 
multiplied by a, a’ and a" respectively. 


592. zat (ap—ba— cr— ds), ya (bp-++-aq—dr-+cs), 
1 


= (ерат агы), t= (dp—eq-+br-+as), 


where A = a? + b? + c? 1 q*. Hint, Take advantage of problem 468. 
583. z, — (—1)^P,, where P, is the sum of all possible products 
of k numbers а, аз, . - ., a,. Hint. Take advantage of problem 346. 


[] &—«) 
Sem eL 
П ка) 0а) 7 (a) * Where f (2)—(z—a)x 


КЕ). 
595. 


n 
zy (—1)n8k bitin 
a (аа) 1. (аар) (аар) (4i—a,) ' 
where fj, is the sum of all i 
Írom the n — 1 ee ages 
596, 


a= 1 = 
(00—41)... (акар) (ааг) — У ш, 
Ea 


Products of n — k numbers taken 
tor Gii Gins say Gpe 





i products of ny 
i sum of all possible prod Dni dg 
where fui zl а numbers api: Oher Does ie Oy " 


taken from k 

4f Pay qne - етеу 1) 
s. а= 0а, where Pi(l=1, 2, ni) № the sup 
fall possible products of i numbers taken from the n mam berg 
зы ав Ро = 1. 








b— a; i г ermina 
599. тк = П a ase Hint. Express the determinant of thy ays 


* 
tem as a И of two determinants. ; 
iex b Я 
600. Solution. 1а (1-2) 2—5 аи... Треть 
1 1 1 
ЕЕ ЕЯ (1-7 £tg — E -) + Whence 
1 1 1 1 1 1 | 
һ=+, 7 m—-h=z, * yz =, Ema ht 
+ — -»+ Using Cramer's rule, obtain the required 


expression for kh, from the first n equations. 
602. Hint. Starting with the identity 


a 3 
1— (1-Ebyz bye? baz? h.) (iE te) 


we obtain a system of equations for determining by, by, by. +. « To prove 








that be». = 0 when n > 4, note that b=- т and that function 
1 2 
2 — Zeer +e *)—(e 
pci riso us — 
2 2 
e" -— * 
is even. 
1 


603. Hint. Using the equations 6; = — 


rba = O forn >A 
obtained in the preceding problem, set ban 


* 
= op and in the idontity 
a 1 
t= (1—3 eta ен...) реи: | 
Sarati Separately the coefficients of evon and odd powers of z. 


Mi. Hint. To establi i 1 e 
ak1 in the identity Tired equality, puta 7 3, 2, 3 


(4-1) ⸗an en- — en- 2-2 4 peint 
Hs 





т 


КҮШ the resulting equal 


к= еа — 3 
* EE hy. n (n Sav 
ы eaulting system of n linear equations in «s, (A), 


ега 05. 





les. In the equali 
[ ШИП 
‚ 2, 1 and find , us, entablishod 608. 2. 60 
Я rom tho . 2, 009. 3. 610, 3. 611. 2. 042, OW 
миа (0, matrix ia 2, for ho 0 it is P э. on. Mor $ a4 е у 
equal to 2, for Aes itis 3. O19. 3 620. 2. 621. 3, 622, 2. 620, Hint, 
0 Using the linoar expression of all columns of matrix A in terms of 
the columns that pass through the minor d, show that if d = 0, the 
rows of tho matrix A passing through d are linearly dependent. 
030, 11-0 «гє п 2, thon p= 0. M r= n — f then fm i. 
и т=п, thon F = n. Hint. Take advantage of problem 509 or 747. 
631. Solution, We prove (1). For re Ù all rincipal minars of 
the first and second orders are equal to zero. fA = (иаа thon 
а = а... = бт = 0 and 
2n 1)! ТЕЛ 
ay) ayy 


Jm. Obtain the identit 
h р Y for arbitrary tJ 14 2) у л < 1. From this we have aij e Oi f 
— EL aal faz zt gx j= 4,2, ++. л A = O; tho rank of A is zero, which ia what we 
атт" Е ss) Lov out to provo. Kor r =n — 4 wo have Mya 0, My 0 14 N= 0 
i the rank of A is equal to n — 1. OB h 
(1 foedya® te ya de ‚40 <r <n — 2. Tho principal minor м, = 0. By interchan| 
(harte nt puse) ing tho rows and columns of ade A (this doos not upset the Woe 
1 0 0 metry of A or alter its rank), we can transfor the minor M, to the 
А9 upper left-hand corner of matrix A. When poms (1), it suffices 
1 to show that all minors of order r -+ 1 that bordor Mp nto zoro. 
EUN 1 0 Let M, be a minor obtained from M, by bordering it with the 
31 * ith row and the jth column (1, } > г), By hypothosis, 1, 
1 








їз- 


2n 





| = ajay ym aly = = 01 0 








4 (00. 





In в i= j. Lot t3) and lot D be (he determinant, obtained from M, 
о x . hy bordering it with the ith and jth rows and tho (th and /th columns. 
71 5! ЕЈ] E By hypothesis, D — 0. Let C be the matrix of the doterminant D. 

E Suppose M;j 7 0. Then the rank of C is equal to r+ 4 and the rows 

Qn 1 of matrix C with labels 4, B... ry P are linearly independent. 

uA еа 1 Mis By the symmetry of C, the columns wilh the samo labels are also 

rpi Cai n `3 linearly Independent. By problem 629, the minor My located wt the 

607. intersection of these rows and columns is nonzero, but this runs counter 

to the hypothesis. Assertion (2) follows from (1) or directly from. 
problem 629, 
0 0 „ 632. Hint. Use the preceding problem. 
a 633. Hint. Use the solution of problem 631. 
634. Ліпі. Таке advantage of the proceding problem, 

0 5:8 636. (1, 4, — 7. 7), 687. 2 = (0,1,2, P2). 688. = (1, 2, 3, 4). 
639. Linearly independent, 640, Lindarly depondent, 641. Linearly 
indapondent. G42. Linearly dopendent. 643. Linearly dependent, 

1 „э! | 644, Lincarly independent. 


‘ 
CIO 651. Hint, Assuming that >) Ajay = 0, where not all Ay are zero, 


1 tt 
СЕМА: - 1 Чї and taking, from among the dy, the largest (in absolute valno) coeffi- 
Б. “лї (0-35 0-5! cient Àj, 8 —— the ‘ith voordinate of tho linoar combinati thus 
chosen is differant from zoro. 
ir. Use the identity def + 656, Hint, On tho, assumption that ivo vector ца toy 
Е A. z я x can bo exprossod linearly in terms of the precodini ones, hid an x 
ео аи...) (Sart at +) сй {ог tho vector D from tho ex Mo fun of aj and substitute that 
expression. into the expression of aj. 


'quations in order to determine ar 02 7" "n w 
















а 


Ў djoin b, on 
T f. In the set of vectors dy, dy. а, adjoli 
al let ca ot ent pai m tm 
E n 
ae T e ud d елу in terms of the precoding vectors, 
md so forth. 
* Take advantage of the preceding problem. m 
58. Hint. Make use of problems 653 and aa — 
ubsystem to be ordered, adjoin 
OMe oe ee system and doloto all 
voctors tħat can be linearly expressed in terms x the proceeding ones. 
062. It fs impossible to choose such numbers. m 
664, Hint. When proving (3), make use of problem 663 and also 
ремет 058 o is any number. 667. À is any number, 
668. À is not equal to 12. 669, SRM И such pale ort i 
e et » 43, a4 in problem 605 aro cop anar (lio in 
PE кеу үү (they do not lie on one line). When 
А = 15, vector b lies in the same plane and is oxpressed in terms 
Of ay, ay, a5, but when À S 15 it does not lie in that plane and can- 
not be expressed in terms of those vectors. In problem 666 the vectors 
9j, 05, 45 are not coplanar and any vector of throo-dimensional space 
can bo expressed linearly in terms of them. In problem 667 tho vectors 
а, аз аге поі соПіпеаг апд lie in the plane 4x, — 3z, — 0. 
For any valuo of À, the vector b lies in the samo plane and can 
be expressed linearly in terms of а, а. 
In problem 668, tho Vectors a), a, aro not collinear and the vector 
b is not coplanar with a; and а. When À = 12, tho vector ay is copla- 
nar with a, and a, and tho vector b cannot be expressed in terms 
of ay, a, ay. When 4 12, the vectors а\, ау, ау аго not coplanar 
b can expressed in terms of thom. 
In problem 689, the vectors a,, a,, ay lio in the plano 3r, — z, = 
z- 0, When À varies between — co and “bee, tho terminus of vector b 
describes the straight line z, » Ss — 5 that is parallel to that 
plane. The vector T ido not Tie the indicated plane for any value 
of X and it cannot be expressed in terms of a,, а,, а. ; 
672, There are four suc systems: (1) a, as: 0) 9y 04: (9) a4, a; 












Any 
675. (1) + (2) ay, ay: (8) ay, ap 
d Am A Troc vectors, oxcopt а, a, "s And Gy ац, аз, form 


677. Tho only basis occurs if and only if eithor the entiro s; 
system 
ia ha banis RN DUE DE all vectors of ti system that do not appoar 








s) —— tho basis is formed by the vectors а, а, ац; 
580. Опо f tho bases is formed 

> Bho ok Pitts itch ө >! и, “з ө, вн к а= 

ai Sai as, ay = Ba, + day ody —— T 

мз 








ts 


" 
tinto. S, orgy 0 the oxpmnasions 

692, Hint, When proving (t), pu 2 
Beem) and show that а 


т, -r41 fd 
a 2 Ae, ti T 


" z ў 
=- M uh. Е 





perl = (An “An ТМА 

Чари Pier с, RE К nb А M ‘coordinate 
dqual to unity o¢ у - iosition and a is Bisex: 
equal to unity ocnupios the (r+ Oth pi Nate 


voy ан), Фев а = У) аа. 


When proving ài (4), make use of problem 664, 

685. fy ~ 2 0, 
hi — 35 4 fm 0, 
8f, — 85 — h a 0, 


No basic system of 


683. 2/, — 9f, — fa 9 0, 
hi — 3h 4 fa m 0. 


685. The forms are linearly independent. 
linear relations. exists. 
686. 34, — f, — fy = 0, 687. 2), — f e 0, 
2h — Ya + f. — fs m 0. h— fs — / 0, 
688. Hint. Make use of problem 061 or 857 


— Or, —2 
689. For example, the general solution is => TAM, 


и ЗЫ, А particular solution іа д=—{, sy, 
ty 0, 9m d 

690. For examplo, the general solution is z4 == 225, — 33r, — 0, 
24 = Aën + 24z, 4- 8. A particular solution isa 2, г (, 
ту = д, Ù. 

691: General solution: z, = Í — de 
Solution: x, = —{, 7% = 1, 20, 

692. Tho system is inconsistent, 

693, The system has a unique solution: x З, зу = 2, ny 4. 

694, General solution: zy == 6 — iSe, + the, 24 = —7+ By 
— 122,5 А particular solution: 3,9 йу дула }, д, ж lj, 


695, Genoral solution: ue Haiya zia zm 4. ынын 28, 





— day, т, m do A particular 








А particular solution: z=? nmi, a% * $. 
6%. i 27 9 , 
96. General solution: Aud ntg rumit ga 


1 
Чу ts А particular solution: zy gam d n „= 4. 


697. General solution: ayn tht P 





E^. A particular solution: z, = am 


fe 2: à 
, Tlie system is inconsistent, + 





| $99. General solution; z3 = —1 — Br, 
Eas. i Я 1+ åz = 
| E a. A particular solution: z, = 1, т, 2 2t m n m E 


700. General solution: z — 13, z, — 
A particular solution: zy E =, ea Ee 2x9, mp = —34. 
„= 





: 0; m = = 
701. General solution: z= E» z—32. 25 x 

J 2 hee i g TE a ema A, 
= 15 9; А * 
6. = ——y — 221 — 422. A particular solution: z, —1, 2,— 3 


1 5 5 
=з, = у! а=. 


m. 4 2 
702, General solution: B= sat pin t= 14 


К 3 3 331—724, 
agatzat? A particular solution: z,—z,—1, z,=2, 
BAR аага аы — 
Ais m е system has a unique solution: z, — 3, z, — 0, z4 — —5, 


704. The system is inconsistent, 
705, Hint. When proving the minimalit 
y of the number n — 
EU cubos, take advantage of the relationship ШКУ Te 
ү а nonhomogeneous and the corresponding homogeneous 
system of equations and the fact that the number of unknowns of the 
Е geneous ee may assume arbitrary (unrelated) values 
ne the maximal number of linearly independent solutions 
се, is independent of the choice of those unknowns. 


Б з 2 4 1 

Tw. 2—5 4-5, m=z. w= Zu sz: 

E а 20 5 5 5 
a п 
goy. 


F ть systems are inconsistent. 
|. The system has a unique solution: z, = 1, t2= 2, ts = — 


ъ= -3, 
E cio s — 57 Here, zs is a free 
ms) Gogg 24—05 
и — 1-3 where Za, 







wnknowns, А 
аа system 1s inconsistent. When À — 0 18 
nd the general solution is of the form 


Taaa — 


=. 


^13. When À—0 the system is inconsistent, When X 4 0. it is 
consistent and the general solution is of the form a= 


В ВВ NN 
perdue THE EDEN 





. 744. When 2 = 4 the system is inconsistent. When A 14 it 
is consistent and the general solution is of the form 
43— 8% 9 e 5 1 
ЕВ ВИ А 

745. The system is consistent for any value of №. When 2 = 8 
the general solution is of the form z, = 4+ 2x, — 2% 33 — 3— 254, 
where z,, z, are free unknowns. When 48 the general solution 
is of the form 2 = 0, хо = 4 — 224, яз — 3— 2z,, where z, is 
a free unknown. 

716. The system is consistent for arbitrary values of А. When 
2. = 8 the general solution is of the form r=, n = 2—25 — 3 
where тү, т, аге free unknowns. When 4+ 8, the general solution 
is of the form z,— 4: — 3 7i 7s — 4, z, — 0, where x is a free 
unknown. 
Tt], When (h—4) (k-+ 2) £0, the system has a unique solu- 
i When »=1 the general solution is 


of the form ту = 1 — z, — zs, where zs and zz are free unknowns. 
When à = —2 the system is inconsistent. 
718. When (A — 1) (A+ 3) #9 the system has a unique solu- 


tion: Z} = Tg = 23 = = Ti . When À — 1 the general solution 





tion: у= та = 1з = уй, 


is of the form ху = 1 — 1. — 43 — 24, where хз, Zy 4 are free 
unknowns. When A= —3 the system is inconsistent. 

719. When A(A+3) #0, the system. has a unique solu- 
тнт аы ксн. AA. p EMAI, When 
ion: z—gEN* "TAQGSE' 300 A043 7 
4—0 and ^. = —3 the system is inconsistent. 

720. When A (A+ 3) #0 the system has a unique solution: 
n= а dee Shey oe net, When »=0 
the general solution is of the form z; т: — tq, where хь ту 
are free unknowns. When } = —3 the general solution is of the form 
Ty = т = 2, where za is a free unknown, 

721. If a, b, c are pairwise distinct, the system has a unique 


solution: 

_ (b—a) (e—a) __(d—a)(d—c) 4—5) 
z=- pa (ea) Фа) 0—9) ' СЕ 
If there are only two distinct numbers among d, b. € d, and & M 

ог а > с ог b S c, then the solution depends on one parameter. 
example: in the case ofd—a Æ TES c the general solution 
351 











* 











E where = is a free unknown 





isof the form z — 


that plays E: part of 
En rs d, then the Е m two ecu. 
е i say, ol the form z = 1 — у — 2, 
ра * А two distinct numbers Iron anag 
a, b, c and if d is not equal to any one of them or if a = b = с 5 d, 
is inconsistent. 
— =abe—a—b—c+240 the system has a 
unique solution: 


— x 


In this case, any two of the unknowns can have zero values at the 
same time, while the third unknown and the corresponding parameter 
are equal to unity. For example, z — y — 0, z = c = 1. IE D — 0, 
and Mone and only one of the numbers a, b, c is different from unity, 
then the solution depends on a single parameter: for example, when 
a Æ b = c = 1 the general solution is of the form z — 0, y — 1 — z. 
In this case, one or two of the unknowns must be zero, 

If a = b = c — 1the general solution is of the form z —y—z 
and one or two of the unknowns may be zero, If D = 0 and none 
of the numbers a, b, c is equal to unity, then the system is inconsistent. 
The case of D = Ò with one and only one of the numbers a, b, c 
equal to unity is impossible. 

723. I D — abc —a — b —c + 20, the system has a unique 


tbe above-mentioned. parameter which deter- 








solution: 
„еее а —__а$е—2ас-Ьа--с—Ь 
D D 


a abc — 2ab--a-4-b—c 
= eee iN 
1f D — 0 and only one of the numbers a, b c is different fı i 
then the solution depends on a single parameter, for E un 
— = e = 1 the general solution is of the form z — 1 у = —z, 
15 ere £ is a free unknown, If a= b= ç= 1, then the solution 
— on two parameters and the general solution is of the form 
— — 0 — 2, where y, z are free unknowns. If D = 0, and all 
us pata 2i b A ugue eant, the system is inconsistent, 
sae OS Di = Oy e numbers a, b i 
о — T — ES 2n anden to prove the RC 
m nQUBder the condition that all 
ае Gre di at all numbers 
Me erent from unity, show that the following identities 


D — Dz = 2 (b — 1) (e — 2. D— D, — 2 (1 — 4j (c — 4) 
D — D; — 2 (a — 4) (b — 1), 
Ds, Dy, 
—— pe 2 v р 2 are the appropriate numerators in the above expres- 
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eneral solution i8 z, — Br, — 75, р = 
S И set of solutions is TS 
= 6r; ` 


ва [0 


во |1 


= 


5 
725. General solution: z, — — 21 1 523, д4 = | 71 Tn Tho 


fundamental solution set is 





a [ts | ae | 


o |a | +5] —7 


9ш + Gry ++ Bry 
4 








726. General solution: 4= ‚ = 
3: 
= ау» . The fundamental solution set is 
727. TI 
solution me System only has a zero solution. There is no fundamental 
728. General Solution: maus LZ + 32, — 1023 n” 
= 3244-25 + 4x, 1 $ 
—а— 
и + The fundamental solution set is 
23-0684 эз 














тү | Za тз | Za | 2 
1 0 0 i 
и 
0 1 0 i 
и 
0 0 1 4 
1 








729. The m has only a zero solution. 
730, General solution: z, — 24 — Ts, zs — 24 — zg лу = T4. The 
fundamental solution set is т * quos £ 













| 
1 | Ea [о | о 
— | o| o | 0 | 1 | 0 
o] — | 0 | о [о i 
73. General solution:  z, = 0, 22 = noia, т, = 0, where 


75 z are free unknowns. The fundamental solution set is 























< 
4 
ZA 0 
0 3 4 0 
и 
2 
— 0 1 
— 
782, General solution: == 2а; -- ти тата 


Е: —Зх: — 525 22 : 
ту, ту are free unknowns. ‘phe fundamental solution set is 


и |= [|= 
Ee o e 
— 


= 0, whore 













185. а == 13е, z, — 2e, 2 
136. ж = 4с, ту = Bep T 
737. wy = 2cy, fy = Cay Za 


аде 
788. z, — 1404, ту = 42е, лу == 420, = —3су -Ь Зо — Dear 
з == 8а -Ь Вс — 105 

7139. тї <= с ^— Te. a= 2e +. бе» та = о + Зен ж = en 
= — Sey. 
140, т = 11су, у = 38с жа = —2Acy — 576 Za = Sey + Seay 







с. 
—3ey + Зе, 24 = а — 
Beg, Ta = — За: — в — 





Ts 


Л 
741. The rows of matrix A do not form a fundamental solution 
set, the rows of matrix B do. 

742. The fourth row together with any two of the first three rows 
forms a fundamental set, while the other systems of rows do not form. 
ajfundamental set, 

i743. Hint. In the first part of the problem apply the result of 
problem 734. In the second part of the problem show that if the values 
of the free unknowns yield, in a certain solution set, linearly depen- 
dent rows, then the whole solution set is linearly dependent. 

748. Hint. Adjoin to the — the matrix of the system any one 
of the rows and then expand the determinant of the resulting matrix 
in terms of the first row. Make use of problem 746. 

749. A particular solution: z; —2, z,— —6, zy — 7. The 
general solution is z; — —2с, ха 

750. A particular solution: z; — 
solution is z, — 3c, 2 

151. A particular solution: zy 
The general solution is z} = 6c, z; 

752. A particular solution; z, — 3 















general solution is z; — de, 2: = 0, 23 = 
n 
194. (а) У аз) =2ы (01, 2, .-:,8); 
ј=1 


n 
(b) У) ау =АЫ (1—1, 2, ..-,3). 
ј=1 


755. In both cases the necessary, and sufficient condition is the 
homogeneity of the given system. 

756. Provided that the sum of the coefficients of the given linear 
combination is equal to unity. 

751. The first unknown in any solution assumes the value zoro. 
If the coefficients of all unknowns, except the first and, for example, 
the second, are equal to zero, then the second unknown takes on a de- 
finite value that can be found from an equation involving a nonzero 
coefficient of the second unknown if all terms involving other unknowns 
are dropped; in that case, all unknowns from the third onwards may 
assume arbitrary values. But if at least three unknowns (sy 2, Ха» 
and zs) occur with nonzero coefficients, then all unknowns, except 
the first, may assume arbitrary values, and their values iu each 
solution are connected by a single relation obtained from any uation 
of the system that contains a nonzero coefficient of the second unknown, 
if the term involving the first unknowa is dropped. 
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А 


lor the conditions of the problem, it is impossible that all 
— of the first unknown t. of all unknowns, beginning with 
the second, can be equal to zero. LS" 

758. A necessary к sufficient condition for this is that the rank 
of the matrix of coefficients of the unknowns be reduced by unity when 
the Ath column is deleted, in other words that the kth column not 
be a linear combination of the other columns of the matrix. | 

759. The rank of the augmented matrix (made up of the coefficients 
of the unknowns and the constant terms) must he reduced by unity 
when the kth column is deleted. 

760. e — ad — bc — 0. 

281. One condition stating that the determinant D of order r 
is not equal to zero, and (5 — г) (п —r-+ 1) conditions stating 
that the determinants of order r + 1 bordering D are equal to zero. 

The latter conditions are independent since each contains an 
element that does not appear in the other conditions; it stands at the 
intersection of the bordering row and column and has a factor D 52 0. 

762. Either at least two of the numbers a, b, c, d, e are equal 
to —1 or none is equal to —1, but then 

a b € d e 
aap ЕТ ен е 

763. 4 = af + bg -+ ch = 0. Hint. Add all equations after multi- 
plying them, respectively, by Az, Ay, Az, At. After obtaining the 
condition 4 = 0, the determinant of the system may be computed 
as a skew-symmetric determinant following problem 547, 


764. |z 9i 1 765, |z y 4 
2,03 1|=0. ту 1|=0. 
Za Ys 1 Z3 Va d 
766. |a b, c ^ 
2, b, c5 |—0; this condition is sufficient if, in the case 
ay by Cy 





of three parallel lines, their common Дош is taken to be the ideal 


Point (point at infinity) of the given direction, If ideal points ara 


excluded, then the necessary and —— condition is the equality 
ay by ay b, c; 
of the ranks of two matrices: (5 | andj | a, 5 t 
a} 
üg by- 
ani 


767. The rank of the matrix | 22 № 1 


ay ba cg 


must be less than 


three, — 


Y a by 
05, Assuming ideal points, the rank of the matrix | 22 ba ca 


an bn cn 


856 


CNN 


f wo do not assume ideal points, the tink 
' i 


less than three. I 
t be oincide with the rank of the matr 
3 


us! e 
T) the reduced matrix must c 


of t 


770. |+ z y 1 
zPRMP mio. d 
zPEW zo. d 
TEU} my oW. | 


769. |} ж їй 
а 08 Ta da 
23-13 2 Us 
23-08 23 Ша 

771. z* + y? — Az — 1 0. The centre is at the point (2, 0) 

2, 0). 


The radius is equal to V5. 
772. Hint. Use the answer to problem 770. 


=e ee 


773. |z cy Pz yi 
т} ошл WP omoi 
zi Tao Ui T. Ya 1 
bn OW 1 
zio YE ty у 1 
zboTWs UP Ts Ys | 
774, The hyperbola =, 
2 
— > Pe This is an ellipse with centro at the 
К я) and with semi-axes of length ү and DS; 
the major axis is parallel to the axi а ibe 
axis lies on the axis of ordinates. огеш шы 


710. |2, uy m4 Mele у 21 
73 Va 5d 1 
Я s» 4 044 
з Ua 25 qs ee [e 
Ta Ua % 4 3 —1 —11 


778. If o а thence 
ne assumes ideal points (points а then 
а фус dy 
a, ba cs dy 
Gy by cy dy 
ag ba c d, 





one does not assume ideal poi 
pu е Points, the rank of the matrix 

ay by cy dy 
a by Cy dy 
as bs Cy dy 


ay by cy dy 


not change when the last col i 
laci The rank of the iau ayn Ss delatód, 


неа, 
Ga ba Ca d, 
an bn ĉn dn’ 
isequal to two and does not change when the last column is deleted. 
180. [P ettz y azi 
ИЧ а и а d 
И te Ya to 1/=0. 
= ИЧ 8 Ta Ys ts 1 
и: та Ча And 
Ti. 2+ y+ 2—2—2=0. The centre lies at the point 
T5 0). The radius is equal to 3/2. 


782, A system of three linear equations in two unknowns; in 
К nen. the augmented matrix and the three matrices of the coef- 
ts of the unknowns for any pair of equations all have a rank of 2. 
system i ions in two unknowns; in this 
aay rol 
pair of equations are equal to two, an 
т is aqua to three. 7 
tenni A system of three equations in three unknowns; in this system, 
Tanks of all matrices made up of the coefficients of the unknowns 
Ma eTO equations and also of all three equations are equal to two, 
TE. rank of the augmented matrix is equa 
in thig Asystem of four linear equations in 
titate tem, the ranks of the matrices made up of the coe fi- 
ad the Unknowns of any three equations аге equal to three, 
rank of the augmented matrix is equal to 4. 
Pour planes pass through one point, but no three of them 
о one straight line. _ Ti 
эы Hone does not consider ideal straight lines and planes Mines 
at infinity), then equations o! the form Oz у — 
02 = a, where a is nonzer geometrically mew 
when a бей jnates of any 
i i f that type 


t 
in tho plane or i i 
designating — араке, Ву арі ша coefficients 






























m RR RR 
u——— ——————— — "—wM €. 
- 


of the unknowns by r and the rank of the augmented matrix by rs. 
we have the following.! 

For systems in two unknowns: 

4, r= 2, r, = 3. The system has no solutions. The strai t lines 
do not pass through one point, and at least two straight lines are 
distinct and intersect. 

„2, т==ту= 2. The system has a unique solution, The straight. 
lines pass through ‘one point, and at least two are distinct. 

8 r= 4, = m The system has no solutions. The straight 
lines are parallel or are coincident, and at least two straight lines 
are distinct. 

4. r— rj — 1. The solution depends on one parameter. All straight 
lines are coincident, 

For systems in three unknowns: 

4, r= 3, = 4. The system Tas no solutions, The planes do 


not pass through one point, and at least three of them are distinct, 
and pass through one point. 

2.r—r —93. The system has a unique solution. The planes 
pass through one point, and at least three of them. do not pass through 
one straight line. ‚ 

3. r= 2, n = 3. The system has no solutions. The planes do 
not pass through one point, and at least three planes are distinct 
and any three distinct planes either have no point in common or pass 
through one straight line. 

4. r= m = 2. The solution depends on one parameter. All planes 
pass through one straight line, and at least two of them are distinct. 

5. r— 1, r, — 2. The system has no solutions. The planes are 
parallel or coincide, and at least two of them are distinct. 

6.r— n — 1. The solution depends on two parameters. All 
planes are coincident. 


Chapter III. Matrices and Quadratie Forms 


188. |52 789. үаш-Е%ү ар-+-%8 
(; a) : Ж aia). 
7. 1 5—5 7M. (А —22 29 
(io 0). (+=). 
29-7 43 —17 26 
792, 10171923 793. 86 4 2 
47 28 27 35 50 —5 —10 
16412 920 |: 17% 7.98 
74 340 9 8 7 
79h. (00 195, 70000 106. {20 
(0 0): 0000 (б 3- 
0000 
0000 


359 


о ë жг В 








799. ,13 —14 
797. (100 798. 1000 (2 zs) П 
020]. 0200 
0 0 5. 0030]' 
0004 
2—1 
в в» ml Е, l 1) for n even, (s Sa) for n 
— odd. 
802. ,cosna —sin E 803. (дЕ 0 | 
(Еа cosna] " at 
б м 
804. jin 805. / An ek 
lo 8) 1 an je 
806. n(n+1) 
136 — 
013 soa 
; where n is the order of the 
given matrix, 
BY. to! ү GRAY trus RN 
LECT m TE 
1 = 
СПО ich cms: 


to 0 0 ДЕ tt 


808, ,3197 ka] 809. 7190 189 _ 489; 
7385 — 922]. (= 127 E 


252 252 — 954 


811, (a) The ith and ith rows of th. 
(b) to the ith row of the oduct is added t oaut are jiterchanged; 
8 i E and T3 со of the eee the jth Ира by ta 
-1th column of the product is adde the jth column moltipliod Бу B 
ES Ў 





822. а 2 ) where a and b are arbitrary numbers, 
(a a-+3b)* 
823. а 3 ) where a and b are arbitrary numbers 
(2 2+9)" 
821. sabe 825. pabed 
Oab Oabe 
00a 00ab 
00024 


826. excos #4 ¢sin AX (h=0, 4, 2, ...)n—1),n is the onder 
п 


of the matrix A. 
827. 21 —23 15 828. /0 0 0: 
ии (- v). (000). 
=ч 2225 000 


830. Hint. Regard matrices of order n as n-dimensional vectors 

831. Hint. Apply problem 814. 

Note. 1t is assumed in the problem that the elements of the matrices 
А апа В are numbers. The result is incorrect for a field of characteristic 
p #0. Thus, for matrices of order p, 





010... 0 ЮО nn 
i ОО 210, 200 AE 
e kon erat SM 
000 0 000 p—10 
we have AB— BA— E. 
832. ja b 


n чё » Where a, b, c are arbitrary numbers that satisfy 
the relation a? J- be — 0, 


883. Hint. Using problem 829, prove thet if A= ( $ 2) ptc 
Ak= (af aye д. a 
b 

834. + E or A 21) » Where a®+ be—{, 
835. If | 4 | 29 
the rati » then X= 0; if | 4) = м 
е SUR of the elements of the first АТД Ron ú the cor 
Ponding elements of the second column =q, then X— : i 


Tor arbi а — — 
are zero, Put ai tare if both elements of the second column ot A 
—— ne element of the first column is nonzero, 


zy) With arbitrary z and vi if A=0, then X із any matris. 
3 


E. 


ELS I0 
M as n з]. 
1 d —b 839. © е 
№ (— o sing 
ad— bc с a) («у э зае) 
EX 1 ВИ. 8 29 ц 
—38 41 —34]. — 
\ 21—29 2 ESAE 
Bh oj—73 2 —1/8 843. PEZ NS 
( 5/3 —1 =). Hols ase 
EXC 4 £n IE 
ш. Шз de 4 845. 22 —6 —28 47 
— — 
1-1 1 apf E 219 
кеге + Pe E aie 





sae 
. (—4)m2 
i zo] aut is the order of the 
оң (—1)” given matrix. 
1 
m 
.. 0 
ne 
1 
w. 0 0 @ ОМ, 0, 
1 0 0 EC 00 
—а 1 0 Pen 00 Н 
26 а 20.0 
(ат (арі (ата (ат ss 6 1 








850. (1—2 1 0..0 0 


851, (n п—1 n—2 n—3 
n—1 2(n—1) 2(n—2) 2(n—9 

á [n—2 2(n—2) 3(n—2) 30—9 
"c1 |n—3 2(n—3) 3(—3) 4(—93 





852. 


853. 


854. 





855. 





where s=1-+7~ xt RH. 


эт 7 & i =19 
3g o5 Ж 

4{—30 —09 tf 

—59 43 99 —159 


858, f—site d ed 1 
Pessoa ct! à 1 
LY | "+ ord [estero ОО, 








UE due dud dics 


. In the system of equations, for elements of the kth column 
of наои publeact from each equation—from the first 
to the (m — 1)th—the next equation and then add the resulting 
m — í equations. Express all unknowns in terms of the kth. 


859. hee KE OR ak K 
À h—s hps s h h 
E LE Eak iab eds 


hts h h e h h—s 


п(л—1) 


where s = na + he isthe sum of the elements of some row 


(or column) of the given matrix. 





860, £n if 1 ... To 
1 кї ga es gm-t 
ijt et ae gi g-tam-1) 
mo Pa DS gi gn 
4 g-in-1) g-hn-l) g-3m-1) ,.. g-(n-1i 
Hint. Write the equations with unknowns fp Wap is. X dn 


i i 
order to determine the elements of the kth column of the inverse 
matrix. Маи each equation by a power of e such that the coefficient 
of a definite unknown zj becomes unity. Add the resulting equations. 


861. ҮР 7 862. ,3 ay: 863. (; 2 


2 a 5-4 34 

80. (AS 865. 123) в, 4 
(и). (i33. (123) 
333 789 234. 


243a 343c, 
867, The general aspoct of the solution is ( т 2 ) 
where c, and. e, are arbitrary numbers, ^ * 


364 





g68. The general aspect of the solution is 





i bers. 
and c, are arbitrary num 
1 is no solution. Е 

So. ThE ganora aspect of the solution is 
1—3c, 5— 3c; 1—3tg | 
( с, Cy Cg ) where cy, Ca, ¢ are arbitrary numbers, 

1 

Бе —9 506, —3 5e —7 
871. АИ 


o 


A 2. 1 
0100 55.1 
000...1 


872. In the matrix A-*; (a) the ith and jth columns will be inter- 
changed; (b) the ith column will be multiplied bys; (c) the ith 


column multiplied by ¢ will be subtractedjfrom the jth column, 
When the columns of matrix A are transformed, the rows of matrix 
A~ undergo a similar transformation. 


879. 


(8 2 


=й 


881. When A is premultiplied by H,, all rows of 4 are shifted 
one position upwards; the first row vanis| es, and the last row is re- 
placed by a Zero TOW. 

When A is postmultiplied by H,, a similar alteration occurs with 
a shift of columns to the right. In the case of multiplication by H+ 


on the left (or on the right} i iml : 
(or of columns to th 180) there is a similar shift of rows downwards 


АН condition AB = —BA is satisfied, for example, for the 
— 0 010 
Ae| 7190 o el cafe! dir 
О gio 
— 0 —100 


Hint. Wh ; 
of the hint im. problem ang, the matrices A and B, take advantage 


« Hint. Use th : 
"M ui prelo ia e olafrs determinan (roam 90 
899. Hint, Use tee hint of the Preceding problem. 

formula in robione e identity f problem 502'or the Binet-Caveby 





‘ob. Hint. Use the identit: 
ntity of 
4 9. * He m BinetCauchy ыш 504, 
WS. Hinr, Use the Binet-Cauchy formula jn Problem 4 
y К e problems 896 and Ula in problem 49^ 
Hint. Make use of problem 509 507. m 499, 
905. The diagonal elements are equal 

as, On are equal — 

499 or apply the hint ——— formula at па 
915, Hint. Take advantage of es àt problem, а 
Qu: f. debe advantage o prolem dij. Prem. 

и. А the Laplace theore: ] 

чишу ES s Binet-Cauchy fart the Cauchy-Bunyakovsky in- 
E UN Tu m Ma number of rows of 4 н PN ara 499) 
D, e numb ESAE г 

ity holds Pe a REST 01 С. Check that the 
als — k+ L= n the problem coineid ofA Ckticn, 
s Е y that the inequality becomes an e rs with the preceding 
к er the supplemental condition B’ -C Say ЖЫ Кс 
Е о, ры VM A to a square EU TUN He 
= (6, ©), — (C, D), wi 9 Е = 
independent columns so that A'D REA ut m — k — I linearly 
Ma pd set of solutions of a ПА ANE 
зи D matrix A‘), apply the preceding case о in 
i yes Run (C, D), and take into accou EM 
120. int that P — (B, Q) 


923. Hint. i i 
Hint. Apply the inequality of the preceding problem several 









roblem 922. 


924. Hint. Repeatedly apply the inequalities of 
lem 922. 


» Hint. Reason as indicated in the hint to pro’ 


р 


926. Hint. Make re; 
` peated use of the inequality of thi i 
WD ти Кол» of oe — to ES онн 
d jth rows or the ith and jth colui inter- 
dd when multiplied by a matrix whose Bats ee S 










Dot i: 
— i pij = ру = í, and otherwise zero. 
we have —z column) is multiplied by a number e 0 when 
th tha OP ра by a matrix that differs from the unit matrix 
o c. Addit the ith element of the principal diagonal a;; is equal 
ion of the jth row EE by c to the ith row results 
at differs from the unit matrix 


sip brat the y a matrix t 















У element pj; = с. 
mateix in Shieh puma of columns, multiply by a similar 


Hint. To determine 









e. 
the type of desired matrices, perform the 
— transformation with respect to the unit matrix 
a —— Pl to the number of rows of matrix A in the case 
the caso mation of rows and to the number of columns of A in 
T of a transformation of columns. Verify that the resulting 
з ыле — of the problem. : 
‚Не. "Use problem 927 and show that transformation of type 
A several transformations of types (b) and (с). 
ke advantage of problems 617 an 927. 

Use problem 623 
























934. Hint. Appl bh 29 t і 
— — Ж ТОШКА o matrix A and take advantage 
933, Hint, Use problem 927. | 


934, 2A 3 —4 —8 wa 
—332 — 2 1 14 —94 3m]. 
10 1-2-8] 4A 34 — 
— днб КО 
936. /—16 1/2 —16 103 


—7/6 —1/2 5/6 —5/3 
3 12 — 1 
42 12 —2 1 
938. Hint. To prove necessity, take for B any nonzero column 


of matrix A. 
939. Hint. To prove necessity, take for B the matrix of any r 
the ith column 


linearly шшшде, columns of matrix A; make up 
of matrix C from coefficients in the expression of the ith column of A 
in terms of the columns of B. Use problem 914. 

941. Hint. Make use of the problems 626 and 931.| 

943. Hint. Use integral elementary transformations to bring 
the given matrix A to a normal matrix. To do this, choose the least 


(in absolute value) of the nonzero elements and then, via integral 
elementary transformations, replace the elements of the row and 

i i by their remainders when 
divided by that element. Repeat this until all elements of the ith 
row and the jth column, except ajj, vanish. If some element ayy in 
the new matrix is not divisible by aij, then add the kth row to the 
ith row and again Rie to the remainder. Repeat until all elements 
of some pth row and gth column, except apg, are zeros and all other 
elements are divisible by ap . Then transfer ара 10 the upper left- 
hand corner and begin similar transformations with the reduced 
matrix obtained by deleting the first row and the first column, and 
so forth. To prove the uniqueness ‘of the normal form, denote by dy 


the largest common divisor of all elements of matrix A of rank r 
with m rows and n columns when k = 1,2, .. 5 T and set dy — 0 
With m EP e m, n. Show that the divisors of the minors dx do not 
change under integral elementary transformations and that the elo- 
ments eys egy + + · ОП in di which 
is equivalent to A, are connected with the divisors of the minors by 


the equalities dp = êr ĉn -+= êh 
dk (km4,2, su 7) and «o0 for ré kem m 


944. Hint. When proving the доо of the required repre- 
sentation, make use of problem 927. When proving the uniqueness 
of the two representations 4 — PiR; — PR, derive that the matrix 
б = PP, = Е.Н is integral, ‘inimodular, and triangular, whose 
elements on the main diagonal are positive and, hence, are equal 
to unity. Then by equating the (к -+ 1)th, (& -+ 2)th ete. elements 
of the kth row in the equality CR, — Ra show that all elements 
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А-1 





ol matrix € to the right of the main diagonal are equal to zero, that 
is, б = E. 
. Hint. Make use of problem 927. n + 
519. Sole. Reduce the е $ to the upp e tC 
vii vi ]i ti operations: a = р 
Ша e eee we upliod by suitable numbers from the other rows, 
reduce A to the form 








ü Gs Gig +e Qin 
2 0: ab Labs eritis 
O ahs fs +++ Gin 


since the minors involving the first row do not change in this process, 
— 0, = аца n whence aj, 52 0. Subtracting the second 
row of matrix A ei suitable factors from the rows below, make 
the second elements of these rows vanish, and so on. After r steps, 
all elements of the first r columns lying below the diagonal will vanish. 
Since the rank of the resulting matrix At = C is equal to the rank 
of A, that is, equal to r, it follows that all elements of the last n — r 
rows of matrix C are zero and, hence, С is an upper triangular matrix. 
By virtue of problem 927, C — PA, where P is a product of a series 
of lower triangular matrices, that is to say, again a lower triangular 
matrix A — P^C — BC, where B = P~ is a lower triangular matrix. 
This proves the existence of an expansion of the type (2). 

Suppose we have any representation of the type e By the for- 
mula for minors of a product of matrices (problem 913) we have 


BEES) 


= De Ims ctt ка 
TIS le Du enm cni o ut SONT 


But the first k columns of matrix C contain onl: kth- i 
different from zero, and for that reason > 


нь ОЛУ, 
A(t) ey Rt, зү rt, 2, И E 

(г и в (1 Жз. КС, Je Ed 2 
Sbubes «++ bas, n-abincritas -.. Chh (= k4-4, ; 
kad) 2, os rhe. (a) 








Setting i=k here, we get 
а= цр, ... Бамсцсаз LL. the (R=1, 2, 00.4 7), (Ы) 


Dividing (b) by a similar equality with 

S) Divi Бу а аі y with k replaced by k — 1, we get 

fg i 8) by ( ), Ж i the at of the formulas (4). The second 
ny nonsingular diagonal matrix wj h 

PER a Th A hia 

dy dy, d, ..., d,. The matrix Dc is obtained PAL iui 
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zí Dg... Da* Therefore the dip 
plying the rows by Dis taken arbitrarily, given the conditions o 
elements of B a elements of the last n — r columns of g aro 


7, the 
In the product JC, t f the last n — r rows of C. For this reag 
multiplied by the elements o qual to zero, the others may he talon 


if some of the elements are put ei 


Й воп тагу fashion. 
їп a Кр Use the solution of problem 949 and show that undop 





d tious е 
e oond EAA ата E the conditions (3) are satisfied 


1 " 
and the conditions (4) yield bip — eni (АА, k42, ..., n, k=1, 
эк}, 2 
, 6 24 А 
952, AB=C=(Cij), where са (91 pue {с | Cn (8, 
ТО 624 

A — [С11 &)_[9 9 6], 

954. Hint. Consider the product of the ith block row by the ith 
block column. TNCS - ` 

957. P is a square block matrix with square unit blocks of orders 
my) Mg +++, ту along the main diagonal, and the block lying at 
the intersection of the ith block row and the jth block column coin- 
cides with matrix X, while all other off-diagonal blocks are zero, 
Similarly, Q is a block matrix with square unit blocks of orders 
лу, Mg, .- +, тщ on the main diagonal, with matrix Y at the inter- 
section of the jth block row and the ith block column, and with zero 
blocks elsewhere. 

958. Hint. From the second block row subtract the first multiplied 
on the left by the matrix CA-! and, using the preceding problem, 
show that the rank remains unchanged in the process, 

959. Solution. The same series of elementary operations that 
carries matrix R into R, carries th 1 =( Е 

2 p e matrix T Ln Ein 

y жоон] By the preceding problem, 
the rank of 7 is equal to n. Since elementa i 

8 . гу operations do not alter 

the rank of a matrix, the rank of T, = the rank of T = n and thè 


n — the rank of A = n. Therefore, X — CA-B = 0; 


960, iS. 
e 2 8 s) 961. 2—1, y=2, 2=3. 


into the matrix 7,— 


f 
=з 04. 4 
962, x — (2 $) 


t Kronec ore D. and (b) follow reudil from 
or : 

of the qos bu “the pment ofthe Kronecker product hat the numbers 
ai. wi i sel vi 

Pair will he written together ае паја е ИН 


24—0881 
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\ 
pPXO=HAXC=P, Bx DH 0. ‘then 


m n 
У a, 5.5 £y, idt y, 


+ 
=Уа ej 
^1 їл, 264,174, ји 





2 Pisin stlar 


vie? 





Bf) For the right а 
S or the right direct prod А 
ment of pairs: (1, 4), (1, 2. : ene — 
„++ (т, n). For the left product, take dh aram — 
Я DENG CR avin S 
is obtained by lexicographic recording of the Anm 
t to left. The properties (b), (c). and (d) ооу аел 
the definition. The property e follows from the relations rei 
of tlie preceding problem and (d) of the present problem. The proper- 
ties of the left product follow from the appropriate properties ot th 
ns with the aid of relations b Д i 


graphic 























о ) 
int. Show that a change in the numbering ої the pairs 


does not alter the determinant | A X B | and, usin 
of problem 963, express it in the form | 4 xb | ='| В 9 
EMAX E lEn X BIE NA X Enl X En X Bh 

EI Use the proposition, that from | A | = 0 follows the 
rank of A < 1 that was proved in QS 630. 

967. Solution. Set AB = Cjandidenote,the cofactors by Ajj, Bij, Ci: 
‘Tespectively, and the minors of the elements of the ‘ith row and the 
jth column of matrices 4, B, C by Mij, Nij Pij respectively. 
Then, applying the expression for the minor of a product of two 








in terms of the minors of the matrices (problem 913), we 
- n 
1j 0j; — (—1)*t Pj; — (—1)* я ММ 

к=! 


п р z ; 

= У (0) м (кны У) Ain Bar = i — 

1 2i 2 

m быль matrices A and B, the same result is obtained 

E thus: by the preceding problem A = | 4 ]-43, ise 
шысы 481 AB) = 14 |.| B |B2A+ = BA, For matrices wt 

| ИР а ры ab Е matrices is obtained by à i 

EEP E aliit, A polynomial etal hla чы 

roots. й 

I E An 5 in dy = 0 such that the matrices 
ho ў 

i |. From what has been proved, 

Bra менне р» А 4 А5)”. Passing to the 

= BA. 
ч. ү This. — Е problem, a e CAE i 
rie — à diagonal matrix with 
nal. 


here А 
4, smise "du" the main diagonal. 


Г 








969. Hint. Use problem 943. 1 

970. For example, the numbering of the combinations is in lexico- 
graphic order in which the combination i, & i <.., < precedes 
the combination ў, <, <... <р, the first nonzero difference 
Ji — hy ja — ty s+ Јр — ір із positive. 

971. Hint. Prove the proposed equality first for a triangular 
matrix A by using the fact that changing the numbering order of the 
combinations does not change the determinant of the associated 
matrix A, and also by taking advantage of the preceding problem. 
Reduce the general case to triangular matrices with the aid of prob- 


lems 928 and 969. 
972. Solution. By virtue of problem 956, from AB = E, follows 


ApBp = Ey, where N = Ch, whence 


hs decer) a (se dmn de) 
DNE (Coe Dey EAE ET. 
п. іра 


р 
4, if >) (0—0, 
= oi hh ipe 2 
E 2 Ни (2) 
0, if 5) (5—5) 20 
s=1 
On the other hand, by the Laplace theorem we find 


р 
PE 
yt 


2 


пі. cipe 





P 
14], if 0) 0—60, 
E (3) 


p 
0, itf 5j (,—8 20. 
=! 


- i à 
li («iX Xin together with i < fs <». - < fp an 
Pe BS Sie together with Са 7 Сї, constitute 
a complete system ri ini 


i lities (2) in the factor | 4| alone, then so also 
ing equalis (E in that ld! whence follow the required equa- 
tions (1). m 
„напі. Озе the Laplace theorem and blem 
973. Hint ‘Use the Laplace theorem nid problem 903, 


3n 


24» 





i — 





975. [10 976. (+1 

Г 0 Т, ( Q AMEN i-o 

© jar 0 978. [^—1 0 : 
д 0 er ( ОА iau) 


poc 980. X 0 0 

0 x0]. Oise we oe 

0 0 0 0 0 MM 

gH. о D 982. /1 0 0 
Ито] 0 X4 0 d 
0 0 (4—2)*. о 0 лол 


983. A0 0 
OA 0 * 
0 0 MÀ 


J 
984, Hint. Prova that the polynomials Dy (À) do not change 
under elementary operations and that in the case of a normal diagonal 
k 
form, Dy (A) = [] Е: (№) (К=1,2,..., п). 
=! 
985. /1 0 0 
0 A(A—4) (4-2) 0 Р 
0 0 А (А4) (0—9) 
ло 0 
ох 0 , 
0 0 


M —1) (&.—2) (.—3) 


» мћеге р= (0—1) (0—2) (0—3) (0—4). 


988. 


986. ( 
987. | 
» Where p is the product of pol nomial: 
a J % 6, ¢,d divided by the product of the 
р leading coefficients of the polynomials. 


989. /а0) 0 ) 


0 
0 
р 
0 
0 
0 
p 
0 


Ї(А) (А) |, where d(A) i 

o КАЈ (А), el s the largest common 
A ed (2) divisor of the polynomials f (A 

2()) having leading coefficient PALAN Ban 

product of the leading собата hapo having Ens The 


990. /10 0 
Ofgh 0 |. 
ПО feh, 
372 


—— а 





Jg. 0 
9 abe 
0 O jgh 


c are respectively the largest common divisors of g anq 


where ay bv d g taken with leading coefficients equal to unity. 


i fand h, f ani 





992. рае 0 
4 
d*fgh 
9 abe у 
tgh 
| 9 0 s 


where d is the largest common divisor of /, g and A; and a, b, eare 
respectively the largest common divisors of g and A, / and h, and f and 
g, the leading coefficients of all polynomials a, b, e, d being unity 


993. /1 000 994. 71 00 0 
0100 010 0 
0.0 1.0 оомо 
0 002 000 » 

95. 710000 
01000 
00100 |» Where. / (k) 2 M --514-E443-3M4 
00010 2+1. 
0 0 0 0 F(A) 

996. 71 00 0 
ото 0 
0. 0 1 0 ‚ Uf BO, or 
0 0 0 ( «+ Beye 
1,078 0 
01 0 0 
0 0 (А-а 0 + if B0. 

араа СЕИ 

AERE 0 998. /A~1 0 0 
0 1—3 0 
ШЕ ree 0—1 0 |. 
= оо 0—1 


+ when n is tho order of the givon matrix. 


= 
3 

* 

— — 
= х 


№ 






4000, Equivalent. 1001. They are not i 

1002. The matrices A and C are equivalen О 

4 to matrix В. 1003. The unit matrix. Y are not equiva- 

1005. Berne ee анада of the fact that an elem 

ation 0} M E of matrix A reduces to a i entary trans- 

of A (a postmultiplication of the columns) by a s premultiplication 
atrix. Furthermore, if B = P,P, ,... p,4 pecial unimodular 

Po Че ae — A-matrices, then 19105 cog Qr where 
s en = wee . 1 — — 

‘ce of the answer to" problem 4g, When proving sufficiency, make 


Гоу, 0. 
"OE »-[ А Ji 
1 


—2 043 


1 
РА 


0 


1 3 
a Enit 


1006. B= ( 
007. в=( 


A 

7 w 

А 

ds 934344): »-( 


(i mpm): 


4 0 0 —24—3 0 2k4 
1008. B=(0 A—1 0 ): а ор: 
В ———— 1 Q 
1 Ем 0 
Q= a —M-EM—2M-EA4 0|. 
— M—2 1 








1009. For example, 


BE( CECI LS a ade) LO. 


—2M-F0614-5 242 —6А-3 


1010. For example, 
AULA а А 
pai етн а). 
1011. For example, 
1 00 EG oko Ah 
в |в u oj; q=| mrt? MHH NM]. 
2—1 —21 à i 


= eee 








1012. For example, 


A 0 0 
Р =| — 312—231 MEA * 
—6M—4N+4 2142—1412 


—— 
Q-|—^42 —» zs). 
оо м 


з 8 0 
1013. For example, Р= (3 git o-| 8, sy8]- 
1 0 01 


КУ 1—3 
1014. For example, P—|—1 4 0 e-(5 zs] 
10 













1015. Е, (^) 1 —A—4A; Eg (A) — (& — 1) Q3 — 1). 
1016. E, (X ; E,() — M — 4; E, (9) — M — А. 
S E, O) =A d; Ea A) —M—M-Ek— 5E) — 
tis) АЕ, (№) = № 15 Е, (0) = 0. 
1019 п (у= A) nu, 
> ВИ Еа (0 = Es а)" if BA 
A0 EA — A =A—a if p= 








1 Е, 0, 

‘Tint, When B =+ 0, show that the divisor of tbe minors Dj, (1) = 
— 1. To do this, check to see that the minor obtained by deleting 
the first column and the last row does not vanish when À = a. 

4024. A+ 4, (A — 1). 1022. A + 1, A — 1.4 — 1. 

1023. There are no elementary divisors. 

1024. X -I- 1, (& — 1), 4 — 4, A + 2, Аа, А- 2. 

1025. There are no — divisors. P 

1026. In the feld of rational numbers: A*-L 1, M — 3; in the 
field of real numbers: 4? -+ 1, A+ V3, X — VA in the field of 
complex numbers: A+ i, A — f, A+ 3$,4—V3. 

1027. In the field of rational — M —2, (2 4- 4, ME 
in the field of real numbers: A -- V 2, 4 — V 2, 09 -- 4), Mob 4; 
in the field of complex numbers:, A + 1/2, & — үз + 20 — 
а А, 4 — 2 

1028. In the field of rational numbers and in the field of real 
numbers: (& — 48, (A F 1), AF 1, 09 — AE DN M — AE s dn 
the field of complex numbers: 


aaa б-н, эм, (к= GV, (-BY. 
140 V'3 1— Из 
— — A — 
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1029. 71 0 0 КЛ 
0141 0 TRE 
0 0 X—! 0 о |. 
оо ом 22410 
0 0 0 0 0 
1030. 71 0 0 у! 
OA+2 0 f 
00 242—448 0 
0 0 0 48 — 1204-4 4812 — 64 
1031. 71 0 0 0 0 
0—1 -0 0 0 
0 0 M4A—2 0 p 
ug 0 — MHEM—SM—M-EBA—4 0 
оо 0 0 0 


1032. Hint. Suppose e(À) is some kind of irreducible factor in 
the decomposition of at least one diagonal element, let s be the num- 
ber of diagonal elements different from zero, апі 1 0 < а < а, <... 
«++» <a, be the collection of exponents which e (A) encounters in 
these elements. Show that for k — 1, 2, . . ., s the divisor of the 

AHAH.. HO, 
minors D, (A) isTexactly divisible by [e (1) 22+ н; ^ and the 
invariant factor E, (A) is exactly divisible by [e ()] ^. 

1033. Hint. Use elementary operations to bring each diagonal 
block to diagonal (for example, normal) form and take advantage 
of the preceding problem. 


1034. /1 0 0 0 
0 2 (.--1) 0 0 
0 0 À (4-1) (4 —1) 0 
Ou t 0 22 (4414): (4—1)? 
1035. 74 о 0 0 
04-4. 0 0 
0.0 2-4 0 
оо 0 4—3 
1036. 71 0 о 0 
010) 0 0 
( 0 j() o0 » where 10) = Азда 6л, 
90 o tap 
1037. 74 о 0 0 
0 №4 0 0 
о ии о |: 
оо o map 





03% y. m. 00 
0—1 00 
Q0 0 X—10 
оо оо 
10399. /1 0. 0 0 
01 0 0 
0 0 X—4 0 
Dg "on vo 
1040. 71 0 0 0 
01 0 0 
0 0 A-rA—6 0 
0 0 0 M-EA—6 
104. /1 0 0 0 0 
0—1 0 0 0 
0 0 X—4 0 о |. 
0 0 0 п м 21410 
ЖАША Уй 0 0 
1042. D; = 1, Dy = 2, Dy = 4, Dy = 320. 





1043. D, — 3, D, — 18, D, — 324, D, — 11 664. 

1045. Hint. Make use of the preceding problem when proving 
the existence of representation af the given type. When proving 
uniqueness of the two representations of the given type A = PR, = 
= Р.В», derive that the matrix C = Ра1Р, = ROB is а unimodular 
апа triangular A-matrix whose elements on the main diagonal have 
leading coefficient unity, which means that they themselyes are equal 
to unity. Then, {ана the elements of the kth row in the equation 
CR, = R, and taking into account the condition for the exponents 
of the elements Rı and R,, show that all elements of matrix C to 
the right of the main diagonal are equal to zero, that is, C is a unit 
matrix. From this obtain the equalities P, = P, and R; = Ay. 


1047. For exam le, A= — 26 “ 
p cud: 5- (1 1). 
1048. Scalar matrices, Hint. Show that if 
0 Б . P АТ = ТА (ог апу 
попаіпршаг matrix 7, then it holds true for all matrices 7, To do 
A iod ent d singular matrix T as 7 — (T — aE) + aE where 
mU die chosen so that | 7 — ak | 0. Then apply problem 618 
me Еа of solution may prove inadequate for matrices 
with the nts tak en from a finite field where there may be an elementa 
elements taken fron Perties. A method suitable for matricos witb 
consists in the 101, А0У feld and not making use of problem 816 
from the unit merely s8; JOT E J, denote by F,y a matrix dillernt 
is equal to unity. [2 2t the element in tho ith row and Jth column 
in D" ith — ay the equation AFu — FyjA we equate elements 
colina and jth column and then Ín the ith row and ith 


т 


F 


1049, For the matrix 7, one can tak i 
S Isis Dia де eed ааа бов 
1050. Hint. Take advantage of the preceding problem. 


ы WAY (123 
1058. A—(B—AE) | 3.--2. 34 QE 1 ;. 


4-233. 1] 231 
MA d C 

4059. A—| 229 34 з о-н. =$ * 
Ma et 1—54 


n n RE E 1005. 

. Solution. Suppose P — (B — AE) P. P d = 

Ore ae Ge ie те 
B—AE- = 

to the form a 29 (0 


B —XE — P, (A — 1E) Q = P (A — ME) Qi (B — AE) 

+ (В — АЕ) Р, (А — ÀE) Q — (B — 1E) P, (A — АЕ) 0, (В — 12). 

Substituting 

P (A — AE) = (B — 1E) Q- and (A — AE) Q — P-1 (B — AE) 
into this equation on the basis of (1) we get 
B — 1E — P, (A — ÀE) Qa = 

= (В — XE) [,P3 + QQ; — P, (A — ME) Q1 (B — ME). 

The expression in square brackets in the right-hand member 
of the equation must be zero because otherwise the right-hand member 
would have a power in A not less than two, whereas. the power of 
the left-hand member does not exceed unity. Therefore, B — AE = 
= Po (A — AE) Qs. Equating the coefficients of 4 and the constant 
terms in this equation, we get: P,Q = E and В = РАО». 
_ 1063. Similar. 1064. Similar. 1065. The matrices A and C are 
similar, but they are not similar to B. 


1066. The matrices B and C are similar, but they are not similar 
lo matrix 4. 
1 


1067. For example, T — ( i 


possible answer, strive towards the simplest elementary operations 
оп the columns of the matrices 4 — AE and B — AF. 
| я 

= ( 4 Б . Hint. To reduce the matrix 
À —AE to normal diagonal form, from the second row mutiplied 
6 subtract the first row multiplied by A + 16, and from 6 times 

first column subtract the second column multiplied by 4 — 17. 

the matrix 8 — AZ in similar fashion. 


91069. For example,” 
4—3 3 
T= (: —3 ) 
1—21 


= 
« Hint. To obtain the'simplest 


1068, For example,*7 





. t. Obtai as a sum of all factors in the determinant 

1 ЛЕА КОШОТ еа products of k elements each of the main 
i 1 апа taken when № = 0. 
пара тз арр арсы n Ig = oe = А = 0. Hint. Ap- 
ly the preceding problem. 
PIY or^. Hint. AS problem. 1070 to the 
and show that the characteristic polynomial | 
after the substitution p = ^ — ho, passes 
polynomial | 4 — NE | of matrix А. 

1075. For a triangular matrix of the form 


matrix B — A — ME 
B — yE | of matrix B, 
into the characteristic 


ho dis dus coe Pin 
0 Xs Un 

= , 
D roro № 





= —— n — 4), we have d — 1. For a dia- 
ЖШ а оа in which p elements of the main diagonal 


are equal to Ag we have d — p- 
1076. Hint. Prove that 


H 
pg c-r] А+ =. 
1077. Hint. Multiply together the equalities 

14 = А | = („00% – А 2..0 А 

[А + ФЕ | = (м +) ®&+%) e Ont) 
and replace А2 Бу ^. 

int, Multiply together the equality | A—ME | (= 
ж ee EE dall equalities obtained from it by — 

лі — 

ing A by Aer, Men, -ees Хр-1» where ep = cos — + i sin 
—4, 2, ....р—1), ард in the resulting equality substitute л for AP. 


z 
4079. Solution. Let {(A)=40 [| (4—py) and, besides, q(À)— 
j=1 





(k= 


n (м—%). Setting A= A in [ (A) we get: /(4)—70 Диме 


=! " 1 
Passing from matrices to determinants, we obtain 


ай E мю) 
пое Дае 8 Пел ПЦ 


= fh te f oor ro 


On the other hand, = |] e (uy) - RU. 9 
=! 
379 


_ ИИ ui 


1080. Hint, Apply the equality of the preceding problem to the 
polynomial ев) EE — А, where À is an — number. 
1080. Hint. Apply the equality |/(4)|= et and make 





use of problem 1079 and 1080. 7 dm v 
1082. Mint. Ifat least one of the matrices A and B is nonsingular, 
then the assertion follows from the similarity of the matrices AB 


and RA (see problem 1047). In the general case, problems 920 and 
1070 may be used. For matrices over a field with an infinite (or suf- 
ficiently large) number of elements, fulfilment of the required equality 
for nonsingular matrices implies that it is identically fulfilled. Finally, 
for matrices with numerical elements, the equality for a singular 
matrix A may be obtained by a passage to the limit. For emus. 
if Ay. Moy + +-» 4n ate eigenvalues of the singular matrix A, then 
we take a sequence of numbers e, &, ..., such that all of them 
are different from A, As, -+ An and lim &,=0. The matrix A, = 


Re 
=A —&E is nonsingular. Hence, | A,B = ЛЕ | = |BA, — АЕ |. 
Passing to the limit as k—> co, we obtain the needed equality. 

1083. The eigenvalues (with account taken of mutiplicity) are: 
hy = f (En), where f (z) = a, + asz -+ age? +... + an2"1 and e = 
е 22k .. 2nk 
⸗ecos + isin —— (k= 0, 1, 2, ..., 1 — Í). Hint. Apply the 


expression for the circulant of problem 479 to the сї — 
where À is a parameter. P tees ү 
1084. Solution. Applying problem 304 to th i 
irs where À is the eigenvalue, set d — 
ien |A AE [mant anap... Bn. From af—=—1 we find a0 
and B 0. Furthermore, a +f, since from a= and |A—2E|—0 








it should follow that a.—8.— 0. Therefore, | A—AE В" o 
whencs  |-Z:] Кы. @ 2nk .j nk 2 ' 
(P) ot pur Ee s gta. 





A a - : 
very n), k0, since F * 1. Solving this equation simultaneously 








with aB— —1, we find at (cos a isin 16 ) B= 
n 4 * 








А ak 
=+ i | cos —i sin TF i 
( туг sin LEE ) + Here the signs + must be taken 








coincident for a and i = 
нем) a — since of——4, whence A= —(a4+p)= 
= (Е=1, 2, ...,n). All these must be eigenvalues 
But 
among them there are some that are equal since cos E 
= воз Юл E 
n+ А 


All distinct eigenvalues are contained in the syste 
m 
а= сов И 
соз MEI (k—1, 2, fy п). 
а 1 





put the degr 
the latter Sys! 


roots, 


acteristic polynomial i$ equal to 5, Th, 


the char; 
ee of genvalues, and there are no multiple 


tem contains all ei 
Prove that the Jordan submatrix of order x with 


1085. И, the diagonal has a unique elementary divisor (), — о 


Бега оп 
the num e Jordan matrix Aj whose Jordan submatrices are 


Construct th 
related as indicate 
and, using problems 
are similar. When pre 
sure that the characterist 
B and C are equivalen 
divisors of the matrices 
1033 to make sure tha 


d with the elementary divisors of the matrix 4 — 3e 
1033 and 1061, prove that the matrices A and A, 
roving uniqueness, use problem 1005 to make 
ic matrices of two similar Jordan submatrices 
t and, using the coincidence of the elementary 
B — E and C — XE, again apply problem 
t the matrices B and C coincide to within the 


order of the blocks. 


1086. 


1087. 


1088. 
factors are possible in a matrix A — AE of the 


1090. 


1092, 


1094. 


1000 0 0 
0100 0 0 
0010 0 0 
0001 00 
0000-2 0 
[о ооо 0—2) 
— 0 0 0 00) 
ipsi 9400 0; 100 
0 0-1 0 00 
А 
ооо 0-10 
0 0 0 6 05 


The problem has not been posed А he m invariant 
ourth order, 


2 0 0 1091. / 0 0 

0 2 t|. Bose T. 

002 Q 0-4 

— 0 0 1093. /1 0 0 
0—3 1. 0 1 1]. 
9 0—3 0 0 1 
2 


0 
md. Lone 1095. /0 
(5-8 1). б 
0 0—2 00 Г 


ono 


жы 1097. /1 0 0 1008. (1 1 0 

Gti D 129. (1j. 
003 0 01 

0 

1 

0 


7 1100. /3 о оу и. fa 0 0 
i Oa) ell 0 [ 
0 0-4 002 





1102. ( оо 1103. /1 0 0 
0 24i 0 |. 0 4 
j^ o 2) ( s D » where e= zt 


4 
+103 is one of the complex values of y'1. 


uu. 0 0 — 0 1105. 4 
(ee). sere 
—— «38: оол: 

00041 

1106. /2 4 0 0 1107. 1 
0200 1 
0021 0 
0002 0 

1108. 70 1 0 0 1109. 1 0 
0000 1 0 
0.001 0 0 
0000 

1 
1 





1110. The same as in problem 1109. 1111. The same as in prob- 








lem 1109. 

1112. droid 0 0 1113. /1 0 0 DU 
n» 4.0 a 0 0 020 tdi 
тил + 00 003 «207 T7 
О лух 000... в 
0000 On 

им. fa, 00 ... 0 
0 a0... 0 
0 0 a 0 , Where &, «л, ..., ©л_ү aTe all 
0 00... ад 

the values of 7/ G2", that is, an=o (соз LONE I) (к=0 
n n J 


4,2, ..., n—1). 
M115. One Jordan submatrix with the numb in di; 
era on the main diagonal. 
1118. In the field of rational numbers it is similar to the Suis 


100 
( 2.0]. 
0 0 3 








4419. Inthe field of real numbers it is similar to the matrix 


2 0 0 
Иа ‚7 
0 0 —V3 


1120. In the field of complex numbers it is similar to the matrix 


ы) 0 
02-31 0 |. 
0507 0—07 


41921. 1+ is not similar to the diagonal matrix in any field. 
1125. The diagonal matrix with elements on the main diagonal 
equal to zero or to unity. 
Jements +1 on the main diagonal. 


1126. A diagonal matrix with e 
Note. The assertion does not hold true for matrices over a fiel 


1442 11 
of characteristic 2. For example, (s 1) =E and matrix ( ) cannot 


01 
be reduced to diagonal form due to the uniqueness of the Tordan form. 
4127. If n is the period of the matrix A, that is, the smallest of 
the natural numbers k for which AR = E, then on the main diagonal 
the diagonal matrix has certain of the n values of the root Vi. 
Note. The result is not correct; for matrices over fields of a finite 
characteristic, for instance, for a matrix of order < p over a field of 


characteristic p, 





ae TOS a. Oy 
— De ee А 
ооо... + 


and the equality AP — E holds true. 
1128. (a) A— 1. (b) A 
1129. For the scalar matrices A = a and for them alone. There 
is only one such matrix for the given order n. 
1130. (А — о)", 1131, А — 4), + 4. 1135. 44 — 5% + 6. 
1136. For example, for the matrices 
1 0 0 0, 1100 
0100 ay 0100 
ойл р ооа 
0001 0001 
(A) = Е 4), +p (A) = (A — 1)? but these matrices are not similar 
ue to the uniqueness of the Jordan form of any matrix. 
1137. /ak Da Chat -2 ЖЫ БА сүзөт 
0 а ciat pa? Dew 


0 0 0 0 as? añ 
for k < n — 1 it is necessary to put C} = 1, and Cj — 0 lor & & * 
383 





1138. Hint. Set А = а + И ап in the equality 


н " б 9 (о) 
аен 9 а A rapp HAM (nay 





[з їз the degree of the polynomial f (z)] set z = A. Е 
1140. One Jordan submatrix with the number a* on the diagonal. 
4441, If n > 1 is the order of the Jordan submatrix A with zero 

оп the diagonal, then the Jordan form of the matrix A? consists of 

two blocks with zero on the diagonal, the blocks having the order 
for odd п. 


= 1 
T for even n and the orders = EE. 
Hint. Use problem 1130 to find the minimal polynomials of the 
matrices A and A? and show that the blocks of the Jordan form б 
the matrix 4? have orders that do not exceed 7 foreven n and nt 


for odd n. Verify that the divisor of the minors Dp ~a (À) of the matrix 
4? — XE is equal to unity and then show what the Jordan form of 
the matrix 4? contains at most two blocks. 


1143. The desired matrix contains two Jordan submatrices with 
n 


the number œ on the diagonal, the orders of the submatrices being > 














foreven m or-"zL and ŻEL for odd m. Hint. Use the two 


preceding problems. 
1144, Solution. Let A —. TB T-!, where A is the given matrix and 








В, 0 
Bs 
0 "B 
is its Jordan form with the Jordan submatrices 
hi Os, 
(92594 € 210 
Bi— D UR CO (617 9) :.., №, 
ПЕТ: 
Then A' — 7'3B'T'. Let 
* 0...0 1 
I 0.410 
ù —— 
let it have the same order as B, and let 
1 
H, 0 
H- s 
0 Hy 





cation yields: B} = M Rh and, honea, 3° Akh 


Direct multipli Й 
si UL TAHABHT — THMENTAATHT! = CANC, whe 
E. when 








Therefore A = 1 / 
е = ТНТ! їз а symmetric nonsingular matrix, Seb = g " 
G aei = CAACCA — D. "hus the matrix D is als Thon 
metric and A 20. ym 
1145. If ... Aq are eigenvalues of the matrix 4 (with 


Mar har + 
account taken" of multiplicity), then the eigenvalues of the mau 
Ap, (also with account taken of multiplicity) are equal to the un 
AI, so, S X la <.. < ip < n), that is to say, to al} 
possible products made up of p eigenvalues of A. 
Hint. Establish the fact that with a change in the numbering of th 
combinations of p numbers selected [rom the n numbers 1, 2 PU 
the matrix Ap becomes a similar matrix, then use problem ‘970, ton 
to tho Jordan form, and apply the properties of associated matrices 
of pr 969. 

1146. If Ay, Ay...) Ap are eigenvalues of A and p. 
are eigenvalues of В, then the eigenvalues of A X B are oq iu 
Mig: AES pur ca P ecd Eater Tam 

Solution. Suppose the Kronecker product A x B is di 

A x ete у 

by the, шош dij as sess pg Pairs of numbers u nud 
produces n the m trix AXB ОН of cy and а 
and the ith and jth columns and, hence, will carr th — 
а зїшїйїаг тайїх (ргорет 1049). 8їшге апу рен о 
to a series of transpositions, the eigenval anl oon en. elt 
A B coincide and one can foe asta ais ү е Тир: prodot 
product A X B (problem 964). Let A be equal tr Dor Sent direct 
= D-B;D, where A; and 2 0 CA,C and B = 
property (c) of problem 963, es find: seer а. Applying the 
— (C3 x *D2) (4j x *Bj (C x р B = АС х раву = 
we have Са х "ра ўс уер D). By property (#) of problem 964 
and Aj X *B; are similar and Satz s Hence, the matrices A x +B 
is a triangular matrix with оре аан, But Ag X. By 
С е ity (6 = 1, 2,,.., pi, f= 
of out seri, the main diagonal, and’ this completes the proof! 
; 4^7. Hint. S A z 
is divisible x 2 that g (4) = h (A) if and only if g 0) —^ 0) 

149. In the given c * 
the characteristic polynomial (uy minimal Polynomial coincides with 
gian interpolation polynomial P to'siga). -r (A) ia an ordinary Lagran- 


1(4)= (A—AE)...(A— 
(4)= 3 19a) — МИА Ane E) -a (Anë) 


h=1 0 м) а Аан). (аА) ' 


where A, 
distinct ауе ае 


1150. r (A) is i 
an ordinary Lagrangian interpolation polynomial 








m are the eigenvalues of matrix A (by hypothesis, 


1(4)= 4 
(e 23 109 Rc Mesi (4 a). (4) 
hl 1) «(8 —383) (a — Any) 7. OA ^ 


25—0681 
385 


1151. Solution. First, we show that if the L: - 
in lation polynomial r (À) exists, mo it i ee 
equalities (1) and (2). Let 


s 

E a ањл hh 

= at +... + 3, 

yA 2 [коок amy] (9) 

be an expansion in partial fractions. Multiplying this equality by 

tow obtain (1). To establish (2), let us multiply (3) by (A — AX 
get 


аа ема) а, у. 


+ (An) *? (2), (4) 


where Ф (A) is a rational function that is meaningful when A = Ap 
together with all its derivatives. Taking the (j — 1)th derivative 
of both sides of (4) for A = 4, and using the fact that the values of 
r (À) and f (À) on the spectrum of matrix A coincide, we thus obtain 
(2). Secondly, we show that the polynomial r (A) defined by (1) and 
(2) is a Lagrange-Sylvester interpolation polynomial for the function 
1(À) on the spectrum of matrix А. From (i) it is evident that the 
degree of r (À) is lower than that of p (A). Furthermore, we set 


=i 
Pr 0), 1 Fan, (AAE e Ean r AA 


From the equalities (2) it follows that for 4 = A, the values of the 
function p (À) and its derivatives of order j < rą coincide respectively 


with tbe values of the function c andof its derivatives of the same 





order. Therefore, setting À = A inr (A) = » Pr (A) y (A) and the 
equalities obtained from it by j-fold differentiation (j. & ry), we obtain 

pO (a4) — fU? Qu) (90, 1, ee radi 1, 2, 6а 5), 
which is to say the values of r (A) and f (A) coincide on the spectrum 
of the matrix. 


1152, | (A) - [aE4-b (4A—M E)] (4— hEN HIE dd ATE 
1 


He(A— hE) (A—A EY, where «=, Ар, beg Rx 


1 А IÜ) з 2517 : 
3 039-5 ap! Qj. c Qa AD d= m nr ®t 





КЕ: з A — 
«m (Ae) ки к! + 
\ 


Taal 





1154." Hint. Show that the values of the Lagrango-Sylvester inter- 
polation polynomial r (A) for f (A) coincide on the spectrum of matrix A 
with the values of f(A) on the spectrum of each block of 4j, and 


apply problem 1147. 
" -i 
ив. r= Or OaE gap La ина, 


horo it С) 


Jen (0) 
m=] 








1(4)=|0 #0 f*(0) « 


os OV MO ON 


f(A) is meaningful for any functi 
Lik 


ion f (A) for which the values / (0), 
0),..., (0) are defined. 


1156. (А) = (а) (а) Аа) 80 уфа... 
ан аА ај. 
„ы Pha). тоа) 
109) 1' (0) 55 —— 


100)=| 0 уа) Ia) ee 





оо Owen QD 


(A) is meaningful for any function f (А) for which the values f (œ), 

f (a), «+ +) {7 (a) exist. 

1160. Hint. Apply the preceding problem. 

1162. ( 3.2100 — 2.3100 sro da 1163. (2 Dj 
—3 (3100—2100) зше }' —25 26] * 


1164. +4( 7 3n ме. 5 (4 2 + (5 2) ia totat 


7-4 X—19 Т.В. чау” Pus 
of four matrices. 
1166. [4е—3 2—2 1167. {244 —е® 
(aos 4—3e] " (s 0 


Зе ea cia) enne 
вр 58а 
1169, /3 —15 6 
(: —5 2) if we take the real value of tho logarithm, 
1—5 2 


1168. (> e —3е+1 


25* 357 





The general solution is of the form 


3+2ит  —15 6 
1 —5-4 2nin 2 , 
1 —5 2+2лт 


where i— V —1 апй п is any integer. 


4170, (1 —1 

Е 
1171. Hint. Make use of problem 1159. 
1172. — Make use of problem 1159. 
1173. je | = et, where s — ag + as +- 


of matrix 
[174 Hint. Use the problem 1181. 
1175. AREE IN 1176. yi—yi—ys 1177. 0—02. 
78, уг уг 01—02. 1179. ур 01—02. 1180. ytlgi— gh 


£ 5 1 
п=т—-у в=5 Ив, g 


«et any is the trace 


1 
3181. Ури; у= 0 2508-8 28 — ad Js 
1182. 01—02— 03; ати та У» Ta= Ya 
1183. Уи; gin- Vinte Vm n- 
ae! 1 — — 
2—5 ИЗ: +5 УЗ, z=- УЗ V Sus. 
1 1 
hg Vins n t+ 


н 





1184. viv = =: 
1 1 4 
tye apts 
4185, yi—y3; 2, =y,—y,— 
1186, yf--8—$— v; 


Yay Metam Yay — T= Yar 


к 81—15 5 V Bite У 85: — 
5 Уи, а У BY Bia Vedyn z= 


= + УВ s У 629, =, = т V 0284. 


MBT.. 2y] 4-1092-1-190), — 
2 10 ^» 
n= 
раа eatea ia, yd 
n= 
: E] 
FEE 

m: n n= X ИЗВИНИ: 1+, 
1а 





w= ux TS 
iud Ts da nbn — 


= — 


—— 


1190. 2, — 302— Визу Fe Slat Shai, 23= 03. 
Vin +V Bob 5yyi та Ии as ey 


= Уи, = УЗ 





1191. 2; — 
1192. mp 
41 Зу. 

— (8-3) ss 


1193. yd; y= 171+ Ogre -| 
= zi} Yi И = ti + 


+421} 
Ут = п, 








ai 3 


nti an 


3 ar pee 
194. YEP Yee Ua og Ya ob VA 


1 
м=р (аа. ла); 





п—{ 


ыд 3 4 
1195. y? Bh ИИ 


1 
(Е) На-На... 
1 
"a= > (1 — 23), 
1 
Js sy Gabon dL. и); 
и e+ zn); 


Hint. ce j 
nt. Reduce it to the Preceding problem. 


1196. i 

lf n is even: Vi—VH- yi Ч ия * 
taa vh 

n= ERR 
(171, 8, 5, ..., n— 3); 

— —— 

Y= LF Ey 

2. (i2, 4, 6, , n—2); 


3— Tei =t; 


2019 


э. 





EI 


3j уй; 





И п із odd: y] —vb-- V — Vi e E Uca Rt 
„н=л +з ЕЕЕ ea nE) 


= ait (i=2, 4, 6, ..., 2—1)} 





Un — Zn* 
n—1 n—2 2 1 
1197. = vB EE eb eb IA 
заза... еп, 
Иа —— 
hens eee Hzn, 





Yn-1=Tn-1— Tn; 
Yn= fn: 


n n 
Hint, Represent the form as fy= >} 2—2. Б түт} апй 
n 


I 3 =t i<j 
apply the method of induction. An alternative : per! 
the transformation 2;=2,—s; tg=2,—s; Semen eee 





44 fn-1 7 Zn-3— 5) fn — ni 
n 
thon add the equalities and reduce the form > (zi—s)* to 
n-i n-i s 
ч, 
(Ж 22+ X) 1z;). Make use of the answer to problem 1194 to 
= i<j 
: 3 4 
obtain 24] 4-7- di die yi. In this case, the rela- 
tionship between the old and new unknowns turns out to be rather 





involved. 
1198, (п —1) 02—02—02— -.: Yas 

1 

у (ааа а) 
1 

n= (аа ае аз beni 

(ааа за): 
1 

es (a fna zn) 





The inverse transformation is of the form: z, — yy — Vaita = Ys — уз 
s i En = Yn- ~ Vni 2n = Vi F Yn: Hint. Apply the transformation 


a= at tet ees + thi 








fy = Tye 

1199. Hint. The proof is similar to that of the law of inertia. 

1200. Hint. Make use of the preceding problem. 

1201. The forms f, and f, are equivalent to each other but are 
not equivalent to the form f». 

1202. The forms f, and fa are equivalent to each other but are 
not equivalent to form fi. 

1203. In the complex domain n+‘; in the real domain 
(+1) (n+?) 


2 
1204. The rank is an even number, the signature is zero. 
1205. pa where [z] stands for the largest integer not 


exceeding z. 

1210. Hint. To prove (b) consider the form fe =f + eg, where 
е > 0 and g is the sum of the squares of the unknowns. When proving 
necessity, verify that fe >0 and that for the appropriate principal 
minors D and De of the forms f and fe we have D = lim De. Whon 


2-0 

proving sufficiency, expand D, in powers of & Dg 20 and check 

to see that for arbitrary values of the unknowns we have f — lim fe 
e+ 


Examples. The form fy = — 21 or the nondegenerate form f, = —23 + 
-- 2түту has corner minors that are nonnegative, yet the forms them- 
selves are not nonnegative. 

When proving (c) make use of problem 1208. 

When proving (d) make use of problem 916 and the reduction 
of f to normal form by showing| that 4 — D'BD = (BDY (BD), 
where D is the transformation matrix and B is the matrix of the form 
in its normal aspect. 


4212, 42. 1213. [AL< ү 4244. —0,8 3 0. 


1215. There are no such values of A. 
HE занае по eh. yas of A. + + ch 
. Hint. Let g — where 1 == сг; wee opty» Change 
the order of the unknowns so'as to reach the caso cn “0, forbs. 


the transformation y; — 2 (1 = 1, 2, « «5 n — о and 
n 


prove that for the new forms Dy, = Dy, + лл where Dy 
js a corner minor of order n — 4 of the form fy. 
1218. Лілі. Represent the form f as 


a a 2 
1723 (sib Be e HRe) Afal em! 
and use the preceding problem to show that Dy = Py © ойу 


391 


00 00 | LLL NN 


— 


Р 


ut 


iven torm. 
. Use tbe canonical form of the gi n 
+ Ty is obvious tat. (A fe à) Uv к) (lar 8 


н УИ, # 
Rodneing both forms to the normal form, we find / à и 


= У 2}, where 2, aro Hnear forma in x, + тү. By virtue 
noh " 
Ns И 21 


of ^ie noted properties of a composition, wo have (/, g) 
T 


‚ 
=> У (yh ih 
à US 


1 З 
S [4 
Consider one of the summands (0, 23), whero y 2j anth 


n 
n n 

un M obybyryzys (y 2° 
«> «Thon y= 5) mann rte У) бытия; (у, 
р à y ao a кты hy Toot 


п 

- ï тма бре = ( У) andgtn)® >0 for arbitrary real valuos of 
= к! * 

жур Whence (/, g) 0 and this proves (a). Now lot />о 

and g>0. We roduco the form ¢ 'to (the normal form y= >} у}, 
=! 


whore yj = у Чу (=: п) ond [Qe {qi} 0, Thon 
i= 


n n 
"0e „00. Вы = У темы, whonco (f y= 
pt à" ! r а ` 
^ n 
= У амитари У) а (аузу) (inan) > 0 by virtue of 
Tmt 


1250. 11 for a certain £ We take tho value 2, s 0, then thero is an 
4 such that 9), 4 0 (othorwise wo would havo Q=0 between vortical 
п 


bars). Honco, sinco f>0, it is also truo that (/, y})= 2 


=! 
X (gaye) Canan) > 0 and (f, 6) > 0. д 
t Hint Whon proving (b), consider the forms fy — 


x: umm (21, 2, sin), 
1222. Hint, "The Decossity of tho conditions (2) follows fro 
s om thi 
it te ple P undor triañgular transformations 
alitios (3) are provo th 

bo br Induction of the number of ana Sttbsieney can 

По И We gm pes nemti Vmi n= 
Te "-+ Узи, 


т 





ү. f uev gemit др 72 VÀ EA Vs au 


т Узи Vj 
eg Ven FZ x 
Tun fy = + p uet vie nm Voy as 


n= ny Vintag Vn. 


ін Уе 
an : on р 
1227. l7 VPE ERE IA. ИНН НИЕ ии 


Чиа; Gea aeg ha а а и y 


1 1 — 
-Ln—Y Vau httg f 
1228. fy ut Quit 2yi—Wh gut vd wh a, Tht 
2 4 p 2. 
= + Va и Ty m Wz Vata si [zy Dp oz, h 


1229. f e vt 298 — зи; Mev ena x 
У ir Hint: Show that Tu roots of the A-equation of pair of 
forms do not change under any nonsingular linear transformation of 
the unknowns, i 
1231, Impossible since the roots of the A-oquation are 4 + 7t 


1232, Impossible since the roots of the oquation are + -5i y3. 
1233. l'or a suitable numbering we have Ap m 10m 1,2,,,, 


коө п). 
т Зи} — и} — 5y3. 1235. би} — 08—208. 1287. Thoy are oqul- 
valent, 
1238. They aro equivalent, 
D. x, c5 —12y, — 17 ys; zy = Sy, + Tya. 1240. 2, и 


т; my Hayn 
1242, Mint. Show that tho charactoristic polynomial | A — Ag | 
doos not change under an orthogonal transformation of the form | 
1218. 400-1402 — 208. 1244. бир + 608-908. 


145. EV 8-3. 1246. 3) (ИТ НИиПИ, 


„фе 


nk 
1247. > — Wi. Hint. Consider a doubled form and solve 
hæt 
in tho samo manner as problem 1084. 
1248. Зи 4. 2 1 2 3 
ЕЛЕ 008-98, — и ии пей + 


См 
на, 
1249, 9i 4-18] — oye. Aim 


T aL 2 + "ey hp n -gnt 
ORE E 


+ + Vy. 





_ 1250. ЗАЗ; Bing let ig tet igi — 
TE 
a as 


[E 2 1 1 
а= ate atts a= t 
tss УЗ ИТУ УТ ys 
Et р а и Уз. 
yaya Ta 
2. р 1 2 2 

1252. ЗУЗ-ЕАВУЗ-- 185$; =1=—- 1—5 005-00 2-2 n= 
НИ 1 

3 gus a= ty Yat yz Us 

SNL es. 2 1 1 

= Sieh m=- ntg Vit- V2 а=. 
Е. 2 д! у= 

з УЗ = Utz) s Y 3ys. 

2 ne 

e w d 9M 9 а =o nt Vite Vis з= 
ESO 3G. 2 1 = 
—h—3Vs n4 n-A Vint A Vin: 

: 1 

"e ЗИ} ti = (Qi фи); == 
mg вм); = (ибн фи и) = 

1 
=з (и—и+—). 


1 
$256. 4y?-+8y2-+ 12u3—4ys; =p (a + et ab Mh = 





1 4 
= (ии); = фи); n= tis 
=и+ь—). 


Наз. Би и-ий: = 2 V5 Cvs Ни): Уа 008) 
i = 
=$ V5 и) n= V5 itn): 









1258, 241 — Ay z-4 VQ n= ҮЗ (и—)› ®= 
РУЗ, и): = УЗ. 

WEEE WR 9s nep ә Pu n 
dr 9s — 24A z=- изн). 


1260. 5y] -4-5yi--5y$— By n=4 У5 (y - us): a=t y5x 


X(t з= n-q45YBnd3)s =p VIX 
Х (Зи, — 24). 

1261. Ayf--Ay--Ai— Gri — is nm rem УЗ (и E n 

1 

з= V5( — a + Yai n-4 Y 36 (5-994) =f VOX 
X (3a —Ys)- 

1262, Syph a= V5 Onh n= 

1 1 = 
узди а УЗА nag Y Cone 
dw) zB Quads ng Y 80s 20). 














1 1 1 1 
аз, И noy eb cnra 
Ф 
Weg ta Dd АР 
1264. == и ии * — the same transforma- 


tion may be taken as in the preceding problem. 

1265. Hint. Show that under an orthogonal transformation of 
a quadratic form the characteristic polynomial of its matrix remains 
unchanged. 
1266. The forms f and h are orthogonally equivalent to each other 
but they are not orthogonally equivalent to the form T3 

1267. The forms g and h are orthogonally equivalent to each 
other but they are not orthogonally equivalent to the form f. 


1269. 125 2 XR 
Harm 538 
t e AP a 
—— 
Дд“ т 007 
Seth | 
1270. — "es. 
= И5 0 = V5 
2 4 veni 100 
Q- V5 —.Y5 —V5: B=(0 1 0]. 
х 0 0 10, 
+ E = 
t3 3 3 


4271. Hint. Use the hint in problem 1074 to show that the eigen- 
values of matrix А — АЕ аге obtained by subtracting he from the 
eigenvalues of matrix A, and then apply problem 1242. 
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1272. Hin. Use the preceding problem. 

4274. A matrix with positive corner minors is orthogonal if and 
only if it is a unit matrix. 

1275. Solution. The quadratic form f with matrix A'A is positive 
dofinite (problem 1207); this means that a triangular transformation 
сап reduce it to canonical form UE coefficients Ay, Ag,» > o An 
(problem 1222). If € is the matrix of that transformation, D a diagonal 
matrix. with. elements VÀ, VAs »-- VAn on the diagonal (all 
values of the roots are taken positive), and B = DC, then A'A = 
— C'D'C — B'B, where the matrix # satisfies the requirements of 
the problem, Set Q = 45-*. Then. Q'0— (48-1) (4831) — (B')? X 
X (A'4)-B7 — (B')--B'B-B- = E, that is, the matrix Q is ortho- 
gonal and A = Q8; and if, besides, A =Q,B,, then the matrix Q7! -Q,— 
— BB; is orthogonal and triangular with positive elements on the 
diagonal. This means that it is a unit matrix, whence 0 = 0, апа 











=B, f 
1276. Solution. We prove assertion (a) for the tatii 
А = ОВ of the required form. The rs A d is oU ED 
the quadratic form of the matrix is positive definite (problem 1207) 
Therefore there exists an а matrix P such that A'A = 
—P'CP, where C isa diagonal matrix with positive elements 2,, À, 
sgt n the diagonal Let D bo a diagonal matrix withthe elements 
ИА is V the di. v iti 
tho root). Set вр, ee re the follows, ee Е 
is a symmetric matrix with positive eigenvalues. Hence the quadrati 
form with matrix B is positive definite and the corner min: $ [i js 
positive. Furthermore, A’A = PCP = p-1pap — PADP- Paps iS 
= B! Sot Q = AB- Then 4*2 QB and Q'Q — (AB 3) (AB 3j 
— B'3 (4'4)-B3 — BAB*.B3 — E, which Р 
иок. , means the matrix Q is 
Suppose we have two representation: i 
= Qi = QBs Thn AA = AL— PP letus deme te ee д = 
sess And Ma Hay аў Ур Van ese Ул thel ei ес. 
tively, or "4 a. л Ур, Уз, Ул el eigenvalues, respec- 
А A order. They are 
Hoare рр СУ сч, a т Sre oe ys ayn) (problem 1077). 
with а 50; NS С and D t diagonal ran trlogs 
here are ortho; j „Ва. on the diagonal. 
АУ па зира ж ай © ЛЫЧ 
CUV' — UY'C. "Thé matrix W — (up) D nC U = VCV, 
Let us now show that it commutes with 'D. 1 y gmmuntes with C. 
puting the clement of the matrix CW — ipe а А еп, by com- 
jth column, wo will find that op —- 0. Thus G a3 te ith row and the 
Cin F fin —— onal matrix with — nal blocks — 
++» Су $0 that in each bloc] ii nai blocks Cx, Ca, n.. 
and are distinct in — tagonal elements are the same 
diagonal matrix with di locks gio matrix W is a block: 
same orders as C, C, eu! blocks Wy, үр, и" dnos 
iN ton will be а ойда "аы ОЧЕН or matrix D, 
infeach "bi ке! Binet — with identical diagonal Qoi 2р 
i = d еп! 
that DW—WD, whence DU Y^ be api rb it follows 
s DV, that is, B,—B,, 























The proot is shorter if ane uses finetions of matrices, If 4 

is the desired representation, thon A'A = "s B VAA, and the 
i lues of B are positive. Thus, Æ is a valuo of the functio 1 
(шы. we take the principal value of the root) for A= 44 
the eigenvalues of the matrix A'A are positive, this value is moanin 
ful, definitely unique and, as à. polynomial of the symmetric matrix 
A'A, it is a symmetric matrix problems 1148, 1151). Putting Q x 
D BA, we see (as we did above) that Q is orthogonal, 

‘The representation A = (s is obtained in similar fashion with 
the aid of the matrix AA’. ‘The assertion (b) is proved in the sax 
way as (a) with the positive definite forms replaced by Hermity N 
positive definite forms. Assertion (c) follows from tho uniqueness 
of the representations given in (a) and (b). It can also be demonstrated 
by reducing matrix Æ to diagonal form in the case (1) and matri 
in the case (2) via an orthogonal Кала matrix (see problem г 
Then from assertion (1) there readily follows the uniqueness of n 
representations indicated in (a) and (b). tho 


Chapter IV. Vector Spaces and Their Linear Transformations 


1277. (1, 2, 3). 1278. (4, 4, 4). 1279. (0, 2, 1, 2 
1280. 2 = —27xi — 714% — kiss za = 9 | 20. 
— т i Un xe — Aira; za = 92; | 20, + G25: 2, = 
281. z, = 2zi + z4 — 24; 2, = — 321 F z3 — ry + ote p= 
аа Ыр Н И ры соо ОА 
1" (а) (а) 
Bpod 








1282. (a) ao, à, as, ... an; (Б) f (&), f (cx), 


1283. /1 —« о? —0G5 ... (—1)^ an 
0 1 ~20 Зат ++. (—1)n7i ngnai 


1 : : 
ul — the (k+1)th column involves the numbers 
ae (—ayh-, ch-2 (aya Cf (=a), 4,0, 0) 0) +0. 


1284. ; 
changed; 9 ie Ml Iw interchanged; (b) two columns are inter- 
ìts centre. 1^^ be a symmetric reflection of the matrix about 

eee No, 1286. No. 

1287. Yes, if * E 
no it it does зана given straight line passes through the origin, 

- Yes. 1289, N 
1202. No. 1293. Yes, 1290 No. 1294. Yes, 


1294. The entj 
through tbe coc Te Space; vectors lying i 
Fuge he origin ani tii tors on пу mht line ta p 
RE n i is not, ^ "in itself, that is, the singlo zero vertór. 
+ the basis is f 

** 5 0, 1), (0, ormod, for exampl 
r0). Md*Ors 20,0), (0,0, 1: 13 Њо veolors (1 Q0. 
mension is equal to n O 0), .„. „. (0,0,0, ғ 











1298. The basis is formed by the following vectors: if 
number of a basis vector, then it гай КЫШЫНА" per К 
equal to 4, and the other coordinates Е ri 2, E at 


1 
г, [=]. Where [z] denotes the largest integer not exceeding z. 


‘Tho dimension is equal to [=H ] $ 


1299. The basis is formed by vectors that are desi i 
. c ignated as basis 
in the answer to the preceding problem, and another vector 

is adjoined whose coordinates with even numbers are equal to unity, 
le those with odd numbers are equal to zero. The dimension is 
Dum 





1300. The basis is formed by the vectors (1, 0, 1, 0, 4 А 
О т а is evual ve eee ae 
. 1301. The basis is formed, for example, by the matrices E; 
(i, j = 4, 2, ..., n), where Fj; is a matrix noe element in the 
ith row and the jth column is equal to unity; all other elements are 
zero. The dimension is equal to n?. 

1302. The basis is formed, for example, by the polynomials 





T, z, 22, .. ., z^. The dimension is equal to n+ 1 
13 Тһе basis is formed, for example, by the matrices Fij 
(i<j j= 1, 2,..., n), where Fij is a matrix whose elements 


fig = fji — 1 and all other elements are zero. The dimension is equal 
о (4-1) 


— 
1304. The basis is formed, for example, by the matrices G 
<p pHs, 2,... л where G;; is a matrix whose elementa 
H7 1, gg — —1 and all other elements are zero. The dimension 


is equal to tein) 


1308, The basis is formed, forexample, by the vectors (1, 0, 0, . . . 
sss, 0, —1), (0,1,0,..., 0, —, ..., (00, 0, ..., 1, — 1). 
The dimension is equal to n — 1. 

1810, The dimension is equal to 3. The basis is formed, for exam- 
ple, by the vectors a, Gs, ag. 

1311. The dimension is equal to 3. The basis is formed, for example, 
by the vectors ay, аъ, ag. 

1312. Рог example, z,— 24 — 34 = 0, 2. + 23 — 24 = 0. 

43. For example, = — та — 22; = 0, 21 — Ta + 224 = 0, 
В 2: — 5 = 0. 

1317. 3— 3, d — 1. 14318. s = 3, d = 2. 

1819. Solution. Rule (1) is readily proved. Let us prove Rule (2). 
Since the numbers zu. .. -) Tipo Vin + + Yir satisfy the equality 

i k 


Д0), thon e; = У шу = У) тууа. For this reason, the vectors ¢; 


fea ji А 
71,2, ..., d) belong both to £, and to L, and, hence, to their 
: fan D. d x Y vector in D. It can be expressed both 
01 the basis of Z, and in terms оѓ (ће basis of La. Thus, © = 
+... Кола, = 6... + Bde. This moans that the 
mbers oy, s.o ar Br s+» risa solution of the system 


























ol equations (1) and therefore can be linearly expressed in terms of 
the fundamental system of solutions (2). pes ‘Vir «+» Ya be the coef- 


ficients of that expression. Then В; = > vui = 1, 2,...,1), 
=! 


whence 


1 d d 1 4 
«= У вв, = У (У лил =>) ve DY уо) = У ио. 
P j=1 {=1 i=1 j=i i=t 


Thus, any vector æ € D can be linearly expressed in terms of the 
vectors (4). Finally, the system (4) is linearly independent, since 
the matrix of the coordinates of the vectors in the basis b, . . ., b; 
contains the nonzero minor (3) of order d. 

1320. The basis of the sum is formed, for — by the vectors 
а, аз, b. The basis of the intersection consists of the single vector 
c Ja, a, = b, + by = (3, 5, 1). 

1321. The basis of the sum is formed, for example, by the vectors 
аз, аз, аз, Б,. The basis of the intersection, for example, by b, = 
= —2a; + аз + аз, Бу = ба — а, — 2ау. 

1322. The basis of the sum consists, for example, of the vectors 
ау, аз аз, by. The basis of the intersection, for example, consists 
ol the vectors °c, = a; + a, + a) = B+ B= (4.2, 2, d). 0 — 
= < даз = by + by = (2, 2, 2, 2). 

1328, The projection of the vector e; on Ly parallel to Ly has 


aot as the ith coordinate, all other coordinates being z= ; the pro- 


1 
jection on Ly parallel to ZL, has all coordinates equal ito R 


1329. Wak. 1 emo Tug 
— gs TT c 
1 1 1 КТ 
А | 1р лет 0). 
— * UE PEE 
— 1 “р zov 0 


1334, Hint. Consider the parametric equations of the straight 
lines 2 = ay + at, £ = bo + bit, where ao, Gg, b, b, are given 
vectors. 1 
1335. The vectors ag — bo, dy, b, must be linearly aak 
1336. The dosired conditions are that. the vectors à, and b, аге 
linearly independent and the vector ag — bp can be expressed linearly 
in terms of a, and bj. If ag — bo = tia, + fabi» then the point of 
intersection is given by the vector ap — ld — о + 6.01. 

337. (—2, —5, —1, 1, —1). 1338. (0, 1, —1. —2, 5 

1339. "The necessary and sufficient conditions are that the quadrup- 
let of vectors ap — e, bo — e, ay, b, їз linearly dependent, and 
each of the two. triplets a — e, a4, 5, and bo — €, y, b, is linearly 
independent, The lesired straight. Jine has the equation æ = c -+ di, 
where d = M (ao — 6) + Aa, = Ay (bo — 0) + Abi and the coof- 
ficients Ay and Ag are nonzero. 


4 


Tho points of intorsection of this straight Line and the given straight 
lines aro of the form 
fet he е4 d. and. Do РВ 
aap pee — ag 
1340, 2 = c + dt, where d= (6,7 
—4. M, (—4, —5, 5, 74 
1941, z-— c4- di whero d= (1, 1, 0, 3); М, (2, 3, 2, 1). 
М, (1,2, 2, —2). 1 
1344. М two planes of three-dimensional space have a common 
traight line. Ifa plane and a three-dimen- 


point, they have a common strai i 
tional linear manifold of four-dimensional space have a common joint, 


then they have a common straight line. 1f two three-dimensional linear 
manifolds of four-dimensional space have a common point, they 
have a plane in common, 

1345. For convenience in classifying different cases we introduce 
two matrices: A is a matrix in which the columns contain the coordi- 
nates of the vectors ay, da, by, by, and B is a matrix obtained from A 
by adjoining a column of coordinates of the vector ap — бо. Let 
the rank of A ber, and the rank of B he гу. One of six cases is possible: 

(i) ту = 4, ғә = 5. The planes do not lie in a single four-dimen- 
sional manifold (the planes are absolutely skew). 

02) л = л = 4. The planes have a common point and, hence, 
lie in one four-dimensional manifold, but do not lie in one three-dimen- 
sional manifold (the planes intersect absolutely). 

3) r, — 3, r, — 4. The planes do not have any common points. 
they lie in one four-dimensional manifold, but they do not lie in 
one three-dimensional manifold (the planes are skew in parallel 
to a straight line, namely: they are both parallel to a straight line 
Mars n ^b tat i bita + bzta). 

n п = т: = 3. в planes lie in og-di i 

inte — ы three-dimensional space and 
т: = 2, г, = 3. The planes do not hav ints i 

but ti ie in one Е зрасе урон parallel): 

RE ru Durandi AUD. 
both pairs of vectors a, a, and b, b, are linearly inde arlene? 

1347. Hint, Garry out the proof by. ¢nduction on. the sabor K 

Anointed, with vertices at the ponte s 

(1,4, —1, —1), (1, —4, 4, 1), (4, —1, —1, 4 
(1, 4, 4 И 
Hint; Note, i | did — о 
=. , in determining № i ti 
the vertices of the desired DU n N arme и 
of the cutting subspace with the edges of the cube, and that thre 
coordinates along eac! , an at three 
а ДА aa eO aro aqual tg SEA, whia ‘tha 
1349. A tetrahedron with vertices at the points Е 1 1 


„ы iue wp ie hia d 

м [а Diii 

ju iri; и), 
— — =). i — 

D rd eee =) int. Find the projections of the 

400 


—8, —115; M4(2, 2, —3, 

















ike the given end of the diagonal for the 
from it for the coordinate axes and show Ay 
anifolds under consideration are determined 


1350, Mint. Tal 
take the edges issuing 
the parallel linear m 
by the equations 

оф... Рае = 0, — лћ 
hile the point of intersection of the diagonal with the Ath 
manifolds rave all coordinates equal to one and the same TUN 
4 E аА 

1352. The bilinear form g must be symmetric, that is, a), = 
(1,7 = 1, 2...» п) апі the corresponding quadratic lori yt 

m = 


= » a;jz;z; must be positive definite; (ejej) — a;; (i ,j — 1, 2, 
ij ыы 
а. 
" io TY he completed by adjoining the vectors (2, 2, 4, 0) 
"4358. They may be completed by adjoini 
— ae pleted by adjoining the vectors (1, —2, 
1359. One of the vectors + (2 — -1i) 
7 7 А 








1360. For example, Die SSN hate A, 1 
A dix (z — — 

ле ДК 

1361. (4, 2, 2, — = 

1362. i ТОО jam 3o unt ee ere 

1363. (2, 1, 3, —4), (3, 2, —3, —1), (1, 5, 1, 10). 





1366. For example, b, = 
‚ в = (2, —2, —1, = 
1367. For example, бау "sque, dA z — 
r Let dy an «a, а, be a basis of L. We ‘seek y in the 
Гот у = У сау. Formi 
— P сз. Forming the scalar product of this equation by a; 
по! y) = 
n ing that (a;, y) = (a;, a), we obtain the system of equalions 


M (aj, a) cj = (a; i= 
i iej = (ар, =) 6 — 1, 2, ..., k), which, by the meaning 


i= 


sn C i 
‘ny must have a unique solution. Finding y, we set 






op SE S (eb D, cod, <4) 
Gis aay z = (2, 1, —1, 4). 


- Derive the relati n pute 
#— и | = |(ж — аъ) рр у (и ауа, 


where y is the 
1374. (a) 5, aon Projection of z — zy on. £. 


“1375. Hint. Sob a ee 


problem 1373, d? о = y -- z, wh 
tract f 1d = (za). Lat y y Where p € L, x € L*. From 
rom the last Solum MP the iit дада Fe. t , Sub- 
20—0081 nant G (ay, ay, » + +. м 
401 








ж — xo) all preceding columns multiplied respectivel: 

#30) and show that the result is zero at Y router tat — ) 

ind — (AE at — facce dem 
« Hint. Le! > ^ jecti 

of a — x, on L, Derive the — пе 


| uz — tty Y= | (ж, — £.) — [2 4-1 s — m) — (n — 22) P. 





1377. 3. 

1378. Solution. Take one of the vertices of the first fac 
coordinate origin. Let the other vertices of the first face he m 
Vhe vectors z, Za, .. mj, and the vertices of the second face by 
the vectors Thr +- s Tn: We seek the distance between the lincar 
manifolds determined by the vertices of these faces (problem 1340) 
These manifolds are ; 


аз... амь аці (ааа — En) try -H lEn-1— En) tnit Un. 


The desired distance is equal to the length 
s equi gth of the orthogonal com- 
үе е of the vector x, with respect to the subspace L PC y 
ie vectors y ctt n а — Ж nee = iplyi 
hens SG Thr Thy — Cny ı n -1 — Tp- Multiplying the 
My =Hyty мк (н п) trat -- -+ (En-1—En) trate 


by the vectors Ti, »» Ма, Фа — Я, - 
the following equations: 


1 1 
tty tet. ta j= 


Ти — Zp: We get 








1 1 
ap tent Iac eina x 
Whence, adding the first & and the last n — k — 1 equations, we 
„ 1 1 
madily find =... = = үтү; ti = 


=ha=— 





— 
re : > = 
“Therefore, z = жы: + fabio teh , whence it is evident 


гра 
What z joins the centres of the given faces. 

a Bine the distance between manifolds defined by the vertices of 
Piven faces is equal, by what has been proved, to tho distance 





hotween the centres of the faces, it will also he the distance between 

the faces. Squaring the expression for 2 and then taking the root, 
—— mbi 

we get | z| — — (ET) * 

1379. Hint. Find © from the condition (z — ce, е) = 0. When 
proving uniqueness, form the scalar product of both sides of the 
equation d*e +- Zy = 036 + z, into e. 

1380. Hint. Consider the scalar square of the vector y=%®— 

h 
— 3j aiei, where a4— (2, ei), and apply the properties (c) and. (d) 


11 
of the preceding problem. 

1381. Hint. First method: consider the scalar square (æ + ty, 
x + ty) as a nonnegative quadratic trinomial in t. Second method: 
for y #0 represent ш аз = = ay +z, where (y, 2) = 0, show 
that (a, x) > d? (y, y), equality occurring if and only if «= ay, 
and determine 

(a, = аз (у, 0) 0и. 0) < (6, 2) (0, 0). 
‘Third method: apply the inequality of problem 503 to the coordinates 
of the vectors 2 апа у іп ап orthonormal basis. 

1382. Hint. First method: consider the scalar square («+ ty, 
a+ ty), where t= s(x, у) аз а nonnegative quadratic trinomial 
їп s (s real). Second method: for y +0 put z = ay + z, where a 
is a complex number and (y, 2) = 0; show that (a, x) > ac (y, Y)» 
equality occurring if and only if — ay, and find out that 


(к, у) (у, ж) = о® (у, у) (у, 1) < (®, т) U, y): 


‘Third method: apply the inequality. of problem 505 to the coordinates 
of the vectors « and y in an orthonormal basis. 


b b 
i8. (f 1006 а) | ора | teo oe 


a 
1385. AB = BC =AC=6; LA=LB= LCE 60°. 
1386. AB. — 5; BC — 10; AC — 8 V 3; Z A = 90% ЕВ = 60; 


2 б = 30°. 
1389. Hint. If the edges are given by the vectors ay, 23, «+ sr Gns 
then consider the expression | a, + a: + р. 


es dais 
1390. Hint. Consider the expression | -+y | -+ [2—0 1. 
1393. When n is odd, there are no orthogonal diagonals; when 


п—зк the desired number is: equal №0 2 С% = СА. 


EI 





1394. a-V 0»; lim ay n— co. 
n 
1305, рь = агевоз i Dm ng i Q0 0^ 
„ә. n * Yn ` — n 2" 4 
а 
здо. R= AL" <a for nt, 2) a R=a for aes, and 





R>a for un >A. 
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2002 Га э,рэ^——ҤҺ 


EE 


igi i bo joinod 
hat tho origin of a diagonal may a join 
Er В Hint hey n chain of edges and make use ol the preceding 


—J Hint. Take advantage of problem 1379. 


(ж, м) wm _ lvl 


1800. Solurion. coste, 0) = та тут = Татти lel: | 
(my) 00) ТИИ"! ys lul 
ees (n M) Te Ty T Ter 11107 cos (y, y') а] 
=оцз (а, 10). 


i t 3 s 
Equality is possible if and only if cos (y, y") = 4, that is, accord- 
ing " кера 1399, when y= a-y dor 0. 


1401, arccos ve „ 1402. 60°, 1403, 30°. 


1409. агссоз 2. Hint. Let ar be a vector from A, t0 Ai 


(i=1, 2, 3, 4). Consider the two vectors a1; -- ata and a55-]- tla; 

show that the square, of M Rn of the angle between them is 

Ы ta” and find the maximum of the 

equal fo zer S Hop ion 
function (t,4-£,)*, provided that t?-+-tyty+ia—1. 

1406. 45°, Hint. Seek the minimum of the angles of the vectors 

of the second plane with their orthogonal projections on the first plane. 

1407. Hint. Show that each of the systems fj, . . ., fy and gy... 

» «y Ey i5 a basis of the subspace Ly spanned by the vectors ez, . . ., ej, 

that (fz, gj) = Ofori j, and, finally, that all coefficients cy, с»... 

++) Cha are zero in the equation g, = cuf. 


1408. Hint, Set (z^ —1)^— up (z) and verify that uf? (2-1) —0 for 
+ 


j < k; then integrate Ju (z)zidz by parts several times until 
zi 
the factor of the form z* vanishes under the integral si, 
that this integral is equal to zero for j=0, 4, D Rr Y 
+1 } ‘ 


derive the required equality: | Pj (z) Py (z) dz—0 for j Æ k. 
2i 
1409. Py (z)—1, P, (z)—z, P, o= (8:21), ру ()=4 (52°32), 








1 h 
P, (2) — — (352*— 3021- Lu РР" 
=F м3), Риа) оха ici pitis SC 
h 
ps ope piter). 2 


2 — 2-8. In these expressions, drop (fu 
all terms with negative exponents of z. 
del y 

404 





Solution. Sek. (x1 —1)-— uj, (x) and Chis pig 
Py). Integrating by parts, we find 
4d E 
| uf? (x) (2) de= — f ulh- D qa) uht (x) de 
* 2, 
+1 +1 
mit f up (2) i29 (s) к= (ку! È ah eas. 
y 4% 
Again integrating by parts, we find 


+1 k +1 
ааа ат | 0—0 онә аз 


2 
1410. Vam 
the scalar square (Pry 


zi 
1 
Ud Deters 


+ 
= M ah ga = 
“= "EET (PD) 00 ] (14-2) dz ТЕГ ЕТ" 





whence 
= 1 Й (kl)? акжа 2 
(Pry Pr)= Beye (2h)! ЕР GEI < 


1411. Ра (1) =1. Hint, Apply to the expression. Pj, = 


dh 
— [(z-- 1)^ (z— 1)^] the Leibniz rule for differentiating a product 


Qu C 
A À De А = M 
is the leading coefficient of the polynomi 

b mial P, k= 
—— use of the problems Mor, 1408, 140) E UR 

114. Hint. Setting zn — [zn — f (x)) + f (2), sh 
n ө [ - + Show that a min 

mum is Noto tie ee DIO ME f is an orthogonal component fer 
ie olynomials of degr * d 
iie — the — 1410, 1412, and This. m 
constricted Ca — to the square of the area of a parallelogram 
ol the volume o Ors ay, р E (à, às, az) is equal to the square 

6 Уле —— constructed on the vectors a,, ay, dy 
With determinant ioa а Gh Homogeneous linear equations 

* Hint, Seek she dual basis “from the relations 











1412. Py (2)=CyJn (2), where Cy = 


n 
у= Ў) сме (=1,2,,.., п), 
he E 
148. (a) 7 — (5) 


transpose, j=, (b) T= (Fa, 
cloments, ° bar stands for replacing haod DARE 





1419. диг First alien: show ир * — 
(ay, =» + OH — о of the modulus of the deter- 
— made up of the coordinates of the vectors a4, . . +, @ in any 
orthonormal basis of a k-dimensional subspace containing those vectors. 
Second method: show that the nonnegative quadratic form (a,7; +... 
А го ant. „4 адақ) іп лу... 2 is positive definite 

| only if vectors ад, . . ., ак are linearly independent. 

method: using the invariance of the Gram determinant 
when orthogonalizing vectors (problem 1415), show that if the vectors 


Dy ee are obtained from a, .- -) 4 by the process of orthogo- 
Ка чып g (ais eaa бу= ГК *-,‹15, 1% and apply prob- 
lem 1413. 

1421. . Hint. First method: noting that the desired 





сп V 2n3-1 
distance is equal to the length of the orthogonal component of the vec- 
tor —z" relative to the subspace of polynomials of degree not exceed- 
ing — 1, apply the preceding problem and also problem 418. 
Second method (it dispenses with problem 418): the desired distance 


yields the minimum of the integral | tr GP dz, where f (2) is an 


0 
nth-degree polynomial with leading coefficient unity. This enables 
one, by changing the limits of integration, to reduce the problem to 
the appropriate extremal property of the Legendre polynomial (prob- 
lem 1414). 
1422. Hint. Apply problems 1413 and 1415. 
n n 


uas. pepe [р Ута. equality occurring if and only if 
dei jl 
һ 


either У адам =0 EF HS jH1,2,...,0) or the determi- 


Ki 
nant D contains a zero row. 
1424, Hint. Introduce into the vector space Rn tho scalar prod- 
n 













uct (m, y)= Dj az) Where zi «5 7n and ji «s Un аге 
i. 

tbe coordinates of% and y respectively in some basis €z, -+ r 

of Ry; show that Dy=g (C1, €n) and apply problem 1422. 


1495. Hint. Use problem 1210 (d). с дї 
1426. Hint. Use the properties of Hermitian forms similar to the 
кке ‘of the real forms indicated in problem 1240 (see, for example, 
es Gantmakher's "The Theory of Matrices", Chelsea, New York, 
), t . 

1427, Hint, Make use of the reasoning in the first and third methods 
given in the answer to problem 1419. 

1428. Hint. Apply problem 1422. 

1429, Selution. Let the process of orthogonalization Carry the 
Notos лаз. --.. Gh May oeo D; into the vectors бди ==" € 
И ....-. Dr into tho vectors r p G 
4 of the vector Ci relative to the sub- 
bj, coincides with di- 














If orthogonal componen 
L; speoned hy 1, e Dye ss) 





Indeed, b;— yi-- e;, where gi can be linearly expressed. m terms of 
by ss Dios and e; is orthogonal to these vectors. &4—Wi-F?. 
where y4 € Li and 2 is orthogonal to Ly, but then bi (nm wo а. 
where yi-- yi € Li and z is orthogonal to Dj. Hence, by problem 1413, 
z;—d, and |di| «eil, equality definitely occurring under con- 
dition (2) because e;=b;—yi is expresse in terms of by, „ 
and, hence, is orthogonal to @1, +--+ ay Day sos Diei BY Р! 
1415 we have 





glagan ani Qs ees P) es Pe Lon D 
x(pdat ss +} dy |) << (Ler Pe +++ Дек) (Тез № ede D 
Sg (yy s n) EU es 


which proves inequality (1). Under the condition (2), | d; | — leil 
(=1,2,..., 1) and ine uality (1) becomes an equality. If ay, +>» 
ce ny Oy OF Dy oe oy b, are linearly dependent, then the right member 
of inequality (1) vanishes, but since the left member is nonnegative, 
we again obtain an ei uality. " 
Conversely, let the inequality (1) become an equality. Then 
by what has already been demonstrated | с,|®... lep PAd 
ee dd = | 61 №... [би |%-1 ет Pasin ber |2, whence there either 
exists an i Sk such that | c:|=0;_that is di.. Gh O linearly 
dependent, or there exists ап í Xl such that а [= ет = 9, 


that is, by, - Б аге linearly dependent, or д! = |е = 
— D whence it follows that all e; and, hence, all b, 
(as linear combinations of them) are orthogonal {0 а}, +++) Tn» 


which means condition (2) is fulfilled. 

1430. Hint. Use the preceding problem. 

1431. Hint. Make use of problems 1425 and 1429. 

1432. Hint. Make use of problems 1426 and 1429. 

1433. Solution. @) Let the numbers of system (4) be the distances 
of all possible pairs o vertices My, My, -< ++ Mn of an n-dimensional 
simplex, and suppose 








а) = ММ, (1, 1=0, 4, 2, mim» (2) 
Denote by e; the vector from Моло Му (= 1, 25. п). Ме 
then have 
af, = (eis 0i (i= 1, 2) "% m 
ай, — (ei— ep 6i) - Uy fe eo mE Л) 


From these equalities wo find the scalar products of the vectors 
Cy, oe es еп? 
(ев 0) = 010 (baad, By vee п), 


(eis (js ра шее @> 


Using theso rolations, we can write down tho Gram matrix of tho 








vectors Cr, 
dedüp— Un anot än an 

be >>” 2 
— 

аа notis 

tutt " p ыы 

— ani anotan in Ка 

\ 2 2 ! 


Si the points Mo, My, .-., Mp do not lie in an (п mu 1)-dimen- 
ona manifold. the. vectors en ё, ае e, are linearly independent. 
Denote by Dy the corner minor of order k of tho matrix (5) and apply 
problem 1419 to get 

Dy 20 (k— 1,2,... n). (6) 


Thus, conditions (8) are the necessary conditions for the numbers 
of system (1) to be the distances of the vertices of an n-dimensional 
simplex. We now show that these conditions are sufficient. When 
conditions (6) are fulfilled, the matrix (5) is the Gram matrix of a line- 
arly independent set of vectors ej, . . ., e, [see problem 1352 or 
1210 (c)]. Thus equalities (4) hold, whence follow equalities (3), Taking 
M, for the origin of coordinates and M; for the terminus of the vector 
e, (i= 4, 2,..., n), we sce that equalities (2) hold, which is what 
we set out to prove. 

„In the case (b), a necessary and sufficient condition is that all 
principal minors (not only corner minors) of matrix (5) be nonnega- 
tive. The necessity is demonstrated in the same way as in the case (a) 
with the sole difference that the vectors € «s s, еп may be linearly 
—— Sufficiency is demonstrated with the aid of problem 1425 


1434, (oe —sina 
sing cos Е) у 


1435, 7001 if e, goes into e, and /0 4 (V if e goes into e, 
100 001 s * 
0 1 0, 100 
1436. /100 1437. (100 1438, (4 4 4 
000), (010). 330 
000, 000, 144 
|] 
dodi 
3 3 3) 


1439. The first к sloments of the main di 
mation matrix are equal to unity, aa ашына tranf, 
408 
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nn of the transformation matrix contains the 


1440. ‘Tho ith ВН b, in the basis @p « «d, 


coordinatos of the vec! 
Dr AE 
1441, p is linear, “=h JT. j. 1242. Ip. he not Hrein, 


1 —11 
1443, qp is not linear. 1444. q is linear. „-(в 0 j. | 


0 40, 
2 —11 6 1 —6 1 5 
1445, [1 —7 * Е 13 10]. 
2 —1 0, 6 —5 — 





1448, In the basis €y, €s, €s tho matrix 


123 
(248); 
369, 


in the basis 64, 64, Dy the matrix 


20 5 
Бу — 
16 4 
z uq 
8 —2 6 


1449. (a) Premultiplication yiclds (b) postmultiplication yiolls 


ab00 а0е0 

са00 Qae 

00ар |* 020 

00cd 00204 

1450. (а) (0100... 0 б) (0100... 0) 
0020... 0 0040...0 
0003... 01|. 0001...0 
0000 on 0000 * 
0000... 0) 0000... 0, 


list The th and ‘jth rows and the ith and jth columns in 


Шо та interchanged. 
1452, а) fs 021 (bh) 7-2 0 4 0 
{2 351]. 1—4 —8-—7 
- 48-102] 14 6 4 
JR 1 123 TN atio, 
4453. (100 1454. A 2 2 
: 020) 3 —4—23 
К 003 2-28 4 


1461, nè. 






1 34 2 


—29— —25 
= —25 


1457. ( 44 =) 1458, {Н 9з 


1464. Hint. Use the preced roble; iti 

ol the fonction of a miis 

e D wera Aa И The eigenvectors are of the form 
« Ay Ay = Ay = 2. The eigenvectors have the for 2,0) + 

+ % (0, 0, 1), where c, and e are not AAU eee ore i 

=4, АМ =А,= 0. 1 ig ctor. a 
E ol FE — 9 а The eigenvectors for the value 1 
e 





1), for 4 — 0 of the form c (1, 2, 3), where 


D m Ay = Ag = 1, The eigenvectors are of the form c (3, 1, 1), 
69. М = 3, Ay = Ag = —1. The eigenvectors for 4 = 3 

e — 3 are 
of the form c (1. 2 2), tre fae ша tHa form) a [4 2, 1), Mea 





1470. М — Ag = 1, A, = —1. The eige: rA 4 an 
Y . genvectors for A= 4 are 

еза E + 0) | e, (1, 0, —1) and for À — —1 of the form 
‚^0 — 0), where c, and e, are not simultaneously zero and ¢ + 0. 
— dy = 4, Ay 24- 34 44 — 2 — 31. The eigenvectors for 
* 1 are of tho form c (1, 2, 1), for à = 2 -- 3i of the form c (3 — 

= ed == Si, 4), for = 2 — 3i of the form c (3 -- 31, 5 4- 3i, 4). 
г ЧЕ == М, = М The eigenvectors for A = 1 are 

of the form с (0, 0, 0, 1), for 4 = 0 of the form c, (0, 1, 0, 0) +- 
ee (0, 0, 4, 0), where e se 0 and ry and eg are not simultaneously 


















1473. dy = Ay = 1, Ay = Ay = 0. Tho ei ctor: = i 
‘ , gonvectors for A = 1 are 
of the form cs (1, 0, d, 0) -+ es (0, 0, 0, 1), for A= 0 of the form 
5. (0, 1, 0, 0) с, (0, 0, 1, 0), where the numbers e and c, are 
mot simultaneously zoro. 

1474. A = 2. The eigenvectors are of the form ey (1, 1, —4, 0) + 
(1, 4,0, 4), where e and e, are not simnltaneously. zero. 
» Hint, Make nse of problems 820 and 1476. 


MT. aye 9. 1), ( 20) 















в = (1,1, 0). 020 
а, = (1, 0, —3); \002, 


1480. The matrix cannot be reduced to diagonal form, 
4484, a=(4,; 4, 0, +0), 200 0 
ume, 0 1, 0), 020 0 
=l, O 0, 4), 002 0 
ag=(; —1, —1, —4)s 000 —2 
1482. The matrix cannot be reduced to diagonal form. 
1483. aq—( 1, 0, 0, 1), 10 0 0 
Qj. 1, 1,0) 01 0 0 
üg-( 0, —1, 4, 0), 00 —1 0 
щ=(—1, 0, 0, 1); оо 0—1 
1484, For example, 






Aree НО 3 





01 -1 0 
Passe uibus is Я 

D £x КО 

Doc WC 


where along the secondary diagonal the elements above the main 
diagonal are —1 and below are --1; when n is odd, both 4-1 and —1 
can reside at the intersection of the diagonals, The diagonal matrix 


has, above the main diagonal, n/2 elements (for even 7) and => 


— (for odd n) equal to +4, the remaining elements heing equal 
to —1. 

Hint. Consider a linear transformation q (of n-dimensional space) 
having the matrix A in certain basis, find the basis consistin ol 
the eigenvectors of the transformation, and apply problem 1477. 

1486. Any two elements op and cyn4y equidistant from the 
ends of the secondary diagonal either must both be nonzero or must 
both vanish. 

Hint. Consider a linear transformation p (of n-dimensional space) 
that corresponds to the matrix A in some basis, and then apply proh- 
lems 1417, 1132, 1484. 

1487. The sole eigenvalue is À — 0; the eigenvectors are polyno- 
mials of zero degroo. 

1491. Solution. First prove the equality 

dim L= dim pL + dim Lo, (0 


whore Ly is tho intersection of L and tho kernel q70 of tho trans- 

formation q. To do this, first complote the basis tp (da, +. А 

of tho subspace Ly (using the vectors Dy, Da, 0) to form а 

basis of L (for Lg 0 the vectors ay aro absent, Tor Lgs the 

vectors bj avo absent). "The vector hy, POs, -., yy form basis 

af qu. пой, И weph, thon у=, whore web. И же 
П 


Хаа) Вин, Шеп бечет Bep; since gape 





at 


ӨӨ 





wy ave Hivoarly inde- 





(ith B r.a K); Tho vootors ply, Phar +++) | a 
: i i s, whence «= 
pendent since У) Бир; =0 implies 2 Bii € Ls à 
=! =} 
h 
= J) œa; and, hence, Bj-0 (i—1, 2, «++ 0). 
i-i 


, dim £= 14 k= dim pL -+ dim Lo 
И we find, by virtue of Lyc q70, 


dim Z= dim pb + dim Lọ < dim pE -+ nullity p; 
dim L — nullity p < dim pL 


im pL = dim L — dim L < dim L, à 

TU Set GOL Ei. Since EL, thea pi cA = L and 
L'N p70 = p20. Applying (1) with Z’ substituted for L, we ge 
dim Z” = dim p4’ + nullity pọ (2) 


i ^ „it follows that dim pZ’ < dim Land by (2) dim L/ < 
ee Smitty P, which thus — the second of the inequali- 
ties of (b). 

Now let us show that pL’ = LppRy- 

Since pL’ c L and ọL' c OR, then pL’ c Lüge, ce 
E LNPR,, then z — gx", where z'£q-1L —L', that is, x EpL’, 
whence Ln pr, & ob". у — 

Since dim (L + QE) « n, we get, using the аыр between 
the dimension of a sum and an intersection of subspaces (problem 1346), 


dim pL! = dim (£9 pR,) = dim L + dim pr, — dim (L FPR) 
> dim L+ dim pR, — n = dim L — nullity q. 
From this, via (2), we obtain 
dim Z’ = dim pL! + nullity 9 2 (dim L — nullity ) 
-F nullity o — dim L 


and this completes the proof of the first of the inequalities of (b). 

..1492. Hint. Consider the transformations 9 and «p of the space Ra 
with — and B and apply the preceding problem to the sub- 
space L= A 

1494. The sole eigenvalue is A= 1, The eigenvectors have the 
form e (a, + 2a) + cy (ay + аз + 2a,), where 1) ¢ are not simul- 
taneously zero, 

1495. Hint. Consider the matrix of the transform: 
whose first vectors are linearly independent eigen: 
ciated with Ay. An alternative approach is by using problem 1074. 

1501. The zero subspace and the subspace Ly, which: consist 
of ol elynomials of degree < Б (k= 0, 1, 2, . чая 

invariant subspaces are: the таго subspace 
subspace spanned by an arbitrary subsyst а чпу 
E 2 E ae tithe fatal nb on of vectors of the basis 
Pepe Problems 1495 and 1502 to show that i i 
antsu! Di à basis which is a subset of the Renton SAT 


ation p in a basis 
vectors of q asso- 








i ith basis vector d, — (2, 2, —1), any 
1504. A Wet НА hasis vectors t = (1, f 5 and аз = 
straight line of p ena T tho plane xy — 2g -l- za Date plane g 
= (1, 0, ое passing through the vector ay, the whole space, and 
itself, any j 
the zero subspace, |. ith basis vector (1, —2, 1), a plang 
"4805. A d E aes (1, 2, 3), that is the lane with 
ae ba Meas 2ra -| ra = 0, the whole space, and tho zem 
the equ 3$- | 
subspace, = 0. Тһе root subspaces consist of vectors 
1509. шу De s ty 0) + €4 (hy 0, AN 
—1.' The root subspaces consist of the 
2); for Aa, s= —1;су (1, 1, 0) -+ "ey (1,0, —1), 
—1. The entire space is a root subspace, 
2 Ng, 4 = 0 The root subspaces consist of the 







tors: Г 
WR for M,a = 2: e (1, 0, 1, 0) + с, (1, 0, 0, 1); 
for Аз, а = 0: ey (1, 0, 0, 0) -- e (0, 1, 0, 1). 

1515. (a) Any number c is an eigenvalue. The corresponding 
i f the form се, where с 52 0; 
«дуое аде ога corresponding to the number Б consists 
of all functions of the form. (ag + az 4- .. . -+ apan) e *, where 
"p dy ..., dp üre any numbers and n is any nonnegative integer, 

1517. If the minimal polynomial g (4) = An — tg Mi-Y — ep MIEL 
—... — t3, then the transformation matrix Фф is of the form 





000... Ос, 
2/080! 23.10 ey 
010...06 
000... 1e 
1518. The Jordan submatrix 
®1 0...0 
0®41...0 
000... 


1520. For n — 2, rotation of the lane through the anglo a ё ёл 
ре Zot Possess invariant straight але, Тһе —— L jn a пие 
a of fixed points if and only if the transformation Pı induced by 

— ation @ on L has an eigenvalue e ual to unity. 
"es. — feri assertion (a), make use of the equality 
^ 2 и, П 
nomials in À; (b) dérive the root iront A ер: 


1524. (A) = (A — 48 (4 — 9 * 
the basis f, — 1 2). acm L,-L Ly where by 
Hint. Use И 1885 1 — ium the basis fy = ey 
“з 


i 


1525, ¢ (A) = (A — 2) (A — 3), Ry = 1,4 
С, А = 2) E = Li+ La, whero L, has, fi 
-— M ее А-а e, and Ly the Dens 
1526. g (A) = [A — (a, a)l à. R,=L ËL te 
by D S i s zu ру зейш Ee 
. пу; x i b nel 
of a single block of order n with т wane nae ae 


1529, Solution, (A). Set ра (А) = (а, 5 
i mem ((—1, 2, ..., 3). The 


polynomials f, (A) are relatively prime. Hence, there exist polyno- 
з 





mials Лу (А) (0—4, 2, ..., 5) such that 1= S$) i (A) Mi (A), whence 


for any vector x 


Diy (1) 


i = Ji (P) -hi (p) z E Pi since (p — A;) Im; — f (o) hi = 
— 0 by the Hamilton-Cayley theorem, by — ОЕ 0 

It suffices to proye the uniqueness of the expansion (1) for a — 0. 
Applying the transformation f; (p) to both sides of the equality 
\ equa 











PE = 0, we get f; (p) z; = 0 since fi (p) £j = 0 for j + i. Further- 
£ 

more, f; (A) and (A — AD are relatively prime, Hi t xi 
polynomials p (A) and g (A) such that ` ЕК 


1— p) fi) 4a 0) 6 — 9 
whence 


zi — p (9) f (9) zi -- a (9) (p — 19)" a, — 0. 


This proves that the space R, is a direct sum of the subspaces 
P, (i= 1, 2, ...,s) and the construction of the desired basis has 
been reduced to the сазе (В). 1п the case of a minimal polynomial, 
the reasoning is similar (see ume 1523). 

(B) It suffices to prove that the indicated construction is possible 
at every step (that is, the vectors that serve to complete the basis 
vf Jt, are linearly independent) and that the vectors of all constructed 
sets form a basis of the space Rp. To each set in the transformation 
matrix wp there obviously corresponds a Jordan submatrix with zero, 
and in the transformation matrix @ = Ace + їр there corresponds 
а Jordan submatrix with A» on the diagonal. x 2 

The possibility of construction at each step is proved inductively 
fork =k, k —4, ..., 4. When h = 4, the vectors of any basis of 
By, together with the vectors of the height k that start the sets of the 

step form, by construction, a basis of Fy. Let us suppose that 
sots with initial vectors of height =A + 1 have already been, con- 
led, and all vectors of height A--1 of the constructed sels 2, + + = 









































++.) 2p logether with the vectors y;,..., Yq of any basis of В, 
form a basis of Fy... We will show that the vector of height he ary, . 2 

«+» pxp of the constructed sets together with any basis zy, ..., zp 
for H,., are linearly independent. Let 





» t 
2, спреи J; djzj=0 (2) 
e = 


Applying the transformation wp’ to both sides of this equality, 
p p 


we getapt Y) cœ = 0. Therefore the vector X cz; belongs to Ry 
i=1 








it 
and can be linearly expressed in terms of its basis y1, + Yq: From 
the linear independence of the vectors Sy, -sss fps Yrs +--+ Yq 
(as a basis; of Rp4) it follows that c; = 0 (i 2, p) For 





this reason, from the equality (2) it follows that. d; — 0 (j 
2 D; this proves that the vectors of height of the earlier construc- 
ted sets together with the vectors of any basis of Ry, may be com- 
pleted to a basis of Hj. Taking the supplementary vectors (if they 
exist) for the initial vectors of new sets, we find that the assumption 
made above for Rp4 is now fulfilled for В», and the construction 
may be continued. 

Suppose the indicated construction has been carried out for h = 
=k, k—14,..., 4 (actually, the basis of the entire space may result 
before we arrive at h = 1). Since Ry does not have a basis, it follows 
from what has been proved that vectors of height 1 of the constructed 
sets form a basis for Ry; hence these vectors, together with vectors 
of height 2 of the constructed sets, form a basis of. R,, and so forth. 
Finally, vectors of height < k — 1 of the constructed sets, together 
with vectors of height & of these sets, form a basis of Ry. In other 
words, the vectors of all constructed sets form a basis of the entire 
space. 

(C) Let C — Aj — AjE. Since the matrices B^ and C^ are similar, 
the rank of C^ is equal to rj (h — 0, 4, ..., f Е 1). To each 
Jordan submatrix of matrix A; with 4» on the diagonal there corres- 
ponds in matrix C a block of the same order with zero on the diagonal. 
If D is such a block of order p, then the rank of block D^ for h — 
— 0,4, 2, ..., p is equal to p — h, and for h= p, p+ f.i. 
... k, k+ 4 is equal to zero. To the block with 4; Ap of matrix 
A; there corresponds, in matrix C, a block with the number À; — 
— о = 0 оп the diagonal. The rank of any power of it is equal to its 
order. The rank of the matrix C^ is equal to the sum of the ranks of its 
blocks. Therefore, when passing from matrix C^-! to matrix C^ the 
rank is lowered by nn the number of blocks of matrix С with 
zero on the diagonal, the dois having orders > й. Whence 

k 

Уш=та—т (%=1,2,.. 

ih 

Subtracting from this a similar equality with A + 4 substit 
for h (forh < №), we obtain. the relations (a) fork = 1, 2, k 


Since there aro no blocks of orders exceeding / with Ay on the diagonal 
in matrix Ay, it follows that ry = raya and for = * the relation (3) 


415 


„№ (3) 


uted 
1, 


аи 


which menns tho rola- 


и — Я ran 
А in In rh 
ton (a) holds Tor A= k'as well. 


1530. f, (1, 4, 3), 210 
fy (1. 0, 0), Ape 920 ( 
[= (3, 0, 1), 002 

531, fy, —3, —2), 010 

T aid 0, 0), Aye [O00], 
f-0 0 1) 0 0 0, 


ЖА 
; 0-10). 
4 0 00, 





1532, 





1589, 310 
=(030), 
(239) 
1584, 13,00 
0100 
= | 0041 
0001 
1585, 0), 2100 
0), 0200 
1), “4=loo020]° 
1); 0004 


1530. For an even n: 


freer fats fatis vey еп, 
2 


fy eer ntn 
те, 


The matrix Ay consists of two Jordan submatrices of order $ with 
zero on the main diagonal, For an odd m: 


= == б, з= б...) у=, 
тмн" ten Inm tne 


"The matrix Ay consists of two Jordan submatrices of orders ant 


and E with zero on the main diagonal. 

1537. q is a reflection of the space It, in some sub 
10 some supplementary. subspace Ly. In other words, Jt, u parallel 
sum of L, and Ly with фо = x if æ € L and pa = № iz € Ly 


A16 


юэ ÉL O 0 


Mections of al] 
Я ethod: for L, and by take the col alle 
for Ee yespeetively have qa = @ and pe = —z, and set 


a Gr qa) (@- 42), 


Second method: consider a basis in which the matrix A has Jordan 


form. P " 

rojection of the space Ry on some subspace Ly paral. 
Jel oma Е aubspace 4, In other words, Rn isa diroct 
sum of L, and Ly with qu =a ila € Ly and ga = 0 il zc i. 
Hint. First method: for L, and L, take the collections of all’, 
for which we respectively have qx — с арӣ фа = 0, and set = = 


= qa +] — 92). 
+ don P iios: consider a basis in which the matrix Aq is of 


n form. 
Тогава. (a) For the basis ey, ез, еу, the transformation p is defined 


thus: 
Per = Cay Ply = Ca, Ply = 0. 


(b) pe, = ey qe, — —e фе,=0 (im the case of an orthonormal 
basis, ọ is a projection—on the plane ej, e4—conneeted with a rota- 
tion of the plane through the angle =). 


15и. ( 3 5 1542. ,—30 —37 —15 
—1 —3]* ( 30 30 и). 


20 aT 9 
1543. (4 —22 
2 —11]. 
1 24 


1544. q* is a projection on the bisector of tho second and fourth 
quadrants parallel to the y-axis. 


1545. Hint. Show. that ifz € ж, we Lt, then ptz = 0, mtu = u, 
1547. Hint. Show that an еы san ae to "обе пио: 


sional subspace that is invariant under i 
И а на the conjugate transformation 


Ф. 
арса ia LC preceding problem to construct a chain of 


п Ly, where Ly is a k-dimensional 


sub: 1 invariant ‘unde 
pana San cir iovariant undar P, and apply problem 1355. 


: . 
1953. Hint. Consider the equalities 


(pei, f) — (ej, 9*1) (14, 2,.., п}. 
1554. Hint, Pass to an orthonormal basis. 


1555, 128 313 — 454 
A-| 36 17 145 т 
—61 —197 —245 

27-0081 


1558. 0 —44 
Ae| 0-87), 
—1—25 


1562. For example, the tranformation q that carries the vector 
т = (fiy Za». Zn), Specified by coordinates in an orthonormal 
basis, into the vector pr = (| 21 |, гъ, ..., z,) preserves scalar 
squares but is not linear. 

Hint. To prove the linearity of q, show that 


(p (ax + by) — ape — boy, p (ax + by) — aga — bgy) — 0 
1563, (a) UA- = A'U, (b) UA3 — A'U. 





hat 
1566. Hint. Show that there exists a vector m=x,— У) а 


=! 


(that may be zero) for which (xj, %;)=0 (i=1, 2, ..., k—1) and 
һ-ї 

that by putting y; —yx— ? cyi we get systems of vectors a, ..- 
= 

s А-а, WE and yy, .-., Yar» YR with equal Gram matrices; then 


apply the method of mathematical induction, 

1567. Hint. Use problem 1499. 

1569. Solution. (a) И фе = Ағ, then (pz, pz) = Ñ (z, 2) = 
= (z, z), whence — and [A| = 1. 

(b) Let qz, — Az, qz, — Mazo M Æ a Then (21, 23) = 
= (Pz, Pza) = Aña (ži Za), whence, multiplying by А» and taking 
into — nn Aj. — 1, we find M (zp Za) = Aa (21) 22) and, 

a (Sn £) = 0. 
a) Let X and Y be the columns of the coordinates æ and y. Pass- 
ing to coordinates in the equation p (æ + yi) = (a + pi) (Œ + yi), 
we get AX + AYi = (aX — PY) + (PX + aY) i, whence, equating 
the real and imaginary parts, we obtain AX = aX — BY; AY — 
= BX + ay, and that proves the equations (1). Multiplying termwise 
the first of equations (4) by itself and applying the relation a? +- p 
Td. we pet (qu, qr) — (x, z) — (a + p3) [z |= o la E 
+ P? |y |? — 2ap (z, y). Multiplying together equations (1), we get 


(a, py) = (z, y) = (aè + P? (m y) = 58 (2-9 E 
4- (o? — P?) (o 9 


> 








Finally, cancelling out btain the foll 
tions for | æ |? — ee te pepe he following system ol equa- 


В (а 12 — py P - 22 (0, y) = 0; 
a (| æ]? — |y 1°) — 28, y) — 0. 


Since the determinant of the system is nonzero, it follows that 


[е |2 —– [0 |2 = 0 алі (=, у) = 0. 


(d) If. has a real eigenvalue, then there is a one-dimensional 
invariant subspace, otherwise we pass to a unitary space, Namely, 
we take the orthonormal basis ej, ..., e, in the unitary space Hj. 
The vectors of Ни that have real coordinates in that basis form a Eucli- 
dean space R, embedded in Rp. The transformation p has, in the 
basis &j, ..., еп, а real orthogonal matrix A. In the given basis, 
this matrix determines the unitary transformation q' which coin- 
cides with p on Rp- The transformation q' has an eigenvalue a + fi, 
where B 0. If + yi is the corresponding eigenvector and z, y 
are vectors with real coordinates, then equalities (f) hold. Thus, 
the subspace of the space Rp, which subspace is spanned by the vectors 
æ and y, is invariant under Ф. 

1570. (a) For any unitary matrix A there exists a unitary matrix Q 
such that the matrix B — Q'AQ is a diagonal matrix with elements 
on the diagonal equal to unity in modulus. 

(b) The space R, is a direct sum of pairwise orthogonal one-dimen- 
sional and two-dimensional subspaces that are invariant under @. 
The transformation q leaves the vectors of one-dimensional — 
invariant or inverses them; on a two-dimensional subspace it produces 
a rotation through the angle y. For any orthogonal matrix А there 
exists an orthogonal matrix à such that the matrix B = Q’AQ із 
of the canonical form indicated in the problem. 

Hint, Make use of problems 1567 and 1569 and apply the method 
of mathematical induction. 





1571. 1 10 0 
h= t i) sr o). 
00 —1 
(4, 9, —1, 
fae m dA 
Vi 
1572. hel уЗ (4, 4, 0) 
fa=(0, 0) 1), 1 09 
* =(0 Off, 
— 





1576. 100 0 
75 /3,. y 3 оо 
1505. , .—. 0 q-2-y3, —4—3Y2, V2) [91 
h= aray 2 е ЕР 
" T og oi 
h= V2, —2-V2, 2—-V 4), Га à бм 
x We сүз ра 
1 2 75, ү 224-282); ТЕА г. 
TEM 32-28 7/2, V 42+28) ZUM ee, КЕ 
ya” Y s JE Fe 
во о VEMM Tout 
— кы Кы 
7 ИЗ ЗУ is : : 
Кы as (езт ы) 
o V 32 V2 ы 1577. 1000 10 10 
жеги е 
0-4 00 pent a Pe a, 
B= == 
q 0 04] V—3xV8[ o. 4 oaf 
1574. 1 У Vi Ө = р 0—1 01 
а эй 1578. 2 2 1 
* ай —— — 
— 10 0 2 
— тои 2: 
0505-1 1 3 3 
E 1 = = — — 
3V$ 0 3 3 3 
= * А, 1584. q is either an identical t fe " 
Q= үз Уй Иа А 1 subspace L of dimension k = 0, reg Reape parr ЕСН ie 
d es ied tee Í DE = іп апі фа = — for any x in the orthogonal Coni 
V3 ——-V6 —V23 $ 
E B 1585. RD 
һ=(2 2 B 0 
1575 1 7 à 53: 3). Му jn 
UN miss = 
EIE Vs — 2 
M ue в= (+, — E 
1586. 
һ=( 1 1 o) 90 0 
4/5 As Vi" Wa" » B=(0 9 0 
я ту? Ба ( ь | 0 0 27 
= = —J — 4 
—— — аи 
zV 702 o Vi ca yz) 
$ 0 = 2 
һ= (2 2 4 
420 FY sce) i 


4 











1587. 1 200 
h=—=(1, -4,0), B=lo 40 ,,1995. Hint. Make use of the problem 1276 (c). It is easier to con- 
v2 fate te , im the EM — » 1p, % {n an orthonormal basis 
nvectora of the transformation x. 
m 1 hy 15 6. Hint. The existence is proved as in problem 1276, Unique- 
„= Vi (1, i, 0), А ness is more easily proved by using the preceding problem. 
oT 1597. The eigenvalues of the transformation with matrix (2 A 
are equal to 3, —1, which means they are not both positive. 
E dicit Ment 1598 3 1 1 4 
a= (5 9): F Уз vs : VÀ V2 [zV& —V 
0 —1/" б» 1 —2 E f 
— — 4 35. 9 4/5 i = 1 51" 
V3 vs аа е 
1589. 20 AM ao doa 1599. ree — dium 
B= ; аа E —V2 — — 
(0 в): б. Ve а ati): z V? zu ИИ ИЯ 
| 3 5 5 1 1 zd 
1590. Hint, Let Ejj be a matrix in which the ith row and the jth -7⁄3 ЖУ?) \тУ? ту? 
column have unity, with zero elsewhere. Consider the matrices of all 1600 14 2 4 2 1 2 
transformations in an orthonormal basis: н Га» Заан Эў „Вл. э» wis 
Ew Esp (26 Egi Bray Engr з с зу, Engr oss Enns о д лд А 
4591. (а) UA = A'U, (b) UA = A'U. NS. 3 Е 
1592. Two real quadratic forms can be brought to canonical form | 4 2 14 1 2 2 
by one and the same orthogonal transformation if and only if their сз. QST а аа 


matrices commute. Two second order surfaces have parallel principal 
axes if and only if the matrices of the coefficients of the squared terms 
in their equations are permutable. Hint. Prove that the subspace L 


1602. Hint. Find a nonsingular transformation x such that y* — Фф 
and show that the transformation y—qpy is self-conjugate. 
1603. Hint, Let фү and tp, be self-conjugate transformations with 





of all eigenvectors of the transformation q that belong to one and the | E Я 
same eigenvalue A is invariant under a second transformation 1p. nonnegative’ eigenvalues such that p? = p and spt = 1p. If is non- 
| singular, then, putting 4 = фир, show that yx = фр, 
1593. И а Lm | 4605. Hint. Consider the transformation matrix in a basis of 
ay. b eigenvectors, i ls b s 
mer ES 12 1606. Hint. Consider an orthonormal basis in which the matrix 
p n = [hes of q is diagonal and make a transition to the new basis. 


1607. Hint. Show the distributivity of the transition operation 





Qin bin | from A and B to C. Consider the linear transformations Фф Yo x 
и у specified in some orthonormal basis of a unitary space H, by the 
(i= 1, 2,..., n) are columns that are orthonormal eigenvectors matrices A, B, C. Split the transformations and p into sums of 
of P and Q respectively, then n? matrices X;; = A;B§ (i j= 1, nonnegative self-conjugate transformations of rank 1 with the matrices 
t. n), where in the Ath row and the Ith column of matrix X;; we Ai... Apand B, ... B,. Use problem 1606 to show that the — 
have the product аЬ, form an orthonormal basis of eigenvectors formation with matrix (А, Ај) іп the same basis is nonnegative. 
of the transformations @ and sp; note that any such basis is obtained Finally ose problem 1604 to show that the transformation % is 
i m Я ij IT nonnegative. G 
of в Е ; 1009 Hint. The proof Li similar to that of the appropriate property 
mes Р * i of a self-conjugate transformation. + 
i 1594. If, for example, a linear esti ROW of a plane in Toio. Sotuton- an properties (a) zm are mapt 5 the — 
is i i ү atri d the vec- way as the corresponding properties of a self-conjugate transformation. 
An orthonormal basis is specified by the matrix (o S А ^ "Proof of property (c): et X and Y be the columns of — 
for = is gi dinates in the same basis, then of and y respectively. Passing to coordinates in the equality q (9 
= (4, Dus given by coordin I ++ yi) = Bi (z+ yi), we get: AX -- AYi — —BY -- PX, whence, 


=) =-—! 
423 


м 





E M $T LL cesses 





; 1 =- Y = px, 
inary parts, we find: AX mus C 
i root of equality (1). Since the matrix A is real, it follow: 
that be sector pz and the pubes (qz, a) a real үү Күл 
= (2, —p2) = — (2, = — (pz, ‚ ‚ 
гоь, Е the second of equalities (1) by y, we find 
Be, y) = (py: y) = 0, Whence (2, y) = 0, Multiplying the first 
of ed raa (1) by p and tho second by c and then adding, 
We find, due to the real nature of the number (py, т) = B(x, 2), 
that Bila- ly l) = (prs 9) (ФИ, 2) = (oe, у) + (т, ту) = 
= (pr, y) — (qr, y) = 0, whence |x| — | |. i 

Proof of property (d): if the transformation qp has 0 as an eigenvalue, 
then there is a one-dimensional invariant subspace, otherwise we pass 
to a unitary space. Namely, in the unitary space R} we take an ortho- 
normal basis ej. , ej. The vectors in Ал that have real coordi- 
nates in that basis form a Euclidean space Rn embedded in Ra. In 
tho basis €y, - -s ёп, the transformation p has a real skew-symmet- 
ric matrix A. In the given basis, this matrix defines the skew- 
symmetric transformation q' of the unitary space Ry, which coincides 
with p on 7. The transformation q' has the eigenvalue p, ;- 0. If 
x + y; is the corresponding eigenvector, where æ and y are vectors 
with real coordinates, then equations (1) hold true. This means that 
the subspace spanned by 2 and y is invariant. 

1611. (а) For any skew-Hermitian matrix A there exists a unitary 
matrix @ such that the matrix B = QAQ is diagonal with pure 
imaginary elements on the diagonal, some of which may be zero, 

(b) The space is a direct sum of orthogonal one-dimensional and 
two-dimensional subspaces that are invariant under p. The transfor- 
mation @ carries vectors of one-dimensional subspaces into zero, 
and on the two-dimensional subspace that corresponds to the block 


i D) it causes a rotation through the angle Z combined with 


multiplication by the number —p. For any real skew-symmetric 
matrix 4 there exists a real orthogonal matrix Q such that the matrix 
B ЯО 18 of ео рр та in the text of the problem. 
nt. Make use of problems and 1610 and 
of — ЕН 
" Ў is asl ew-Hermitian matrix, then the matrix B = 
E (£d X (E + AY is unitary devoid of an eigenvalue equal 
‘0 —1 and, conversely, if A isa unitary matrix without an eigenvalue 
е ш р AR — B —(E — A) X (E -- A) is skew- 
jam. A similar relati i i 
тше mi ооо naan obtains between real skew-sym- 
‘olution. We consider only the case of i 
t p be a skew-symmetric transformation. (асу e Sis 


№9 = (e + pt) (e — g*) (e — p)? (e + q) = 


= (etg) (e— p= ypa 
a Le 
09 ыы Ду are permutable, Hence, ip is unitary. Note 


EY real and ima, 
wi 

















Tproblein ИП, item (ej). Рон ЧЁ ато not eigenvalues of p 
е (е) (е Ф) e Ф) (е4 оф) 

=2le+ gt (e) 
AM 





does not have. —1 as an eigenvalue, Besides, can hy 


and, hence, 1] fap with the aid of an equality similar to (fy. 


expressed in terms o E. c af 
om (о) we find e-+ p= 2 (e + p), p= 2 (e 4 ipa 
Indeed, from eet) (ee Wt = i-r e ber 
versely, suppose in (1) Ф is a unitary transformation that doe 
have —1 as an eigenvalue. Then 1p* = (е -|- о ф*)-!( 
= (e + pt) (a — 92) = (p -- e)7 pp (p — e) = — (e — g) 
x (e+ p) — —1 since в. — ф апо (e-F q)** are permntabls, 
Hence, is a skew-symmetric transformation. Besides, rp can be 
— in terms of 1p with the aid of an equality similar to (4), 
This is again proved with the aid of {a} just exactly as done shove, 
Thus, (1) maps all skew-symmetric transformations into unitary trang 
formations that do not have the number —1 as an eigenvalue, and 
conversely; note that one of these mappings is tho inverse of the othor, 
This proves that both арн are one-to-one. 
1616, If the matrix A is skew-Hermitian (or real skew-symmetric), 
then the matrix e^ is unitary (respectively orthogonal). 
1617. Solution. By problem 1559, the transformation #9 ig solf- 
conjugate. If 4y, ..., Àn are eigenvalues of p, then they aro real and, 


by problem 1164, the eigenvalues of e? are e, ..., en, that is, 
€? is positive definite, Let us now show that to distinct self-conjugate 
transformations q and q' there correspond distinct transformations 
ё апа е9", Let eP = e; q has an orthonormal basis of oigenvectors 
ау +. ал, Меге pa; = Ma; (E= 1, 2, ..., n). Let a' be any 





п 
eigenvector of the transformation q with the eigenvalue A’; a'= 3a, 
=! 


n 
Then, by problem 1404, а" = а= У га. On tho other 
1 


i 
n 


hy 
У ае taj since a 
1 
that æ; = 0 for all those ( for which ^^! № Л M 
Since г я che se e, ande e A a 0, 
rand M аге seal, it follows from zi Ò that A; = A. Therefore, 





n 
hand, e?a’= У) геа, 
i=1 i 





a’ = ea’, it follows 








cat => >) 
ys p — za, = У) zia, m Ma! m pa’. Since’ has 
t 7 coal isi 
tatis of eigenvectors and coincides, on this basis, with «р, it follows 
exists an ео any positive definite transformation. There 
positive elements asis in which the matrix хр is diagonal with 
=In py (t= 4, 9, 1! Mes «s+ iy on the diagonal. Suppose № = 
and let the ixi РЫН whera 1 18 the real valuo of tho logarithm, 
matrix with elements 4, Min tho same basis ba given by a diagonal 


uH ia. self-conju ate. —— —— — 
1626. tris ha agi Problem. 1807. 
is equal to gro O TAnk of p, then the number of such transformations 


27. Hint. Prove the equality 
(8 — Ae; qa — 2) 7 (gos — Tu, g'a — Ta}, 





1628. Hint. Use the КОЕ roblem. 

m Hint. Use problem 1097" 

1630. Hint. Make use of problems 1627 and 1629. 

1631. Hint. Apply problem 1629 several times. Е 

1632. Hint. To prove necessity, use the two preceding problems. 
To prove ша; show that the transformation q of unitary space, 

ich. msformation has the normal property, has an orthonormal 
basis of eigenvectors. Reduce the case of Euclidean space to that of 
unitary space. 

1633. Hint. Use the preceding problem. 


Supplement 


1634. (1) Yes, (2) yes, (3) yes, (4) yes, (5) no, (6) no, (7) no, 
(8) yes, (9) no, (10) yes, (11) yes, (12) no, (13) yes, (14) yes, 
(15) yes, (16) yes, (17) no, (18) yes, (19) no, (20) yes, (21) yes, 
(22) yes, (23) yes, (24) yes, (25) no, (26) yes, (27) yes, (28) yes, 
(29) yes, (30) yes, (31) yes, (32) no, (33) no, (34) yes, (35) no, (36) yes. 

1637. Hint. First method: show that | а | = 1 for any a of the 
given group G of order m. For n 7» 1 take, in G, an element b = 
== созар + í sinp with least positive argument їр and show that 


G — (4, b, E a 
Second method; using the Lagrange theorem, show that a" — 1 for 
any a in G. 


1638. (a) One group—a cyclic group of the third order—with 
elements e, a, b and the array 


Jeab 
е [еа 
а |аһе 
ъ | Беа 


In the representation as substitutions, we can set e for the unit ele- 
ment, 2 = (1 2 3), b= (1 3 2). à 
(b) E S (1) a cyclic group of the fourth order with ele- 


ments e, a, b, c and the array 


Jeabe 
eleabe 
а.а се" 
b|bcea 
с |сеав 


prese ituti ho unit elc- 
n on as substitutions we can. sol e, for t 
pe a М). Ь= (1 3)(2 4), с =И 432; 











(2) the four-group with elements е, а, b, e and array 


а Бе 
ecb. 
c 


ca^ 


ea 


оса» 


с bae 


In the representation as substitutions we can set e for the unit ele- 
ment, a — (1 22 (3 4, 5b — (1 3) (2 4, c — (1 4) (2 3). 

(c) Two groups: (1) a cyclic group of sixth order with elements 
€, a, b, c, d, f and the array 


eabcd f 


eabcd f 
abcdfe 
bedfea. 
edfeab 
dfeabe 
fifeabcdad 
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In the representation as substitutions we can set e for the unit ele- 
ment, a = (12 34 5 6), b — (1 3 5) (2 4 6), с = (t 4) (2 5) (3 6), 
а= (153) (264), {= (165432); 
(2) a symmetric group of the third degree with elements e, a, 
b, c, d, f and the array 
eabcd f 


eabcd f 
abedfe 
Бега] са, 
cfdeba 
асјае і 
f |fdcbae 


In the representation as substitutions we can set e for the unit ele- 
ment, a = (123), b = (1 3 2), с = (1 2), 4 = (2 3), / = (1 3). 
Hint. Show that if in a group G of order n there is a set Æ of k 
elements, k <n, which is itself a group under the operation of multi- 
plication specified in G, then by — all elements in H by 
the element z not in H, we obtain k new elements of G. For that rea- 
son k < >. For H we can take the set of elements e, a, a*, « « « 9*7, 
here a^ . For example, in the case (2) of (c), that is, for a non- 
o group G of sixth EE it must be true that & <3. 1f jt were 
true that a* — e for any a in G, then the four elements e, d. b, ab 


Baca a 





" ii 


, hut that is impossible, Hence there is an element a 
а EL ОР a? = e, Multiplying the elements е, а, а? 
by the new element c, we obtain all six elements of the group G in the 
ms e a a= hb, c = d, atc = f. It must be shown that ch = 
=@=[ = and e = f. For example, if it PR Hu that 

= ac, then by multiplying on the left first by c and then by a^, 
ca = ae a Nave arac = jae, whence fd = d* and f = d, which 


ge ible. 
а [UNUS tetrahedron group is of order 12, the cube and octahe- 
dron of order 24, the dodecahedron and icosahedron of order 60. Hint. 
Consider rotations that carry the given vertex A into some vertex 
B (not necessarily different from A) and show that the order of the 
group is equal to nl, where n is the number of vertices and X is the 
кыа of edges emanating from one vertex. _ ү 

1643, Hint. With every element x of the given group б аззосїа!е 
a mapping a—- az for every element a of G. 

1646. +1. 

1648. Hint. (a) Consider (ab)P7 and (ab)P*, where p is the order 
of ab. (b) Consider (ab)P, where p is the order of ab, and show that 
ар = bP = e. 

Example 1. Concerning the elements a  e, b = a, condition (1 
is fulfilled but condition (2) is not. The assertion (b) is not fulfille 
since the orders of a and b are equal to each other but are not equal 
to unity, while the order of ab = e is equal to unity. 

Ezample 2. The elements a — (1 2), b — (1 2 3) of the sym- 
metric group S, have relatively 9, orders 2 and 3. The condition 











(1) is not fulfilled since ab = (1 3), ba = (2 3) but condition (2) 
is fulfilled. Assertion (b) is not fulfilled: a is of order 2, b is of order 3, 
and ab is of order 2. 

(c) Raise both sides of at = b? to the power s, which is equal to 
the order of b. 

(d) Example 3. In the cyclic group {a} of eighth order the elements 
ae f are of order 8, but aa* — a* is of order 2, aa® = a® is of 
order 4. 

1649. (2) and (3) of (1); (4) and (11) of (10); (1), (2), (3), (13 

; hb of (18); (20) and (21) of (18); (20) i ay м) t (3) 
А Ке) of (26); Ica and (30) of (31); (34) of (36). 
m sa rp. cyclic group, all cyclic groups of prime orders 
« (a) @ = {а}, {a°}, {a°}, (e); 
di mu d em e 
= (е, а, Б, с}, (а), {с}, {е}; 

— the substitution notation in the cycles, we obtain the 

akg 23), (t 2). (13), (0? 3), (9); 

(e normal divisors are S, {U 2 3) 

(0 Hint. The decomposition int LR LATER 
cn re bed ышын ч, 

. S not hi i i 

: i problem {648 fa) and Ci) and all is eters oes ofthe sixth 

perm: . Hence, A, does not h; i i 
Pubs "А4 t have a subgroup isomorph: 

т y FIR he sixth order is either cyclic or isomorphic 
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„ In G we choose any elements: first à. s e, then Б ўе е, о, арў 
— n a, b, ab. Thon the remaining elementa of group G arg 
abe. G is an Abelian group (problem 1030). The gronp & 





b, ac, bey 
Was the following 16 subgroups: (e), [e a). (e b). fe, e), fe, ab), 
(е, ас), fe, be). (ey abc), (e, a, b. ab), (e ay e, ac), fe, b, e, be), 


le, a, be, abe), — (e by ас, abel, (е, с, ab, abe), (e, ab, ae, be}, 
fe, а, b, c, ab, ac, be, abe) = б. 
1657. Written additively, all subgroups are of the form 
6, — (a), 6 = {ра}, бу = (pha), «4 Gy 
= {рза}, бү == (pha) — (0). 


They form a decreasing chain of subgroups of the orders, respectivoly, 


ph, p EM se Py Ay 

Hint, Use problem 1656 (b) or show that the subgroup {sa}, whero 
0 « s « p' coincides with the subgroup {p'a}, whores = plt, 0 S L< 
<k anà t is not divisible by p. pin 

1658, (a) Hint. Decompose the substitution into cycles and verify 
that (fiais » ip = (daba) (lla) СЬ). 

(b) Hint. Verify the «шару (14) (17) (1) — (4). 

(с) Hint. Verify that the product of two transpositions can be ox- 
pressed in the following manner in terms of triple cycles: 


(if) (ih) — QE), (4) (0) 9 (Uk) (0). 


(d) Solution. Let G be a subgroup of the alternati 
generated by the set of the indicated triple cycles, ud ity a 
be distinct numbers exceeding two (for n — 3 tho assertion is obvious 
EA n muU — below is reduced). Together with the 
Uo Г В group G contains the inverse element (i 2 1), and 


9279120021) =(11; 9215021 (2р = 
= (21) 


аа a Е Кор G contains all triple cycles, For n > 4 it con- 
cycles and, һу nd. М, —— S ne агама а и 
1660. à 

— UN K be the set of all elements of a group G, which 
et ml ero d domes ate i n eg 

d e Ar акеп from //, we obtain all 
а ct derive that by multiplying a by all 
2 belongs Н Catt Боза К, we obtain all olements of т te Porticalsr, 


61. Ап example i 
(see answer to ple is the four-group with elements e, a, b, 
second order: iat mate has ites cyclic короле ino 
int. Prove that аА 
чт GQ Ra anda of р agn ti 
th у То eve м 
п а of ita жекет, ТЫ Майор, Др 
To two distinct torre а product of the respactivi aoaea aa 
tions, for Otherorian the ры 1 thera correspond two distinet mubstit- 
‘ith the identical subatitution о оны 
соз fixed. 
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From the answer to problem 1639, the tetrahedron group is i i 
10 а subgroup of twelfth order of the symmetric Onn ЕЯ 
can either verify that all substitutions corresponding to rotations of 
tetral ID are even or one a take advantage of problem 1661. 
(b) Solution. The centres of the faces of the octahedron are vertices 
of a cube. Therefore the groups of the cube and the octahedron are 
— . To each rotation of the cube there corresponds a substitu- 
tion of its four diagonals. A product of rotations is associated with 
a product of the respective substitutions. Let us consider all rotations 
of the cube. These are: the identical rotation, eight rotations about 


the diagonals through the angles = and = » Six rotations about the 


axes passing through the midpoints of the opposite edges through the 
angle s, and nine rotations about the axes, passing through the centres 


л 2л 


of the opposite faces, through the angles itd and = . The number 


of these rotations comes-to 1 + 8 + 6+ 9 = 24. According to the 
answer to problem 1639, these exhaust all rotations of the cube. A di- 
rect verification shows that only under the identical rotation do all 
four diagonals remain fixed. From this fact, as in item (a), we derive 
that the cube group is isomorphic to the group of substitutions of four 
elements (it has order 24), that is, to the symmetric group S,. 
(c) Solution. The centres of the faces of the dodecahedron are 
vertices of an icosahedron, Therefore the dodecahedron and icosahedron 
groups are isomorphic. For each edge of the icosahedron there is one 
opposite parallel edge and two pairs of edges perpendicular to it: 
the edges of one pair begin at the vertices of the faces adjacent to the 
given edge, and the edges of the other pair belong to the faces having 
as vertices the endpoints of the given edge. The edges of one of the pairs 
are parallel, the edges of distinct pairs are perpendicular to each 
other, Thus, all 30 edges break down into five systems with six in 
each system. The edges of one system are either parallel or perpen- 
dicular, those of different systems are not parallel and not perpen- 
dicular. With each system of edges there is associated an octahedron 
whose vertices are the midpoints of the edges of the given system. 
Thus are defined five octahedrons inscribed in the icosahedron. To 
each rotation of the icosahedron there corresponds a substitution of 
the five indicated systems of edges (or of the octahedrons that cor- 
respond to them). A product of two rotations is associated with the 
product of the corresponding substitutions. Let us consider all rotations 
of the icosahedron. They include the identical rotation; 24 rotations 
about each of the six axes passing through opposite vertices, through 
the angles a $ a я PE and =, 20 rotations about each of the ten 
axes that pass through the centres of opposite faces, through the angles 
and 5* , 15 rotations about each of the fifteen axes passing through 





à tal 
opposite edges, through the angle x. The to! 

ip cf the en + 24 T 20 + 15 = 60. According to the 
answer to problem 1639 they exhaust all rotations of the icosal Кш, 
A direct verification shows that for each nonidentical zoteron haro 
ар edge that is carried by the given rotation into subtler ed вее 
is neither parallel nor perpendicular to the given edge. For thi: J 








an identical substitution of the systems of edges corresponds only to 
an identical rotation. From this fact, as in item (a), we derive that 
the icosahedron group is isomorphic to the subgroup of order 60 of 
the symmetric group Ss. According to problem 1661, this subgroup 
coincides with the alternating group As. 

1668, Hint. (a) Apply problem 1667. (b) Show that each coset 
— exactly one substitution that leaves the number 4 fixed 
in place. 

1669. If in a decomposition of the given substitution s into inde- 
pendent cycles there are k; cycles of length 1, i = 4, 2,...,r 
with all cycles (even cycles of length 1) included, then the number of 
substitutions that commute with the substitution s is equal to 

т 


I «ori Assuming 0! = 1, we can write the desired number 
i 


differently. Let j; be the number of cycles of length i that enter into the 

decomposition of the substitution s, where i — 1, 2, .. ., n, and if 

there are no cycles of length i in the decomposition, then j; is put 
n 


equal to 0. Then the desired number is equal to ll Galii, 


=: 

Hint. Cycles of one and the same length 1 that appear in the decom- 
position s can, under a transformation via the substitution z that 
commutes with s, only be interchanged; here the first number of any 
cycle can pass into any number of any cycle of the same length that. 
enters into the decomposition of the substitution s. 

1670. Hint, Consider the commutator hyh,hy1hg! of these elements, 

1673. Hint, Make use of the following problems: 1671 in the case 
(a), 1672 in the case (b). 

1674. If in the decomposition of the given substitution s into 
independent cycles there occur k; AER of length l;, i=4, 2,...,7 
with all cycles (including cycles of length 1) taken into account, then 


п! 


the desired number is equal to — . This number may be 


ПЕ 


i= 
written differently if we make use of a different — of the 
denominator—that given in the answer to problem 1669. 

1675. Hint. Denote by a, the number of classes of conjugate ele- 
ments with pk elements and, using problem 1673, show that ay + 
+ ар -- азр? +... = рп. 

1676. Hint. lf H contains the cycle (a В у) and a, B', y' are arbit- 
rary distinct numbers from 1 to п, then transform the cycle (a В у) 
via the substitution 

da Biya & we 
— 4 
where 8’ and e’ are chosen so that the substitution z Ís even. Make 
use of the problems 1667 and 1658 (с), у 

1677. Solution. (a) All 60 rotations that make 2 the icosahedron 
group are given in the answer to problem 1662 (c). The identical rota- 
tion is the unit of the group and constitutes one class. The conjugate 
elements have the same order. The elements of the fifth order are 24 
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k= 1, 2, 3, 4 about each of 





2kn 
rotations through the angles $t r ae 
i і osito vertices. By a rotation abou! 
уууч я Ич НИ we will mean a rotation about the 
= — throu h A and the opposite vertex, through the angle œ 
— —— his looking along the axis from A to the opposite 
vertex. At each vertex we note one of the plane angles with the gm 
vertex. Each rotation of the icosahedron is fully characterized by 
indicating the vertex В into which the given vertex A passes (B mer 
coincide with 4), and the plane angle at B, into which the marked 
angle at 4 passes. Therefore each rotation z that carries 4 into 5 
is represented in the form of a product z — yz, where y carries the 
marked angle A into the marked angle B, and z is a rotation about 

the vertex 5 through the angle c, The inverse element z-! = z-!y 
is a product of the rotation zt about B through the angle —a and 
the rotation y~ that carries the marked angle B into the marked angle 
A. Now suppose g is the rotation about the vertex A through the 
angle a kao is any element of the group, which element carries A 
into B. Representing z in the form of a product, z = yz, as indicated 
above, we find that the conjugate element z4gz = 2-1у-1ду: 18 again 
a rotation through the angle œ but this time about vertex B. In particu- 
lar, if A and B are opposite vertices, then the rotation about B through 
the angle æ coincides with the rotation about A through the angle 
2n — a. Thus, all rotations about the vertices through the angles 
A and E belong to one class of conjugate elements, just as all the 


rotations through the angles A and seg » We now show that the rota- 


tions g, and g, about the vertex A through the angles 2 and et belong 


to distinct classes, If z carries A into a different vertex B, then 24g, 
is a rotation about B and either will not be a rotation about A or (if 


B is opposite to A) will be a rotation about A through the angle E 


that is, zgr + g, But if z is a rotation about A, then d 
are elements of a cyclic (and, hence, commutative) Subgroup of rates 
tions about A and again zgr = g Æ Ba. 
А Ти all elements of the filth order split up into two classes with 

— in each class. Similarly, marking one plane angle of 
each face and one vertex of each edge, we see that 20 elements of the 
third order (rotations through the angles A and — about the axes 
passing through the centres of opposite faces) consti 

stiti 

and 15 elements of the second order (rotations ES the — ae 


the ax idpoi i 
— рш through the midpoints of Opposite edges) also con- 


(b) The normal divisor should consi: i 
— the хт element, and its pue 
ШМ — — According to item (a), classes of conjugate 
= i i only 2 до — — Using 
the summand 4 and divi the number 60, namely, 1 eat ч. Тыз 
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egral classes, should 
ivide the order 60 





yields only two normal divisors: the unit subgroup and the entire 
i 
up. 
ао ув. Hint. U: ч 
1681. A homomorphi pe 
generating element a. Below are indi 


етае element of the group; the number of homomorphisms 


se the problems 1662 (c) and 1677 (b). 
ism is fully determined by the image of the 
cated the possible images of that 


is equal to n; 
(b) e, b?, b5, b9, 511, 015; 
(c) e, b, b, b°, bf, b5; 
(d) е, 05, 210; (в) е. 
1683. (a) A cyclic group fp} of the fourth order, where ap = а; 
(b) a cyclic group {p} of the second order, where ap = at; 
(e) a field of residues modulo 5; 
(f) a ring of residues modulo 6; 
(g) a ring of residues modulo n. 
1685. (a) A cyclic group of order n; 
(b) a cyclic group of order 5; 
(c) a cyclic group of order 6; 
(d) a cyclic group of order 2. 
1688. Hints. In the cases (d), (e), and (h), consider the mapping 


f (z) = z^, and in the case (f) consider the mapping g (2) = — 
7 


1691. The subgroup ((4 2)) in group Ss has index 3 but does not 
contain the element (1 3) of order 2. 

,1693. Hint. Assuming that G/Z is a cyclic group, choose element 
a in the class that serves as the generating element of that group and 
show that a and Z generate the entire group G. 

к 1694. Solution. Use induction on the ania n of the group G. 
We n = 2 the group б із а cyclic group of the second order, andthe 
theorem holds with respect to it, Let the theorem hold true for all 
groups whose orders are less than n and let G be a group of order n. 
ү let G be commutative. Take any element a that differs from 
the —— € of G. Its order is k 7 1. If із divisible by p, k = 
— ШИШЕ element at is of order p. If k is not divisible by p, 

n the order n' of the factor-group G' — Gl {a} of G with respect to 


the cyclic Subgroup {a} is equal to x < n and is divisible by p. 


By the hypothesis of our inducti : 
tion, G contains thi f 
— Тар b be an element of G that ap — —— fun 
— wh pur is the unit element of G’, it follows that 5? js con- 
If eo then pk сс 04), Фар i — al, whence bpk = alk = e, 
FOE к= is divisible by the order p of element 
i'd order po ° ible. Hence, bhp = e but bh at e, fro. the clone De 
«Now let the group G h i 
diffe group G be noncommutative, If i 
is ee ee С whose index is not divisible by уе —— Я 
contains an clement Ci vsible by p. By the induction hypothesis, И 
of group G — g order But if the indices of a Р uh ps 
elements conjugate to wt 4 ate divisible by p, then the number of 
gate to any element of G not appearing in its centre Z 
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blem 1664) is divisible by p (problem 1071). Sin 
of the group @ is also divisible e р, it follows ЖАЛ jo d 
centre Z is divisble by p and is less than n, since G is noncommutative. 
By the induction hypothesis, Z contains an element of order p. 
1695. Hint. Make use of the preceding problem. F 
101. (a) (a) = (8а) + (2o); 
© 190) + (aba) + (120) 
с) {а) = а} а а}; 
d ied 225} + (1000) -- (38a). 
102. Hint. In the case of (c) take advantage of problem 1700 (b). 
1703. Hints. (a) For A and B take, respectively, the sets of all 
elements a and b of G for which pa — 0 and gb — 0; (b) consider the 
decompositions n = piip} «... pi of order n of group G into prime 
factors, and apply (a). 
1704. (a) G (3); (b) G (4); G (2, 2) G (2, 3); (d) G (8), G (2, 4), 
; 6 (9), G (3, 3); (f) G (4, 3), G (2, 2, 3); (g) G (16), 


2, 2); (e) 
(4, 4), G (2, 2, 4), G (2, 2, 2, 2); (h) G (8, 3), G (2, 4, 3), 








‚6 
3); (i) G(2, 3, 5); Q) G (4, 9), G(2, 2, 9, G(Á, 3, 3) 
3); (k) G (16, 3), G (2, 8, 3), IG (4, 4, 3, G (2, 2, 4, 3), 
(2,2, 2, 2/3; (0 G04, 3, 5) | G(2, 2, 3, 5; (m) G (9, 7), 
С (3, 3, 7); (n G(8 9, G(2, 4 9), 6 (2, G (8, 3, 3), 


2,2, 9, G( 
G (2, 4, 3, 3, G (2, 2, 2, 3, 3); (o) G (4, 25), G (2, 2, 25, G (5, 5. 
(2,2: 8, 5) ( ); (0) 6 (4, 25), 6 ( ) 6 (4, 5,5), 

1705. If Z, is a cyclic group of order k and Z is an infinite cyclic 
group, then the desired direct decomposition of the factor-group 
GIH AG the form: 

(a) Za + Za + Zai (b) Zs + Za; (0) Za + Za + Zai (0) Za + Zai 
(e) Z, 2- 2; (0) 2,4 2, 4- 2; (8) 25; (№) Z+ Z; (i) Z; (k) GIH is 
the zero group; the desired decomposition does not exist. 

1706. (c) The group G can be uniquely decomposed into a direct 
sum of subgroups: G = A; + As + -- -+ As, where A; is a cyclic 
subgroup of order p;. Any nonzero subgroup H of group G is a direct 
sum of certain of the subgroups A;. The number of all subgroups is 
E to 2%. Hint. Use the item (b) and show that if h is the generator 
of the subgroup H, then H is a direct sum of those subgroups 4; which 
contain the nonzero components of the element h. 

1707. Hints. (c) To prove the decomposition G = Н + К take 
any element a outside H, then any element a, outside {H, a} and 
so forth, and put K = (ау, 2», ---}- у 

(d) Any subgroup H of order p? can be decomposed into a direct 
sum lof cyclic subgroups of order p. Suppose the decomposition is 
of the form 





н = (а) + в) +... {и}. 








We find the number of all systems (ay) ay, + +» a1) defined in the ap- 
priate manner for all subgroups H of order pl, Since a, Æ 0, it 
Е that for a, we have ph — 1 possibilities. Since a, lies outside 
Mhie cyclic subgroup {a}, it follows that for a, we have p^ — p possibil- 
‘ities, and so forthe In similar fashion we find the number of all systems 
| 4 4) «+s» @) that yield one group H of order p’. The number 
‘all subgroups of order p! is equal to the quotient of the two numbers 
were found. 





I 1708, Hint. First consider the case of the primary group, then 
take the decomposition of the group into primary components [pro- 
blem 1703 (b)) and apply problem 1700 b). 


1709. A ring. 1710. A ring. 

1711, A ring. For n = 0 we obtain a zero ring consisting of the 
single number 0, which is the unit element of the ring and is at the 
same time its inverse element. The zero ring is not a field since a field 
must contain more than one element. 

1712. A field. 1713. A field. 1714. A field. 

1715. A ring. 1716. A field. 1717. A ring. 

1718. A feld. 1719. A ring. 1720. A ring. 

1721. A ring. 1722. A ring. 1723. A ring. 

1724. Matrices with rational a, b form a field, those with real 
a, b form a ring but not a field. 

1725. Polynomials in sines and cosines and polynomials in cosines 
alone form a ring, but polynomials in sines alone do not form a ring. 
Hint. To prove that polynomials in sines do not form a ring, make 
use of the fact that the product of two odd functions is an even func- 


tion. 
1726. They do not. Hint. Use the irreducibility of the, polynomials 
43 — 2 over the field of rational numbers to prove that узу?=у% 
does not belong to the set under consideration. 
1727. (5--93/2— MÀ). Hint. To prove uniqueness, take 
advantage of the їтгйшчыну of the qu ау z* — 2 over the 
the 


field of rational numbers. Use method of undetermined coefficients 
to seek the inverse element. 


1728. за = 1 (09—725). 


1729. Hint. Use the property of an irreducible polynomial of 
being relatively prime to any polynomial of lower degree. 





1 
= 
1730. p3— 105 (101 4- 379 -- 402). 
Hint. Y q (z) = 22 — x + 3, then use the method of undetermined 
coefficients to find the polynomials f, (z) of first degree and фу (х) 
of second degree that satisfy the equation f (x) fa (z) -- v (2) m (9 = 1, 
and set z — « in that equation. 
0 for z «D, 
1732, For example, fy (z)= Sie ee 


x for <0, 
һ®={ 0 for #20. 


1734. The zero divisors are of the form (а, 0), where a #0, 
and (0, b), where b + 0. 

1737. The matrices in which the element in the upper left-hand 
corner i$ nonzero will not be left divisors of zero but will be right 


divisors of zero. 
1738. Hint. Remove the brackets in the product (a -+ b) (e+ # 


in two different ways. 
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1740. Matrices of order n > 2 with elements taken from the 
iven field form a ring with several left units, TM that all rows 
eginning with the second consist of zeros; and under a similar con- 

dition for columns, they form a ring with several right units. 

1742, Hint. Let a be a nonzero element of a ring. Show that the 

correspondence z — az, where x is any element, is a one-to-one map- 


ping of the given ring onto itself. 
1743. Hint. Make use of problem 1742. 
1747. Hint. Find the matrices Æ, I, J, K that correspond to 
the unit elements 1, i, j, k and verify the multiplication table for 
л 


Sek, = Г= К, К = —КЈ=1, КІ = 





= — J. 

1749. Two such automorphisms are possible; the identical auto- 
morphism and the automorphism that carries each number into its 
conjugate. 

1750. Hint. Show that any number field contains the number 1, 
the integers, and, finally, fractions. 

1751. Hint. Consider the images of unity, the integers, and of 
fractions. 

1752. Hint. Show that a positive number, being the square of 
a real number, passes into a positive number. Then, taking advantage 
of the fact that there is a rational number between two distinct real 
numbers and also using the preservation of rational numbers, prove 
the invariability of any en е 

1753. Only two such mappings are possible: the identical mapping 
ВЕ 3E carries any complex number into its conjugate. 

à system is inconsist у: 
iur pM 7 neis ent modulo 3, but the system modulo 5 

1757. The system modulo 5 i 

ADDERE solution: z — 2, y — 6, 2 — 
58. (a) z--- 2, (b) 1. 1799. (a) 1, (b) 5z 
1780. fa) Atata (D) d НА 
_ 1761. (a) Solution. Suppose that f (z) and 
а n. z) and g (z) have a common 
— а — positive degree over the field of rational numbers. 
1 (2) = a (z) d (z), g (z) = b (z) d (z), where a (x), b (z), d 
are polynomials with rational coefficients. Takin О Pare 
denominators and the largest common divis P ru REA 
the coefficients and applying the Gauss D of the numerators of 
primitive polynomial wy obtain: Gv oot on the product of 
X d, (z), where all polynomials have inte; 2 me Riles eae ae 
ОГ d; (z) is equal to the degree of d (z) a id the Te sera dace 
4; (2) isnot divisible. by p. Passing to the fold of santas 01 
we obtain the largest. divisor ot — е field of residues modulo Py 
over that 188, Bot that is о 6 
ie polynomials = e 
over te feli of tonal ане 6 и 
lative i 0 2, td 
7, бп over the field of residues a ee 


2 y=3,2=2. 
inconsistent, but the system modulo 7 





1762. ы 
he — ү — eh ant oe ey Um then, by obtain- 
with La ` А =e where u (zr), v 
Ру —— Hane сам and c is an nce that 
any р that does not divide c. | 


roving the converse, 
1763. (r4. 19 (8 poa e, maka use of problem 1761. 
& )- 1764, (x + 3) (224-4: 4 2). 





1765. (22 + 4) (a? 4+ 2). 1766. (2? - xb 1) (28 4 224 4), 
жаай, } ©З = а ей rm д (а 4 Ц 
1767. f Аана! Ме. А 









is таа, frat i= (e+ 3%} Got s+ ty tym 24 
eee ts hg b= xt r+ tis 
к DE ах 1 
= (z + 1}. 
2x 4- 2, 


1769. = 22 def m ibn b 2, 4 = а® +} 2 


4770. f, — 23 22-1, а = 2 1 22 2, 
fy = et at + 2 fa = + 22? + t 
hanyt tarth h5 tH, 
fy = tf Oat a A, fa = a 4 242 4 22 4 2, 





1771. Hint. Make use of the Gaussian lemma, and from the factor- 
ization of f (x) into two factors with rational coefficients obtain a factor- 
ization into two factors with integral coefficients. The polynomial 
f(x) EH + (р + 10) 24 1 = (рх + 1) (х + 1) is reducible over 
the field of rational numbers, but with respect to modulus p it is 
equal to z+ 1 and, hence, is irreducible. 

1772. Hint. Assume the contrary, apply a decomposition of the 
group G into a direct product of primary cyclic subgroups, make use 
of problem 1700 (c) and the theorem that the equation z" e | dons 
not have more than n distinct roots in the field 2p. ; 
дем E тароо the lemma from group theory. Uf two 
aoe of a cyclic group G are not squares, then their produet 

The set H of elements taken from G th; i 
xs — EE cyclic, If C — — мии. 

"ws = = ` i а "i 
а e De — — = Gor G/H isa group 
a From this си that one of the aud d % is — 

a square wi i soit achat iat : 
for p SCAM pus number modulus p. Indeed, 
nu — 3 may be regarded о Prae ig ts: it r RI 

o! 7 8 alive up 
——— p. By problem 1772 the our Gis Pols 
then 2.3 — 6 is a — proved above, if 2 and 3 are not squares, 

The polynomial К 


00602-03) (ауу) ууа 

А. +2403) = 26—101 
is irreducible over the fi i 

nd е field of rational numbe: 

doethon produeta taken two at a Lime are not. — а 


Let Z Й 
— — да of residues with respect to the prime modulus 7. 
a? = 2 or at — g aa Proved there exists an element a € Zp for which 
H Raz та Mt 2, еп zè 1053 4^ 1e (P 

и 423, then z*— 108417 


487 








- DE yet 4); if aè = 6, then à* — 1029 4. £i 


= 4 D — 5 — 2a), 
1774. Hint. Show that if a = ae, thon e is the unit element. 
1775. (а) а к= р in the ring of residues modulo p; (b) a = 
in the ring of residues modulo p". Hero, p is any integer greater than 1. 


1779. Hint, For the number z 9 a -- b V —3 introduce tho norm 
Л (2) жа шеа е а -|- 36%, Prove that У (2-2) = N (m) N (29); for 
the р Mes 0 there e exists a finite sot of numbers s with 
N (2) < M; tho only unit divisors are -1; the divisor z with least. 
norm exceeding 1 is prime. 

1780. Jint. By transformation of the unknown, carry the irrevers- 
ible element. into-n pol nomial of degree exceeding two, 

1781. (a) An ideal, (b) n subring, (c) an ideal, (a) it is not a sub. 
group of the additive group, (e) a subring, (f) n subgroup of the additive 
group, (g) an ideal, (h) a subring, (1) an ideal, (0 an idoal, (k) it is 
not a subgroup of the additive group. 
1785. Hint, Show that any ideal Fis generated by its nonzero 
element a that is smallest in the following meaning: (a) in absolute 
value; (Ы) іп оргоо; (c) with respect to modulus, In each case make 
use of the existence of division (with a remainder) by the element 
b sf 0; the remainder is either equal to zero or is less than the divisor 
in the sense indicated above. 

1791, 1E ne s: 0 for any n s 0 in Z, then p is an isomorphism and 
4 (Z) is isomorphic to Z. If ne = 0 for somo n 0 takon from Z, 
and ng is the smallest positive number for some noe = 0, then 0 (2) 
is isomorphic to the ring of residues modulo no. 

1792. (b) Four cosets consisting of the numbers a +> bt with the 
following prope : (1) a ond b are even, (2) a is even and b is odd, 
(3) a i$ odd ond b is even, (4) a and b nre odd; (c) the coset Æ con- 
taining 1 -- 4 js a zero divisor, and Bb? == 0, 

1799. The number of elements is equal to p^. 

1800. 1. 7t is a ring with zero divisors that is regarded ag a module 
over itself, A and a are zero divisors for ch Aa we 0, 2, G » (a) 
is a cyclic group of order n (written additively) that is regarded as 
a module over the ring of integers, Then na 0, 

1804. Hint, Use problem 1647 (c). 

1807, (b) Let a and b be two distinct elements of second order 
ola four-group [see answer to problem 1638 (h)]. 1T this group Is regard 
ed asa unital module over the ring of intogers (under ordinary multi- 
plication of the elements of tho group by numbers), then O(a) and 
O(b) coincide with the set of even numbers, but (а) А (b); 

$808. Hint. Prove that the set J of all A € 7t, for which Aa € Ay 
is an ideal of tho ring R. i 

1809. The set A of all elementa with a finite number of nonzero 


components. 

1810. (b) Example 1. The elements 2 and 3 are periodic. in the 
Ting Z, of residues modulo б, us in à. module. over itself, and thoir 
mm 5 js not a periodic element, ы 

Example 2. Let A be a ring of pane т, y), whore x and y aro inta- 

and addition and multiplication of pairs are carried out compar 
(problem 1734). Tho elomonts a = (1, 0) and b = ( "d ) 
divisors. 104 in regarded aya module over itself, thon a and b 
ic elements since O (u) is a set of all paira of tha formi (0 и) 




















































and O (b) is tho sot of all pairs of the form (a, 0), But the eloment 
ав = (1, 1) has for ity order the zero olement (0,, 0). 

1811, Mint, Seta = a6, В B'S and show that af 8 (a J- b) а 
= 0 and ayb = 0. 

1812, Hint, Show that M ina direct sum of the nonzero submod- 
ulos M4, each of which consists of all elements of. M. whose orders am 
generated. by the. powers of tho single element. p, of A. 

1814. Hint, Consider tho union of the modules Mj. 

1819. Mint, Show that b -- A -- b is a homornorphie mapping 
of B onto (A -- H)/A and use the theorem an homomorphisms for 
modulos. 

1820, Mint, Use induction on n. For n= 1 use probloma 1845 
and 1818. For n > 1 assume that in M thora ia an infinito increasing 
chain of distinct submodules Myc Myce .. 4 not A = (zih Д 


~ 
* U My Mi Му ПА and show that the chain Mj becomes 
=! 


stabilized on some Mh = A NB. Then apply tho isomorphism theorem 
(seo problom 1819) und use the fact that the factor-module M/A has 
n — 1 gonorators, 

1822. Hint. When proving (b), consider the expression. (14-1) x 


x (w -> y). 

1823. to) The space / is infinito-dimensional. 

1825. Hint. Provo by induction or, in the linear relation, sot 
aw 1,2, 29... 277, 

1820. Hint, Tn Vio cases (c), (d), (e) differentiate twice and apply 
induction, 

1827. Hint, Use the Vandermonde determinant, 

1829. "he dimension is equal 00 СОТ. p o Cf ua ү. Mint. Take 
all monomials for the basis and. with each monomial of tho form 


Жүн... тщ" associato tho row 
алк 
м2 


— — 
o, mes — y times ап timen 





1830. Chyn: Hint, Bot zys й and reduce to the preceding 
nm 
problem, 

1831, (b) "The dimension of L iw equal to i (c) the dimension 
of Lj, ia n — Kp 1; (d) L' in not a subspaen, 

1832, Hint. When proving necessity, obtain the equality # = CA, 
where C is a nonsingular matrix made up of the coefficients in. (he 
expressions of tho system (2) in terms of (1). When рочок sufficieney, 
adjoin below to matrix A tho row of coordinates of the vector b, and, 
when computing the rank by tho зета mothod, show that the 
rank of the resulting matrix is equal to №, 

1836. (d) ра in the plane xOy, ie Ox, М = Oy, and 
L ig any straight lina that passen through t И E 
in distinct from tho axon, q, ia n ree on L parallel to Af, m 
(Фа ів а о on L' parallel to M., Than Pips = Pi Фу = 
== фур. The eondition (3) i8 not fulfilled but qup, and qug, nn 
tions. 











are idempotent, then q -- (js 

and are Multiplying this equality 
on the left and on the right by (py, pro Mo is is — — 
і isi c) to (b). (d) From q,qsz — 
ton (D. (0) Efi use the representation = = pad cF (E р) 
аз Hint. Consider (p(x, + 2a), y) апа (р (а), y). 

1838. чи 10. 

1839. If L is the subspace of all vectors, in each of which only 
a finite number of coordinates are nonzero, then 


ts. (b) Show that if p 
is idempotent ifand only if pups 


15-0, LI*'- LV (LS-Y Lb 


. Let A be the transformation matrix in an orthonormal 
fasi] A rotation of the plane through some angle about the coor- 
dinate origin if | A | = +4; a reflection of the plane in some straight 
line that passes through the origin if | 4 | — —1; (b) a rotation 
of space through a certain angle about an axis that passes through 
the origin if | A | = +4; the above-mentioned rotation followed by 
a reflection of space in the plane passing through the origin and per- 
pendicular to the axis of rotation if | A | — —1. 

1842, A rotation about the axis defined by the vector f — (1, 1, 0) 
through the angle a = 60° in the negative direction. Hint. We seek 
the vector f as an eigenvector that belongs to the eigenvalue 1. We 
find the angle of rotation a from the condition 2 cosa + 1 = a, + 
4 аз + as obtained from the invariance of the trace of the transfor- 
mation matrix p. To determine the direction of rotation we take 
a vector that does not lie on the axis of rotation, say e}, its image 
pe, and the axis vector f, and we seek the sign of the determinant from 
the coordinates of these three vectors, that is, we seek the orientation 
of the triplet of vectors e, pei f. 

1843. h The zero transformation; (b) a rotation through the 
angle x/2 in the positive or negative direction followed by a multipli- 
cation by a nonnegative number; (c) gr =a X x. When a0, 
the transformation @ reduces to projecting the vector x on the plane 
perpendicular to the vector a, to the rotation about a through the 
angle z/2 in the Positive direction, and to multiplication by the 
length a, Hint, Consider the transformation matrix q in the orthonor- 

012 йз 
mal basis A = (-.. 0 аз 
— 018 —а 0 


and set a= (a, ag, ay), where 


а 5а, Йа == Os = aps, 05 — —aj. 
1844. Hint, When proving sufficiency consi 
А, р! g aency, consider the scalar product 


1845. Hint. Find the basis e, ep., en for which 


Hey estote = e=; 
soe Hy Assume that 1, (a) 520, 1, (Б) 50 and consider 
440 


BEEN M  RÉ— ][| 0 0 0 0 


— 


1849. Hint, Prove that if b(a, y) #% then 


(o)... Ih) 2) 4 0, 
i (m) 1,00) B 


Consi. hi duct (l(a) — Aly (w)) ty (2) and apply problem 1848, 
сол. т. "Vso d а 1846 and 1949. 
1851. Hint. Use problem 1848, 
l (w; 
1852. Hint. Set y=x— s TI 


1853. Hint. For nonzero functions, take the yeetor a not lying 


in S, set A= ‘a , and apply problem 1852 (b). 
а 

1854. (a) A one-sheet hyperboloid; (b) a two-sheet hyperboloid, 
Hint. Pass to homogeneous coordinates. 

1856. If ej, ..., e, is a normal basis (in which f (x) can be 
writen asa азии крп — oy and f (ej) — 1 (í ' 1, 2,09 
s.u p) ер essen: [к= р э яу H) еһ) = 0 
( 4. nt л), then for the desired’ basis we cil take, for 
instance, 


fi — eit epi (—1, «s p fj— —ep + ey V=p+ ty. Hs 
= в (к= т} ЛЗ, зу п), 
Hint. Prove that the vectors 
fü —eceü-ti..pfop-di...r 
by = ei — ej ((— 1... pi f 5 p 4, (Ds 
Пк = в (k — r-- 4, i a, n) are Isotropi i 
is expressed in terms of those Yeats, oa eee атма 
а — vee НХ Я 1306 and 1856, 
- Hint. Consider the iti 
Taking the notation f (£) = 3 Ате m — заат EE 


the form of the normal aspect, i UK contains the subsbll 
given by the equation pect, verify that X contains the subspace L 





























the dimension L being e 
2 qual to n — д. Then 
a subspace Z’ of dimension s >n = ‘van bythe cent ee 
п 
- 
PU: Get, Je, ah (2) 


adjoin to them the equations 
23,0,., 


and obtain a contradicti 
1859. (à) ^s iction, я а 
М те ) а $ (æ) is written in the normal form in a suit- 


uation of the surface S can be written Yhus: 


roai в“) 
“ 


ёр = б, PT (3) 


+... t-a. 
290—0881 







Ifp = 0, then there are na real points on S. Here, min (p — = 
z Б 1 theorem holds ifthe dimension of the ала 
Letp > 0, Then there are points on S, for e: Ле, (1 
that ie, aero-dimensional manifolds, Let а жаш ol usual 
mensi pearing in $. P is gi —kli 
Шш pa — is given by a system of n — & linearly 


n 
у= (i=1, 2, s., n—k). (2) 


i=! 


This system cannot be homogeneous since the zero solution does not 

satisfy equation (1). For the sake of simplicity, we assume that the 

re m the order n — spes sels up of coefficients of the 
== owns, is nonzero. Then t 1 i 

(2) may be written down thus: aun ee 


Zi — €i, n-haaZn-hai- . . CinZn d-6i, n3. (£1, 2, ..., в К). (3) 


Consider the (n + 1)-dimensional space V, Ini 

‹ 1 41: In it we take an: 

basis and assume that V, is spanned by the first n vectors of the sd 
Consider the homogeneous system of equations 





n 
D) 2ijzj— bini 0. (i1, 2, ..., n—k). 4) 
= 

А coefficients are the same as in (2). The general solution is of the 

orm 
Ti= ti, n-hyTn-ky F ++ eH Cinn H Ci пала 

(0=4, 2, ..., п—Ю). (5) 


The coefficients are the same as in (3). 
Next consider the cone K specified by the equation 


aff а aha = 0. (6) 
We will prove that the (k-+ 1)-dimensional subspace Z given 
by system (4) lies in the cone К. Any solution of system (4) in which 
44 — 1 yields, after z,4, is dropped, the solution of system (2), 
at is, a vector in P c S. But such a solution satisfies equation (6) 
and, hence, lies їп К. 
If x is any solution of system (4), in which z,4, = # #0, then 
qp * E E, whencez € K. Lete = (dy, ~» a n-i, Onet + бл, 0) 


be a solution of system (4) with z,44 — 0. There is a solution x! of 
(4) in which the free unknowns have the values 


Fnk = nker 55. 2а Оп. п = Т (l=4, 2, ++). 
Prom the formulas (5) it is clear that lim z! = т. From what has 


i 
proved above, x! € K. Passing to the limit in (6) after substitut- 
jnto it the coordinates z/, as |— oo, we obtain z € K. 


Thus, c K. The indices of inertia of K aro equal to p, g + 4. 
— Айу 1858, k-+\1 < min (p, q+ 1), whence k < 

min (p — 1, q). 

Let K' be a cone with the equation 


Het ooh 2 = 0, (7) 


where the sigus coincide with the signs of the correspouding terms of 
— (1). By problem 1858, the cone K’ contains the subspace L 
of dimension k — min (p — 1, q) lying in the subspace with the equa- 
tion z, — 0. In V, take the vector ay — (1, 0, . . ., 0). Then $ con- 
tains the manifold P/ — ay -I- L' of dimension & — min (p — 4, q). 
The proof of assertion (a) is complete. 3 

(b) Hint. When r < n, reduce (b) to (a) in an r-dimensional space. 

1860. (a) 4; (Б) 0; (с) 1; (9) 0; (е) 1; (0 1; (g) n — 4; (b) n — 
— 9; (i) 0; (j) 4 if n > 2; 0, if n = 2, (k) 4; (1) the integral part 


orn — 1 if niseven; + (n — 1) if n is odd. 


1861. (b) Hint. Find the systems of linear equations that specify 
the left and right kernels. 

1862. The basis L; is formed by the vector (3, —1), and the basis 
Ти Бу the vector (2, —1). 

1863. (b) Hint. Let 1 « r «n. Take a function whose matrix, 
in a certain basis, has in the upper left-hand corner a nonsingular square 
block of order r that is neither symmetric nor skew-symmetric, and 
is elsewhere zero. 

1864. Hint. Make use of the zero subspace of the function b(z, 3 
1865. Hint. Show that the coordinates of all vectors in L* sati: 
the matrix equation BAY = 0, where A is the matrix of b(z, y) 
in a certain basis of the space Fp, B is a matrix whose rows involve 
the coordinates of any basis of the subspace L in the given basis of Vp, 
D Y is the column of coordinates of the vector y € L* in the same 

asis. 

1866. First proof. Since b (z, y) #0 but 6 (a, x) = 0, it follows 
that there are vectors ty, £, я that b (x1, 2_) = 0. Multiplying 


one of these vectors by , we obtain the vectors e;, 2; for which 


1: 02 
h(ey eg) — 1. The vectors e;, e, are linearly inde t, since if 
ез = сеу, then b (e, e) — ab (ei ej) — 0. Let L, be a two-dimen- 
sional subspace spanned Бу е, е, and let L, be the set of all y € E, 
such that b (w, y) = O for any z € Lı. By problem 1805, L, is a sub- 
space of dimension > n — 2. The intersection of L; and contains 
only the zero vector, for if æ € Ly, then ж = ое; + — [zt І. 











re b Ms s b ds ics UA and b (e е) n (es 5) Hl 
£1, ер) = —O (ез. ер) = ence = 0, 43 = = = 0. 
problen? 1296, the dimension of Z. is n — 2 and V is the direct sum 


of L, and L, lf on L, we also have b (x, y) + 9, then, as above, 
there are vectors ej, e, € D, for which b (eg, = 1 and so . 
After a finite number of steps, we arrive at the subspace Хуа оп which 
b(z, y)= 0. If Zy4, is nonzero, then in it we take any basis 
Eas s €n. The vectors é&, es, .. ., e, form the desired basis. 

Second proof. This proof affords a practical method for finding 
the nonsingular linear transformation of tl the unknowns, which trans 





20° “з 





formation reduces the given bilincar form to the canonical form given 
in the problem. z 

Suppose, in a certain basis, b (z, y) — A аргу. Ву дй: 
the numbering of the unknowns we may assume that ay, 0. Write 
the form as 


b (xy y) = ж (аала 5 А ау) — 


= (аа А. шада) 3 0 (85 0) 
and perform a nonsingular transformation of the unknowns 

=, nb — Gita + +s + afa) 18 — Fo 
and the same transformation of y;. This yields 

b (z, у) = му: — зи + ba (®, y). ^ 

If b, (m, y) does not contain zh yg, then we proceed in a similar 


nan = in 


fashion. Otherwise b, (m, y) — J) ардуу, where aj, ^ 0 fora cer- 
i, j=2 


^ f ч 
tain k, 2<k <n. Having performed a nonsingular transformation 
of the unknowns 


X7 ij— üggf$— ...— ügnfn, 23— X3, 





"mr 

and a similar transformation of yj, we obtain b (x, y) — ziyg — 
— ziyi + bs (x, y), where bẹ (x, y) does not contain zf, z$, yý, y% 
с 

1867. b (z, у) = ши — ца + Ugly — usus; uj — Ty + 324; иу 
= 22; — 24, из = Tg, из = 6x4, and the same expression of 
v, in terms of yi. 

1868. b (z, y. 
= 1: 22 и = 
in terms of y;. 

1869. In matrix terms we obtain the following assertion: for a real 
symmetric matrix A to he orthogonally similar to a matrix in which 
all the elements of the main diagonal are zero, it is necessary and 
sufficient that the trace of A be zero. 

Hint, When proving sufficiency, use induction on n. For n21 
take any orthonormal basis f}, fa, ..., f,. И it does not lie on the 
cone, then prove that there exist vectors Ky T; for which f (fi) > 0, 
(Up « 0, and for the first vector of the desired basis take e, obtained 

— the Td fi + Afj, where À is found from the condi- 

—— 


tion f (f; + М 
n Hint. m the property: four distinct points form a parallelo- 


gram if and only if their radius vectors satisfy the condition a, + 
3 2; = =, + шү. 


1875. z,— —1-- 35 — Atn my = 2— 4 4 4, 
Xa — dom, — dy. 
Pat Я 
1876. 2, — — hay tas 


а=, ty=3—4t,, 2,—0, EDT 









Vg — UU, -- ugUg — Шз; ш = ау — 424, и = 
а, Ша == —8ду, and the same expression of v; 





MA 


MEME ooo 


1877. Злу — m — z4 — 8, ty — 2x, -4 t4 = 8, 
бл — 2z4 — zy — 7. 

1878. x, — 42, 4- 2342 = 0, 

32; — 5r, — m -- B — 0, 

1882. Let r and r' be, respectively, the ranks of the matrices 


ар by cy ay by e, d, 
(s ba ĉa] and A=] az ba cg daf; 
ag bg Cy aa ba ĉy dy 


and let r;; and rj; be, respectively, the ranks of the matrices of the ith 
and jth rows of the matrices A and A’. 

The following five cases are possible for which the indicated values 
of the ranks are necessary and sulficient: 

(1) three planes pass АЕ one point: r — г = 3; 

(2) the three planes do not have any points in common but intor- 
sect pairwise along straight lines (they form a prism); г = т = 


22, — 82, — 3,4-7 0, 


та паз 2, г’ = 3; 
(3) two planes are parallel and the third plane intersects thom: 
m=i r= r = 3 and two similar cases 


Tia — rg — rag — 2, 
(4) the three, D pass through one stra 
=ч туте ши 
(5) the three planes are parallel: r — 1, n 2, 
1883. Let r and r' be, respectively, the 


ight line: r= fi 


a= Tis = Pig ree 
ranks of the matrices 


a by cy а b 6 di 
üy ba Cy üz by c, d, 
as and 2 93 Cy dg 
в бз Св ay ba cy dy 
Gs by ca 4, by cy dy 


га cases are possible; 


3, r' — 4 the Straight lin 

— 3; the lines intersect; (3 

ИЕ m — T the — mcrae 
one 4 r be, respectively, the ranks of a simple matrix 
т Emented matrix of the combined systems of equations (1) 


} Planes intersect in one int; (2) r= 3, 

Ath each othor and are у ight 

Specified by the Hires equations of (1), (2) Damet Ta 
yi e danti (3) 7 = r = 3; the planos intor- 

= 2; 4 Blanes coincide, ne d 

and r^ be, respectively, the ranks of the matrices 
[2 43... р) and (1 49 +++ an € 
1%... by 5 (8: Bp wis ina) 


пез аге skew to each other; 
r=, 6 = 3; the lines are 





Three cases are possible; 





| (4) r =r’ = 2; the hyperplanes intersect along an (n — 2)-dimen- 





sional plane; (2) r— 1, 7 — 2; that is, zt — 2. =. LI p 
the lanes are parallel; (3) r — r' — j. the hyperplanes coincide. 


1886. Hint. Apply problem 1874 and the appropriate property of 


sui 
Hosen mo ia А, Hint. Use ee 1887. 
А п: || л» then az= ty; if m, 4 aa then s= a, + 
+ ш Жу. 3 1 1 2 3 
893, Let the plane л, һе specified by the system of equations 


ау dg 655 + Ant, = су 
аар, 


(1) 


and let the plane x, be specified by the system of equations 
bunc... hrs — d, 
qu et ERE iocis (2) 
bint +... Ра, = 
Furthermore, let r;, rj and ra, rs be, respectively, the rank of the matrix 
made up of the coefficients of the unknowns and the rank of the aug- 
mented matrix of the systems (1) and (2); r and r^ are, respectively, 
the rank of the matrix of the coefficients of the unknowns and the rank 
of the augmented matrix of the combined system consisting of all equa- 
Lions of systems(1) and (2). For thesystems (1) and (2) to specify planes, 
it is necessary and sufficient that each of them be consistent, that is, 
that rı = rj and r, = rs. When these conditions are complied with, 
it is necessary and sufficient for the parallelism of the given planes that 
r= max (r, r), r =r Bi 
1895. (a) The polyhedron P is given by the system of inequalities 
420, ~22>0, 1:20, 220, < фаз 
+a <i, t+ z xmi 
(b) the three-dimensional faces are four quadrangular pyramids: 
OABCD with vertex D, OABCE with vertex E, ODEFA with vertex A, 
ODEFB with vertex B, and the four tetrahedrons ACDF, ACEF, 
BCDF, BCEF. Hint. Pass a three-dimensional plane through every 
four points not lying on one two-dimensional plane. If Y) az; = b 
is the equation of such a plane and for the coordinates of all the given 
points we have either Y) ajz; > b or J) arz; < b, then the correspond- 
ing inequality enters into a system of inequalities that specify the 
|yhedron P. The convex closure of all points lying in the given three- 
асна! lane will be a three-dimensional face of the given 
yhedron. For example, the points 0, A, B, D determine a three- 
imensional plane with the equation z, — 0. For all given points, 
z4 2» 0. "Therefore the inequality z, 2 0 enters into the desired system. 
The five given points O, A, B. C, D lie on the thre imensional 
lane x, Their convex closure js a pyramid whicl a thr 
imensional face of the polyhedron P. On the contrary, the four points 
O, A, B, P determine a three-dimensional plane with the oguation 
2, for the point D we ћауе хз — т, > 0 and for the OE 
have z, — z, <0. Thus, this plane does not lead to the desire 



































inequality and does not contain the faces of the polyhedron P. Tn order 
toreduce the number of quadruplets of points under consideration. 
take into account that the two quadruplets OABC and ODEF are of 
an equal status and lie in two-dimensional planes. 

1896. (a) The polyhedron P is specified hy the system of inequalities 
229 nexo z;20, z20,z4zx1, zz, 1, 
zy d oz, x 1. 

(b) ‘The three-dimensional faces are: the cube OABCDEFG and six 
quadrangular pyramids with a common vertex H: OBCFH, OACEH, 
OABDH, ADEGH, BDFGH, CEFGH. 

1897. Five vertices A(1, 1, 1),  B(1, 1, —2, C(t, —2, 1), 
D(—2, 1, 1), =(—+, =: EE polyhedron has six triangu- 
lar faces ABC, ABD, ACD, BCE, BDE, CDE and constitutes two 
tetrahedrons ABCD and BCDE with the common base BCD. 

1898. (a) A tetrahedron with the vertices (1, 0, 0, 0), (0, 1, 0, 0), 
(0, 0, 1, 0), (0, 0, 0, 1); 

(b) an octahedron with the vertices (1, 1, 0,0), (1, 0, 1, 0), 
(1, 0, 0, 4), (0, 4, 4, 0), (0, 1, 0, 1), (0, 0, 1, 1); 

(c) a triangular prism with bases at the points (1, 0, 0, 0), 
(0, 1, 0, 0), (0, 0, 1, 0) and (1, 0, 0, f), (0, 1, 0, 1). (0, 0, 4, 1); 
| (d) a square with the vertices (1, 0, 1, 0), (f, 0, 0, 1), (0, f, 1,0), 
0. 


Чүй, Чу, 

1899. (a) 8, (b) 28, (c) 14, (d) 2, (e) (7), (f) 4, (g) 7, (h) 6, 
(i) 3, (j) 3, (k) 4, (1) 6, (m) 5, and (n) 12. Hint. Introduce a. system 
of coordinates and consider the parametric equations of the straight 
line and the plane in vector form. 

1901. (a) a; = o (e) (t— 172, ..., n). 

1902. F (p) = p (z), p E VA. E 

1904. A’ = C*AC, where C is the transition matrix from the old 
basis to the new basis, written down in columns. ў 

1905. 4’ = D*AD, where D — (C*)-1, and C is the transition 
matrix from the old basis to the new basis written down in columns. 

1906. 4' — C-14C — D*AC, where C is the transition matrix 
оше о basis to the new basis written down in columns, and D = 


1907. (Б) Р (2, p) = p (2), TEP ns Paj E FR- 


1908. Hint. (b) Take the contraction a;.6% of the tensor ajb*!, 
where b^! is the tensor with components bh'—a^! in one basis. 
Apply problem 1907.7 


Je + fg „лб... 









318. P T nti ny. 
1914. jn — (—4)**, where s is the number of inversions 


in the permutation 5, i, .. ., i, and t is the number of inversions 
in the Беа dys Jes «+» Jn if the upper and lower indices are 
distinct; otherwise the indicated coordinate is zero. 

1917. It is an invariant equal to the number 0 in all bases. 

1918. Mint. (a) Verify this for each of the equivalence rulos indieat- 
ed in the introduction to the section; (b) in order to prore necessity 
for x #0, take the contraction with respect to q with tj property 
$ (2)-20. To prove sufficiency, put 0= Ox for the pair in the pa! 


447 





formation re^ A with y € V', for which. q' (ai) = 1, 
jn the p* ake use of (c). 


: п; 
о ва = соз ау (0) гог 1 


(е—ез соз о) = (1, —соба), en 





sinta 
): (е) (а, y) zu Fh 
* ^, where z—zle,.-22es, y — yes - utes (f) e= 
ue 2 gi gi 
==! | вазе —0; (g) S yn 
. When passing to a new basis with the same orientation, y 
— В bit if the orientation is changed, the direction 
is changed. The vector y is obtained from x by a rotation through the 
angle * in the negative direction with respect to the orientation of the 
basis e;, es, Hint, When determining the dependence of y on the basis, 
make use of the invariance of tensor equations, To determine the geo- 
metric relationship between z and y, consider an orthonormal basis. 
1925. When passing to a new basis with the same orientation, the 
uantities 5; vary as the components of a twice covariant tensor. 
hen passing to a basis with opposite orientation, the quantities b;; 
change sign as well. _ 

1926.) — йау (i, 7, K=A, 2, ..., п). 

Hint. Contract both sides of the equality given in the problem 
with igj with respect to i and j, make use of the relation 
ig?" = 8%, and then change the notation i, j to a, B and a’, f' 
to i j. 

1928, S = on h — 1. Hint. Seek the area via the formula S = 





елу} = | sin © | 


atic sin A or make use of problem 1935. 


1929. Q (—4, 2, 0). Hint. Write the parametric equations of the 
straight line PQ in contravariant components. 

1930. Hint. When proving (b), take the orthonormal basis e;, Ca, 
©з, еду Пете * is directed along u, and e, ez, e, lie in the same three- 
dimensional p! ane as т, y, and have the same orientation, Make 
use of the expression of the oriented volume via formulas (17) and (18) 
of the introduction to this section. 

1931. The AS onnal lp the number n in any basis, 1933. 6. 

1:3) G-[—s 5-2]. (9 — ee ү) ta 

ae EA ia yu’ ym" yar 
— 
„H int. First method: take the gi is; 
second E m orthonormal SEN о 
sin o (az, -|- bi [3 

її]. a gard. |. mint. Use problem 1936. 

ae Hint. Pass to an orthonormal basis with the same orien- 
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